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SYMPOSIUM A: TEXTBOOK USE BY TEACHERS AND 
STUDENTS – RESULTS AND METHODS 

SEBASTIAN REZAT and RUDOLF STRÄßER 
Teachers and students are regarded to be the main users of textbooks. Textbooks offer opportunities 
to learn (for both up students and teachers), which on the one hand have to be understood and taken 
by teachers and on the other hand have to be implemented in classrooms. In most recent studies the 
textbook is regarded to be the mediating artefact, which links the goals, the knowledge and the 
beliefs of teachers and students (Brown 2009; Remillard 2005; Rezat & Sträßer 2012). Besides 
these teacher- and student-related variables, textbook use is also influenced by additional social and 
cultural influences, such as institutions, especially the school, the influence of peers, family and 
tutors as well as the one from those interested in mathematics education in general (the “noosphere” 
sensu Chevallard) and finally the influence of conventions, norms and the public image of 
mathematics (Rezat & Sträßer 2012). Usually, the textbook is not the only artefact that teachers and 
students use for teaching and learning, but one resource among several others (Gueudet & Trouche 
2009).  
The aim of the symposium was to collect research on the use of mathematics textbooks in order to 
develop a deeper understanding of textbook use by teachers and students and to give an outline of 
the state of the art. Furthermore, the symposium aimed at discussing three methodological 
questions: 

1) What are appropriate methods to investigate teachers’ and/or students’ use of mathematics 
textbooks? 

2) What about additional challenges and potentials when analysing the use of interactive/digital 
textbooks? What are appropriate ways to investigate interactions and interrelations of 
students’ and teachers’ use of mathematics textbooks? 

Among the contributions five were selected to be presented at the symposium because of their 
originality and contribution to the field: 

1) Margot Berger: Reading mathematics textbooks: different reading styles; 
2) Kristina Reiss, Stefan Hoch, Frank Reinhold, Bernhard Werner, Jürgen Richter-Gebert: 

Analyzing classroom work: students’ use of electronic textbooks 
3) Vilma Mesa, Angeliki Mali, and the UTMOST Team: Uses of dynamic textbooks in 

undergraduate mathematics classrooms; 
4) Elena, Naftaliev: Pedagogical functions of interactive texts; 
5) Shai Olsher, Michal Yerushalmy, and Jason Cooper: Developing categories of curricular 

metadata: lenses for studying relationships between teachers and digital textbooks 
Two page summaries of these presentations follow this introduction and general overview of the 
Symposium. The references of all contributions are collected at the end of this presentation of the 
symposium. 
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Before we summarize the contributions of the presentations in the symposium to questions 1 – 3, 
we will give an overview in terms of (a) the relation between research on traditional and digital 
textbooks, (b) the user in focus, and (c) the different meanings of “use”. 
Looking at the contributions to this symposium, there seems to be a growing interest in the use of 
digital textbooks compared to the interest in the use of traditional print textbooks. Only one paper in 
this symposium focuses on traditional print textbooks while the other four focus on digital 
textbooks or parts of them. However, it appears that the variety among digital textbooks seems to be 
much bigger than among their traditional predecessors. Without taking the technical and 
technological differences into account, the variations seem to mainly relate to the amount and 
nature of possibilities of interaction and collaboration.  
While research related to traditional print textbooks mainly focuses on teachers as the main users 
the contributions to this symposium might indicate that the student as a user seems to attract more 
attention in research related to digital textbooks: Three papers focus solely on the student, one 
focuses solely on the teacher, and one takes both the teachers’ and students’ use into account. 
Depending on the particular activity the textbook is involved in, the very meaning of ‘use’, might 
differ. This is exemplified by the different presentations in the symposium. ‘Use’ might refer to the 
actual reading of the content and to the question how readers actually make use of the contents of a 
text. Berger differentiates five different “reading styles” that vary in terms of extent of reading, 
focus, connections made, and the quality of solutions to exercises. Thus, reading styles vary from 
“close reading with strong connections” through “scanning” and “skimming” to “avoiding”. ‘Use’ 
might also refer to the understanding that users develop of the opportunities to learn provided by 
textbooks and which pedagogical potential they see in these. Naftaliev also aims at understanding 
the activity of students interacting with texts. However, she focuses on one particular representation 
within interactive textbooks, namely interactive diagrams. She finds that interactive diagrams with 
different organizational functions have different effects on the activity of the students with these 
diagrams and thus on students’ learning. Reiss, Hoch, Reinhold, Werner, and Richter-Gebert also 
analyse students use of interactive diagrams. They analyse students’ solution strategies related to 
different visualizations of fractions (bar, circle) and draw inferences regarding affordances and 
constraints of the two visualizations. They also hint at the possibility to draw inferences from 
students’ solution strategies regarding their conceptual understanding.  
Olsher, Yerushalmy, and Cooper, as well as Mali and Mesa, focus on teachers as the user. Olsher et 
al. analyse the didactical categories that teachers apply in order to make sense of opportunities to 
learn in textbooks in terms of their correlation with the authors’ intentions. In contrast to Berger, 
who aims to understand the process of reading and thus the interaction of the reader and the text 
itself, Olsher et al. focus on the understanding and interpretation of the opportunities to learn by the 
use. Accordingly, they term the set of categories that they get from the teachers’ coding activities 
“didactic metatdata”. While Naftaliev focuses on interactive diagrams as one particular aspect of 
interactive texts, Mali and Mesa aim at understanding the interaction between teachers and a whole 
set of resources in terms of instrumental genesis.  
In terms of appropriate methods in order to analyse the use of textbooks (question 1), case studies 
within the qualitative research paradigm seem to be the preferred method. Only the study by Reiss 
et al. presents a mixed methods design. This might have different reasons: On the one hand, the 
understanding of the relevant factors and mechanisms related to the use of textbooks is still in phase 
of exploration. Generalizable patterns that describe the interplay of different factors and related 
consequences on textbook use are difficult to unveil. On the other hand, textbook use seems to be 
influenced by many and very individual factors and therefore is only adequately accessible, when 
the methodology takes this individuality into account.  
All contributions to this symposium have in common that they understand ‘use’ as an interaction of 
artefact and user. Especially in terms of traditional textbooks the focus is on the user. However, the 
role of the artefact within the interaction is not always clear. For example, Berger analyses reading 
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styles, which seem to be a characteristic of the user. It is not clear how the readings styles are 
affected by properties (affordances and constraints) of the artefact. It seems to be a particular 
potential of digital artefacts (question 2) that the role of the artefact within the interaction comes 
more to the fore related to digital artefacts. For example, Naftaliev suggests that characteristics of 
the activity with interactive diagrams are dependent on their organizational function. At this stage, 
it seems as if the understanding of the particular contribution of each actor – user and artefact – 
within the activity is more like to develop if the artefact at hand is very specific. This seems to be 
the case in the analysis of interactions of students with visualizations of fractions by Reiss et al. as 
well as the analysis of the interaction of students with interactive diagrams by Naftaliev. As soon as 
the artefact is a whole textbook or even a set of resources the insights seem to be much more 
general and not specifically linked to the properties (affordances and constraints) of the artefact.  
From a methodological perspective, there might be two reasons why the role of the artefact within 
the activity is more apparent in terms of digital artefacts: First, interactive digital artefacts react 
upon actions of the user and thus change within the interaction. This is the very meaning of 
interaction. The analysis of mutual related actions of artefact and user seems to be more easily 
related to properties (affordances and constraints) of the artefact than in the case of analogous 
artefacts, in which the artefact appears to be mostly unchanged in the interaction. Second, digital 
artefacts facilitate the collection of user data. While with analogous artefacts the data that is 
collected – mainly video recordings and interviews – stems from the user, digital artefacts allow for 
the collection of user related data in combination with data on the changes of the artefact.  
Among the contributions to the symposium, the UTMOST project (Mesa et al.) is the only one that 
takes teachers’ and students’ use of a digital textbook into account. Therefore, it is the only one 
capable to make a contribution to question 3. However, at this stage only data on teachers’ use was 
analysed.  
The analysis of interactions between teachers’ and students’ use of textbooks still seems to be a 
challenge in the field. In the end, it is neither the teacher’s nor the student’s use of textbooks by 
itself, but it is the interaction between both that is crucial for the quality of the learning situation.  
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READING MATHEMATICS TEXTBOOKS: DIFFERENT 
READING STYLES 

MARGOT BERGER 

Introduction 
I develop a broad typology for categorising the ways in which students read a section of a chapter in 
a mathematics textbook. The categories of the typology derive from those found in informal 
literature around academic reading skills, such as skimming, scanning and intensive reading (BBC 
2011). These categories are inductively refined and elaborated to the mathematics reading context 
using observations and video transcripts of five specially chosen students studying out loud from a 
prescribed mathematics textbook.  
Research on the way in which learners read mathematics textbooks is scant. Exceptions to this are 
Rezat (for example, 2013). Berger (2016) developed a framework, specific to mathematics 
discourse, for exploring the relationship between enacted discourse (the student’s way of reading 
the text) and the written discourse (the text). I develop the latter framework so as to categorise 
different approaches to reading mathematics by different learners. Reading is understood as a 
transaction (enacted curriculum) between text (written curriculum) and reader.  
Context 
The five students were enrolled in a self-study course for in-service or pre-service high school 
mathematics teachers at a South African university. These teachers are conceptualised as 
mathematics learners both within the course and within the research; this is because their prior 
knowledge of mathematics is often weak and not mathematically rigorous. In the pre-calculus 
course, students were expected to study (read the text, do worked examples, exercises, and so on) 
from the prescribed textbook (Sullivan 2012) prior to the lecture on their own. The precise sections 
for self-study were designated by the course designer (myself).  
Methodology 
Five students were chosen by the researcher (myself) as participants in the research. They were 
chosen according to my informal observations of their different learning styles in class. For the 
research study, these learners were individually video-taped while reading and studying out loud 
from a sub-chapter, ‘Properties of Logarithms’ (Sullivan 2012, pp. 296–304), as they would in 
preparation for class. They were also given a set of exercises at the back of this sub-chapter, as was 
the case for their weekly sessions. This sub-chapter addresses operations with logarithms and 
change of bases. It was chosen because it focuses on mathematical ideas with which the students are 
familiar, but from a more advanced perspective. For example, they know procedures for working 
with logarithms but are not familiar with proofs of theorems around logarithms.  
Aside from the transcripts of each video session, the interviewer (myself) wrote a set of notes 
during each video session, noting points of interest. In addition, the writings and solutions to 
exercises of each student were photocopied after the video session. These field notes and student 
solutions were used in the interpretation of the transcripts.  
Analysis and results 
I used the constant comparative method (Glaser and Strauss 1967) as my method of analysis. The 
analysis of data consisted of four major iterative steps. First, there was the descriptive level: I read 
through the transcript of each video session, together with field notes and the student’s photocopied 
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solutions. This allowed me to make notes on the transcripts describing what was happening. (For 
example, “Student A writes Property 1 (

loga Ma M= ) explicitly in Proof of Property 6; Student B 
does Exercise X quickly and correctly.) 
During the descriptive level, I generated four broad analytic categories regarding the student’s 
reading of the textbook sub-chapter. These four categories were ‘Extent of reading’, ‘Focus’, 
‘Connections’, ‘Quality of solutions to exercises’. ‘Extent of reading’ relates to the how of reading. 
It is loosely measured by the extent of paraphrasing or explaining of the text. This category derives 
from the literature on academic reading skills where a close or intensive reading of the text is 
distinguished from skimming or scanning the text. ‘Focus’ relates to what the student was reading. 
It refers to the component of the text (proof, worked example, alternate representation, etc.) that the 
student is paying attention to. When reading a mathematics textbook, the issue of whether the 
student pays attention to theory, procedures, or alternate representations, and so on, is an important 
criterion in describing the actual reading. ‘Connections’ refers to which component of the text, if 
any, the student is making connections to. In mathematics education literature (see, for example, 
Watson and Mason, 2006) the quality of connections between different mathematical ideas, 
representations, examples and so on is fundamental to understanding. Correctness of solution refers 
to the correctness and quality of justification and explanation in the execution of the exercises. This 
in itself is one measure of the quality of reading.  
I then re-read the transcripts, applying the analytic categories to interpret the data (for example, 
focuses on proof of Property 5; connects solutions of exercise to property 2). I then generated short 
narrative descriptions of each student’s activities while reading the textbook; concurrently I 
produced a table containing the names of the five students against the analytic categories. All these 
steps were repeated several times so as to refine the descriptions, the analytic categories, the 
summary accounts and the table. After this, a typology of different styles of reading was generated 
for different patterns revealed during categorization.   
This analysis resulted in five different styles of reading: close reading with strong connections; 
close reading with some connections; scanning, skimming and avoiding. ‘Close reading with strong 
connections’ is characterised by a comprehensive reading of all the text (evidenced by paraphrasing 
and explanations) as well as the making of explicit connections to prior knowledge or to other parts 
of the text while reading the text and doing exercises. It resembles the category of intensive reading 
in academic skills reading. ‘Close reading with some connections’ is similar to ‘close reading with 
strong connections’. The difference is that the reader does not make explicit connections to the text 
when doing the exercises. However, the reader does make explicit connections to prior knowledge 
or components in the text when reading the text and she is able to conceptually justify her solutions 
to exercises when asked to do so. Skimming and scanning relate to skimming and scanning 
respectively in academic reading skills. Specifically, ‘scanning’ is characterised by the reader 
looking for keywords or information in the text and using this information productively. In contrast, 
‘skimming’ is characterised by the reader noticing specific keywords or information in the text but 
not finding the appropriate components (e.g. worked examples, properties) to support the reading in 
the text, or not being able to use the appropriate component in a productive way. ‘Avoiding’ is 
peculiar to mathematics reading: theory and proofs are mostly avoided and most attention is 
focused on procedures. Further investigations with different students and different texts should 
yield further elaboration of these reading styles and, possibly, other different mathematics reading 
styles. 
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ANALYZING CLASSROOM WORK: 
STUDENTS’ USE OF DIGITAL TEXTBOOKS 

KRISTINA REISS, STEFAN HOCH, FRANK REINHOLD, BERNHARD WERNER, 
JÜRGEN RICHTER-GEBERT 

Introduction 
In a time where students are considered to be digital natives (Prensky 2001), the change from 
traditional printed textbooks to digital tools seems inevitable. While digital textbooks may offer the 
same content as a paper-based version, they may provide other methods of presenting the content 
and – maybe more importantly – offer new ways of experiencing content, due to their digital nature: 
Features such as automatic correction and automatic, immediate feedback that is programmed to 
support and not to judge students (cf. Hattie and Timperley 2007) offer valuable add-ons to 
traditional textbooks. Moreover, interactive multimedia exercises give new opportunities in 
textbook design. ALICE:fractions (Adaptive Learning in an Interactive Computer-supported 
Environment) makes use of these advantages. As an interactive digital textbook, it offers a learning 
environment aiming at assisting students’ work with fractions. The environment is intended to be 
used on tablets, allowing for a natural way of input which has been found to be beneficial for the 
acquisition of certain mathematical concepts (cf. Black et al. 2012). 
In addition, digital textbooks can support teachers in diagnosing students’ learning processes. Since 
the content is displayed in a computer-supported environment, the recording of process data is 
possible. The data gathered by ALICE:fractions allows for a closer look into how students use the 
learning environment, providing access to the amount of tasks they solve and how long it takes 
them to solve each task. Moreover, the analysis of students’ answers can include data like their 
finger movements on the touchscreen, allowing their way to the answer to be examined. 
Accordingly, it is possible to get insights in students’ understanding or misunderstanding of fraction 
concepts. 
In our study, we concentrate on the analysis of visualization tasks that are supposed to foster 
students’ understanding of the magnitude of fractions. These tasks can be solved in various ways 
according to the strategies used by the students. For example, students may see a solution 
immediately or may use other and simpler fractions for orientation. These different strategies result 
in different ways of representing fractions on a touchscreen and in different finger movements. 
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Method and Sample 
During a four-week intervention, 28 students (one grade six class) worked with two visualization 
exercises during their first lesson on fractions (one iPad per student; see Figure 1 for examples). 
The tasks were randomly generated on each iPad; denominators varied from 2 to 12. During the 
work on the iPads, students’ finger movements on the touchscreen were recorded as lists of 
coordinates plus a timestamp. This allows the solving process to be replayed by researchers. The 
total of 578 solutions (346 circle, 232 bar) were individually screened and grouped with respect to 
recurring patterns. 
The visualization exercises were adapted from a hybrid representation model for rational numbers 
(Carraher 1993). Students were asked to find a given fraction in a bar or a circle by filling the 
correct portion of the object either by dragging their finger over the touchscreen or by tapping at the 
correct part of the object. Both tasks are continuous in the sense that no division was predefined; a 
solution could not be found by counting, but was only possible based on understanding. 

  
Figure 1. Visualization exercises in the digital textbook. 

Results and Discussion 
Students’ finger movements provided evidence for typical patterns in their ways of solving the 
problems. In particular, one can differ between correcting and immediate processes: when using a 
correcting pattern, the solving process showed clear correction movements at the end of the process. 
In the other case, a student let her first input be evaluated. Furthermore, one can distinguish patterns 
that contain visible pauses. These pauses may appear at certain benchmarks (like e. g. ½) or depict a 
dividing process into equal shares.  
We observed that the different shapes (bar, circle) might lead to different strategies for a solution: 
students showed lower rates of correcting errors when working with circles and no student 
separated a circle into equal shares (thus probably felt more comfortable with well-known objects). 
Furthermore, students started more often with separating into halves (falling back to well-known 
fractions) when working with bars. These findings suggest that identifying fractions on a 
continuous bar is more difficult for students with low experience on working with fractions – a fact 
mirrored by the observed solution rates (0.45 vs 0.61; deviations up to 3% from the exact solution 
were accepted as correct). 
Finger movements could be linked to typical solution strategies: Pauses at ½ in the solving process 
might indicate an intrinsic comparison to ½, while separating into equal shares facilitates counting 
strategies that can also be applied to discrete tasks. 
Our observations indicate new possibilities of research in mathematics education. However, further 
research is needed relating solving patterns to solution rates and the development of the usage of 
specific strategies over time. Teachers should benefit from this data because certain patterns (e. g. 
separating into equal shares) might indicate the lack of a holistic concept of fractions calling for 
more classroom work. 
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These findings are also available in German (Hoch et al., forthcoming). 
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USES OF DYNAMIC TEXTBOOKS IN UNDERGRADUATE 
MATHEMATICS CLASSROOMS 

ANGELIKI MALI, VILMA MESA, UTMOST TEAM 

Introduction 
We present preliminary findings from a pilot study conducted within the context of the 
Undergraduate Teaching and Learning in Mathematics with Open Software and Textbooks 
(UTMOST) project. The project lays the ground work for understanding the affordances and 
challenges of developing and using open source learning platforms in the teaching and learning of 
linear algebra and abstract algebra. We pursue two foundational questions: (1) How do students and 
instructors use textbooks? and (2) How can we develop textbooks that will improve teaching and 
learning? We seek to develop data collection instruments and test analytical processes. The 
products are instruments for data collection for a larger study that will also investigate correlations 
of resource use and student learning. 
Context  
The UTMOST project focuses on the development and use of open source computational resources 
in the teaching and learning of mathematics at the undergraduate level. The project continues work 
in the development of four interconnected suites of technological resources, including the 
Collaborative Calculation in the Cloud (CoCalc), a web application that provides a scientific 
computing environment for collaboration among groups of people. The research component 
investigates how textbooks in the open source platform are used by instructors and students in 
Linear Algebra and Abstract Algebra. Our overarching aims of the research component are: (1a) To 
identify the instructor and students’ use of textbooks that are either in the open source platform or 
as an identical PDF, (1b) To contrast the uses of these resources (same content, different platforms), 
and (2) To propose measures of student learning that would potentially identify the impact of these 
resources.  
Theoretical and Analytical Underpinnings  
Following Gueudet and Trouche (2009), we seek to investigate two documentation processes, 
instrumentation, the influences on the user of the affordances and constraints of a set of available 
resources, and instrumentalization, the influences on the resources that are a consequence of the 
user’s use of those resources (see Figure 1).  
A document is seen as a set of resources together with the schemes of utilization. The set of 
resources include three distinct components, a material component (e.g., the physical textbook, the 
software available), the mathematical component (e.g., the definitions available in the resources that 
can be different from canonical definitions because of the availability of computational resources), 
and the didactical component (e.g., the process of designing assignments). We focus on lesson 
planning and lesson enactment, seeking to identify operational invariants, instructors’ beliefs that 
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shape the design and use of resources (e.g., beliefs about ways with which students better 
understand definitions). Because of the exploratory nature of the work, we are not, at this point 
concerned with institutional influences, the exploration of different contexts, nor with the evolution 
of the documents over time. We also seek to identify students’ utilization schemes, possibly 
adapting some of the theorization proposed by the documentational approach, because the research 
of students’ use of their textbooks in undergraduate settings is in its infancy. 

 
Figure 1: The documentational approach (Gueudet and Trouche 2009). 

Methods 
In the pilot phase, we collected in-depth data from four instructors, three of whom were using the 
dynamic version of the textbooks, via surveys, video recordings of lessons and of planning sessions, 
interviews, and bi-weekly self-reports of textbook use. In addition, we collected student surveys, 
bi-weekly self-reports of textbook use, focus groups, and tests of knowledge. We followed the 
methodologies proposed by Gueudet and colleagues (2012) and by Rezat (2012). Importantly, the 
nature of the dynamic textbooks allows for capturing computer generated data of student and 
instructors’ use, which think of using to complement the instructor and students’ self-reports. 
Findings 
Our first finding pertains to wide differences both in the network of resources mentioned by the 
four instructors, and in their awareness of that network. They consulted departmental archives; their 
own prior lecture notes, lesson plans, and exams; the course textbook; secondary textbooks (e.g., 
used by other instructors, or as students); colleagues; and listservs. In addition, they used Sage and 
LaTeX, and considered as resources students’ questions and difficulties with the mathematics or, in 
the case of the instructors using the CoCalc, students’ productions in that environment. Instructors 
mentioned many resources without labeling them as such. We identified them as they described 
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their processes of planning and teaching their lessons. In spite of the variation in material 
components, we identified several common mathematical and didactical components in regards to 
the textbook: specifically, the mathematical component included the available mathematical topics 
(e.g., orthogonality, basis), examples, applications, and Sage (in the case of the dynamic textbooks) 
for which the didactical component included: selecting, rewriting, and summarizing topics, 
examples and applications, and design of assignments for the dynamic textbook. We also noted 
variation in the use of dynamic features, which seems to be related to instructors’ knowledge, 
understanding, and familiarity of those features and their location within the textbook. Finally, we 
identified the lecture notes as a key document that was created by all instructors and used 
differently both in planning and lesson enactment. This will be the focus of further data collection. 
Regarding our methods, we realized that lesson planning occurs over extended periods of time, so 
one week of site visits is not always enough to capture that aspect. Also, we received limited 
student responses of their textbook use in bi-weekly logs, so we now consider including questions 
about their use of resources and creation of documents. 
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PEDAGOGICAL FUNCTIONS OF INTERACTIVE TEXTS 
ELENA NAFTALIEV  
 
Technological development has caused changes in learning environments in general and textbooks 
in particular. The affordances and constraints of the presentational media were always part of the 
mathematics culture. Describing the communication of Greek mathematicians, Netz (1999) 
suggests that the limitations of the media available (wetted sand, dusted surface or wax tablets) 
were essentially similar to those of modern books: "Diagrams, as a rule, were not drawn on site. 
The limitations of the media available suggest rather, the preparation of the diagram prior to the 
communicative act - a consequence of the inability to erase" (p.16). An interactive diagram (ID), is 
a relatively small unit of an interactive text (in e-textbook or another material). The ID`s 
components are the given example, its representations (verbal, visual and other) and interactive 
tools. A static diagram that presents specific information presents a point of view thus implicitly 
engaging the viewer in meaningful interpretations. An ID presents information and explicitly 
requires the viewer to take action and change the text within given limitations. 
“Visions of the future of the textbook raise questions about the pedagogical functions of this 
educational form: What is it that textbooks provide pedagogically and epistemologically, besides a 
reminder of the weight of the past? How might they change in the future, and how could such 
changes serve the interests of publishers, authors, students, and educators?” (Friesen, 2013, p.2). 
Interactive textbooks are envisioned as allowing the learner and teacher to approach texts in an 
exploratory mode, rather than simply receiving it in a fixed, prepackaged form (Naftaliev, 2018). 
There are profound differences between the traditional page in math textbooks that appears on 
paper and the new page that derives its principles of design and organization from the screen and 
the affordances of technology. This issue requires scholars to develop lenses for analyzing 
pedagogical design and teaching-learning processes with interactive texts. Therefore, we developed 
and elaborated semiotic framework for pedagogical functionality of ID that would allow an orderly 
discussion of the subject (Naftaliev & Yerushalmy, 2017). There are three functions of ID in the 
framework: the presentational function, the orientational function and the organizational function 
(Table 1).  

 

Table 1. The semiotic framework: Three types defining the functionality of IDs 

Presentational function Orientational function Organizational function 

Specific  

Random  
Generic  

Sketchy 

Accurate 
Sketchy and accurate 

Illustrating 

Elaborating 
Guiding 

 
The presentational function focuses on what and how is being illustrated by the diagram. Three 
types of examples are widely used: specific, random, and generic examples. Specific examples 
present the exact data of the activity of which they are part of. They serve as a dynamic illustration 
that helps analyze the situation without being able to change the information. Random examples are 
specific examples generated within given constraints, presenting different information at various 
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times and for different users. In a generic example, the diagram is structured to be representative; it 
presents a situation that can be part of the given task, but it is not intended to present the specific 
data of the activity but to help learners become acquainted with the generic views of the example 
through a process of inquiry. The tone in which the text addresses the learner is subject to design 
decisions having to do with the orientational function. “Sketchiness” vs. “rigorousness” of 
diagrams is an important factor in reader orientation. An accurate ID has richness of detail, but 
completeness of detail in sketch means that the user has to work in order to see through the whole, 
to make contact with and examine details. For example, the sketchy ID in Figure 1b could serve an 
accurate ID, by providing the values of ordered pairs for any point on the plane according to the 
user's choose. In our research (e.g., Naftaliev & Yerushalmy 2011) the activity was first illustrated 
by a paper diagram (Figure 1a) and then by an ID (Figure 1b). With the paper diagram Roni found 
the coordinates of the marked points but was not able to write the symbolic expression of the 
function. With the ID she perceived the given graph as a sketch; the description was of a line with a 
positive slope that intersects "somewhere below." At the same time, dynamics of mouse tracing in 
the ID sketch that accompany the changes in coordinate values helped her start to consider the idea 
of rate. She followed the changes of the coordinates along the line, tracked the coordinates on the 
graph, organized values of consecutive integers in a table and calculated the differences between the 
values in the table and the ratio between the differences to find the slope. The ID’s design made it 
possible to address the given graphs as a sketch, but at the same time the sketch can be interactively 
unfolded into a detailed accurate diagram, which causes students to change their focus from data 
testing to choosing the necessary data. 
 
Write an expression describing 
the given line graph containing 
the two points marked on the 
diagram.  

         (a)          (b) 
Figure 1: “Sketchiness” vs. “rigorousness” 

 
The organizational function looks at the system of relations defining wholes and parts and 
specifically at how the elements of text combine together. IDs can be designed to function in three 
different ways: Illustrating, Elaborating, Guiding. Illustrating IDs are simply-operated, 
unsophisticated representations. They are intended to orient the student’s thinking to the structure 
and objectives of the activity by usually offering a single representation and relatively simple 
actions. The important components in the design of the Elaborating IDs are rich tools and linked 
representations that enable various directions in the search for a solution.	We use the term Guiding 
ID referring to guided inquiry. This kind of ID provides the means for students to explore new 
ideas. In addition to providing resources that promote inquiry, they also set the boundaries and 
provide a framework for the process of working with the task.  
Using the framework as an analytical lens, we were able to examine the characteristics of activity 
consisted of reading and solving tasks which are presented as IDs and to analyze how do the 
characterizations of processes vary in accordance to the three designed organizational functions of 
IDs: illustrating, elaborating, and narrating? We analyzed the work of 13-14 year-old students in 
task-based interviews, focused on three major fields in the school-algebra curriculum (Modeling, 
Formulating mathematical phenomena, Manipulating). The chosen sequences intended to reduce 
the effect of specific algebra content on research conclusions. Each series includes a preliminary 
task and three comparable tasks; each was designed upon a semiotic framework.  
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Across our studies, we had found that similar tasks with different IDs should be considered as 
different learning settings. We found that even the minimal interaction designed in the illustrating 
ID can be helpful in consolidating relevant knowledge that is not adequately structured yet. 
Students who worked with the ID looked for ways to bypass the designed constrains: they changed 
the representation of the data in the given example and expanded the given representations or built 
new ones. Regarding guiding IDs, we found that it can be a form of instruction toward development 
of new mathematical ideas. The guiding IDs’ design limits the student's action and at the same time 
provides an open space for student’s ideas. The various linking tools and representations in the 
elaborating IDs lead to different problem-solving processes and a variety of solutions. The 
differences between methods were manifest in the variety of the significant items in the examples, 
in the representations students chose to work with, in the order of preference of the various 
representations and in the choice to use or not to use the included tools.  
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DEVELOPING CATEGORIES OF CURRICULAR METADATA: 
LENSES FOR STUDYING RELATIONSHIPS BETWEEN 

TEACHERS AND DIGITAL TEXTBOOKS  
SHAI OLSHER, MICHAL YERUSHALMY, & JASON COOPER 
 
Digital textbooks and other curricular resources can provide many opportunities for teacher 
engagement in the form of organizing content and generating innovative mathematical experiences 
for their learners. When attempting to study the interactions of teachers with digital curricular 
materials, we explore ways to support the teacher's potential role as a cartographer (Remillard, 
2016) - having to generate a representation of a domain of curricular materials, and also to set paths 
that would help learners get better acquainted with the mathematical terrain. 
Our object of mapping is a digital textbook, for which we use the broad definition of Pepin et. al 
(2015) for an evolving e-textbook: an evolving structured set of digital resources, dedicated to 
teaching, initially designed by different types of authors, but open for re-design by teachers, both 
individually and collectively. While the evolving content (tasks, tools, learning objects) is an 
important aspect of the textbook quality, we view the properties of the “collection” - structure, 
balance, and sequencing - as crucial to the coherence and quality of the book. Considering that 
textbooks include a representation of their content, e. g. table of content, or a site map, teachers, 
when given the opportunity, may still suggest to modify textbooks to make them more accessible 
(Olsher & Even 2014). 
Research on textbooks includes two foci – the intended curriculum constituted in the textbook, and 
teachers’ enactment, often investigated in small-scale case studies. Analysis of textbook usage tends 
to be theory-driven; researchers decide what aspects of textbooks and their use to analyse – from 
the number of pages taught in a particular topic to nuances of common core standards evident in 
tasks, which are or are not enacted. We propose a methodological approach that addresses both 
intended and enacted aspects, while making room for the teachers' perspective alongside the 
researcher's. This is achieved through teachers’ tagging of curricular material, using a tool 
implemented as a browser extension; web-based tasks, tagged by predefined categories of metadata, 
create a collective dataset of curricular material for teaching. Patterns of individual teachers’ 
tagging provide insight on their interaction with the textbook, while collective tagging of a single 
textbook by a diverse group of teachers (averaging over all taggers) provides a more objective view 
of the textbook itself. 
Our work includes design-based research of the tagging tool and its categories of didactic metadata. 
One of the considerations in the initial selection of coding categories was the ability to describe 
technology-related characteristics of interactive tasks. This provided a literature-based starting 
point, from which we listen to and learn from teachers. We have modified the categories based on 
teachers’ perceptions of relevance for representing curricular material. As proof of concept for our 
categories of metadata for characterizing the design of a textbook, we gathered 9 practitioners - 
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teachers, mathematics education graduate students, and mathematics education researchers – to 
jointly tag 74 tasks (3 chapters) in the pre-calculus Visual Math textbook “Analysis – Computer 
supported inquiry activities for high school” (Yerushalmy et al. 1996). The tasks were randomly 
distributed among the taggers, and the tagged chapters were represented visually using a 
Keshif-configured dashboard (Yalcin, Elmqvist & Bederson 2016).  
Initial analysis of this representation of the textbook contents revealed 17 “insights” regarding the 
data set, in the form of correlations among the categories of metadata. The textbook designer was 
then invited to comment on these insights, and was subsequently interviewed. Insights were 
classified as: 1) Intentional correlation: Insights that are consistent with the author’s didactic 
intentions; 2) Tacit correlation: Insights that the author acknowledged, but had not incorporated 
intentionally; 3) Not relevant: Insights that were deemed not relevant to the author’s intentions. We 
now present examples of each of these categories, along with the designer’s reaction. Metadata 
categories appear in italics. 
1) Intentional correlation: Nearly all the tasks that were perceived as suitable for opening a topic did 
not include an explicit symbolic representation (i.e. algebraic) of a function. Author’s reaction: 
“This is the definition, generally speaking, of an opening task – to arrive at the symbolic from 
sensing, complex problems which one can think about, non-mathematical information etc”. 2) Tacit 
correlation: In the “derivative” chapter, students are rarely expected to provide non-technological 
justifications for their answers. Author’s reaction: “This is a logical implication of two other 
principles: derivative requires a lot of symbolic work, and when working symbolically you cannot 
rely solely on technology". 3) Not relevant: Symbolic representation is especially common in tasks 
that invite students to draw conclusions. The author’s reaction: “I am not sure why this 
phenomenon shows up in the data… Maybe this attests to the type of conclusions [the taggers] 
aspire to. For example – what does a conclusion from a graphic representation without symbolic 
representation look like? That [kind of activity] is probably not represented in this collection.” 
We have focused on how tagging didactic metadata can contribute to research on textbook analysis, 
and have shown that the categories of didactic metadata can assist in revealing characteristics of 
datasets of curricular materials. Furthermore, these insights can serve as an object for discussion 
with designers to elicit their didactic intentions, and with teachers to elicit their interpretation of the 
material. Investigation of individual teachers’ interactions with textbooks are ongoing and will be 
reported elsewhere. We note that there are limitations to the method we have employed: taggers and 
designers might not share meanings for metadata keywords, small scale tagging may be 
tagger-dependant, and the represented characteristics are limited to what can be tagged.  
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THE EUCLIDEAN DIVISION IN THE EARLY GRADES 
 LUISA RODRÍGUEZ DOERING, JANETE JACINTA CARRER SOPPELSA, 
CYDARA CAVEDON RIPOLL 

 

Abstract 
In this article we aim to highlight the importance of the remainder in the Euclidean division starting 
at the first grades of elementary school. We present questions that help the reader to reflect on the 
meaning of the Euclidean division, in which the remainder plays a fundamental role. Taking into 
account these questions, the guidelines of the official documents and the analysis of textbooks of the 
initial grades, we report on the topics of reasoning, discussion and proof in textbooks, suggested in 
Symposium B (Deductive Reasoning, Argument and Proof in Textbooks) and we propose activities 
that we believe will help to promote the understanding of the Euclidean division in its entire scope. 
Key words: Division in the first school grades. Euclidean division. Remainder. 
Introduction 
The ideas of division between natural numbers appear in the early grades of elementary school. At 
this level, division is a complex operation for the student, since, “compared to other elementary 
operations, division with natural numbers is different in the following sense. While in addition, 
subtraction and multiplication we have two input values and obtain only one third output value, 
which is the result of the operation, the division with naturals involves two values as a result, 
namely, the quotient and the remainder.” (Ripoll, Rangel & Giraldo 2016, p. 104) 
This first consideration shows that division is a complex operation for the student in the early 
grades and points to the particular attention that the teacher should devote to the introduction of the 
Euclidean division, as well as to its follow-ups in the 6th grade, and taking into account aspects that 
are often ignored in the classroom, as well as in textbooks. 
In this article we invite the teacher to reflect on the Euclidean division and the important role of the 
remainder, considering the essential aspects of this operation, as follows. 
• Is it natural to begin the discussion concerning the division of natural numbers exclusively 

with dividends that are multiples of the divisor? 
• Are the zero remainder situations really the divisions that happen most frequently in the 

student's daily life? 
• Does not the division in N (the natural numbers) have a life that is “independent” of 

multiplication, unlike what happens between addition and subtraction? 
 

Based upon this reflection and the analysis of some textbooks, we present some suggestions for 
activities which, we believe, could help to promote the understanding of the division operation. 
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Thus, in the following, 
• we present our reflections on the orientations in official documents concerning the division 

operation; 
• we describe how the Euclidean division is introduced in some textbooks of the early grades, 

reporting the situation on the theme concerning reasoning, arguing and proof in the 
textbooks --- suggested in Symposium B (Deductive Reasoning, Arguing and Proof in 
Textbooks) --- and make some comments on it; 

• aiming to contribute to the student’s understanding of such an operation in its entirety, we 
suggest some activities to approach the Euclidean division in the early grades. 

What the official documents say about the division of natural numbers 
The proposals presented in the Parâmetros Curriculares Nacionais1(PCN) are open and flexible, 
not being an homogeneous and imposing curricular model. 
The idea of sharing is present in children's experiences from an early age on, for example, in 
sharing candies with their siblings. The PCN themselves recognize that students bring knowledge 
and ideas built upon their daily experiences into the school and get to the classroom with some 
knowledge about the division. This document suggests that the teacher should take advantage of 
such experiences and make use of manipulative resources such as chips, sticks, grains, etc. to 
introduce and deepen the study of this operation (Brasil 1, 1997, p. 25). Regarding operations,  PCN 
states that the work to be done should focus on the understanding of the different meanings of each 
one of them, on the relations between them and on the reflexive study of the calculus, 
contemplating different types - approximate or not, mental and written and the objectives for the 
first cycle reinforce the resolution of problem situations in order to give the student the perception 
of the meaning of the fundamental operations, besides recognizing that the same operation is related 
to different problems and that the same problem can be solved by using different operations. (Brasil 
1, 1997, p. 39) 
The document emphasizes that the addition and subtraction operations should be emphasized in the 
first cycle of Elementary Education and that multiplication and division calculations should be 
carried out through personal strategies, not offering more details about the latter operations. 
In the PCN we find that “as in the case of addition and subtraction, it is important to work together 
on problems that exploit multiplication and division, since there are close connections between the 
situations that involve them and the need to work upon these operations (...)” (Brasil 1, 1997, p. 72). 
It is suggested that, starting with multiplication situations, it is possible to formulate situations that 
involve division, reinforcing the close relationship between the two. 
The Base Nacional Comum Curricular2 (BNCC) contains the objects of knowledge and the skills 
intended for the children and young people in each stage of Basic Education. In the version 
currently available (http://basenacionalcomum.mec.gov.br/images/BNCCpublicacao.pdf), BNCC 
agrees with  the PCN considering important that the teaching and learning of operations in the 
initial grades of primary education should be supported in situations of interest of the students, 
associating questions of reality to those that involve the world of fantasy, play or games that justify 
the realization of some calculation. Also in this document the expectation, with respect to natural 
numbers, is that students, at the end of the initial stage, “solve problems with natural numbers 
involving the different meanings of operations, argue and justify the procedures used for the 
resolution and assess the plausibility of the results found. Regarding the calculations, students are 

                                                             
1  Parâmetros Curriculares Nacionais (PCN) are the Brazilian standards for the first nine grades of 
Elementary School. 
2  Base Nacional Comum Curricular establishes the minimum curriculum that will soon guide every 
Brazilian school. 
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expected to develop different strategies for obtaining the results, especially by estimation and 
mental calculation, as well as algorithms and calculators.” (Brasil 2, p. 224) 
Specifically, about working with the division operation, it is suggested that it should start in the 2nd 
grade, having as expected ability to “solve and elaborate problems involving double, half, triple and 
third part, with the support of images or manipulative material, using personal strategies” (p. 239). 
For the 3rd grade it is suggested that the different meanings of the division be worked out (division 
into equal parts and measurement), seeking to attain the ability “to solve and to elaborate problems 
of division of a natural number by another one (up to 10), with remainder zero and with remainder 
different from zero, with the meanings of equitable distribution and measurement, through 
strategies and personal registers.” Here we notice an allusion to the Euclidean division, although it 
was not highlighted among the Objects of Knowledge of the 3rd grade. When suggesting for the 4th 
grade to reach the ability “to solve and to elaborate problems of division whose divisor has a 
maximum of two figures, involving the meanings of equitable distribution and of measurement, 
using several strategies, like estimate by calculation, mental calculation and algorithms” (p. 247) no 
mention is made of the problems involving exclusively an Euclidean division in its resolution, but 
whose response is neither the quotient nor the remainder, much less its approach is suggested. For 
the 4th grade, the document also requires that the student should “recognize, through investigations, 
that there are groups of natural numbers for which divisions by a given number result in equal 
remainders, identifying regularities” (p. 246), and that “the relations between multiplication and 
division are worked out in the 4th grade with the purpose of leading the student to recognize, 
through investigations, using the calculator when necessary, the inverse relations between addition 
and subtraction operations and multiplication and division, to apply them in problem solving.” (p. 
247). It certainly seems that only the particular case of Euclidean division with remainder equal to 
zero is suggested, thus allowing multiplication and division to be interpreted by the student as 
inverse operations. 
What do the textbooks of the early grades say about division with natural numbers 
We analyzed six collections of textbooks of the initial grades of Elementary School (Table 1), all 
approved in the Programa Nacional do Livro Didático3 (PNLD).  In this analysis we observed how 
the division is introduced and how the remainder of a Euclidean division is treated, as well as the 
type of activities proposed.  
We noticed that, in all the analyzed collections, the division is introduced in the second grade, after 
multiplication, with both meanings: splitting in equal parts and measure. 
With the exception of one of the analyzed collections, the division always appears with a dividend 
that is multiple of the divisor, with no mention to the remainder in the first examples. Although it is 
clear that there is a close and undeniable relation between multiplication and division, the student 
may be led to think that the division also has only one output, the quotient. 
 

Collection PNLD 

Projeto Buriti: Matemática 2013 

A Conquista da Matemática 2013 

Matemática: Pode contar comigo 2010 

Coleção Ápis – Matemática 2013 

Coleção Aprender - Muito Prazer 2013 

                                                             
3 The Programa Nacional do Livro Didático (PNLD) is Brazil´s textbook assessment program, 
which includes mathematics and selects the textbooks that are freely distributed by the Brazilian 
Ministry of Education. 
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Coleção Construindo o Conhecimento 2007 
Table 1: Analysed collections 

It is visible in these textbooks the absence of a convention for the word “division” with regard to 
“splitting in equal parts”. It should be noted that, for a 2nd grade student, the splitting in equal parts 
is not always natural, so at the very least the term “division” requires a reflection, as in the situation 
suggested by Figure 1. 

 
Figure 1. Source: archives of the authors 

We reassure, still regarding the little emphasis given to the convention of the term division, that not 
only the term implies “equal parts” but also implies “remainder < divisor”, an essential condition to 
be considered in the construction of algorithms for division. In none of the reviewed books we 
found reference to the fact that, for example, although both equalities 17 = 5 × 2 + 7 and 17 = 5 × 3 
+ 2 are true, only the second one comes from what is defined as division in N (Euclidean division). 
In the analyses we could find only one textbook, which emphasized that the quotient is the largest 
multiple of the divisor that is smaller than the dividend. In all other textbooks the necessary 
conditions for a process of splitting to be called division are not emphasized, and therefore a crucial 
element of mathematical thinking is neglected. 
Many authors of the analyzed textbooks, right after introducing the division and giving examples 
involving exclusively zero remainder, end up exploiting multiplication and division as inverse 
operations, some even including a section entitled “Multiplication and Division: Inverse 
Operations”  and  emphasizing that “it happens with multiplication and division the same that 
happens with addition and subtraction.” In addition to the fact that this statement is not true in the 
numerical universe N, it goes against the orientation of the official documents cited in this text 
concerning the preference that should be given at this level to contextualized examples. Moreover  
this phrase suggests to the student that in all divisions in N, the remainder is always equal to zero. 
Figure 2 shows a situation that illustrates that the non-zero remainder in a Euclidean division is part 
of the daily life of the child. In other words, the Euclidean division is the only one that makes 
sense in the numerical universe N, and very often the remainder has a preponderant role in 
the problem being considered. 
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Figure 2 . Source: archives of the authors 

Soppelsa (Soppelsa, 2016) in her analysis of the textbooks of the 6th  grade remarks that, in most of 
them, the meaning of the remainder in an Euclidean division has been given no importance or 
emphasis, receiving only the status of leftover. Also, most of the exercises require only direct 
computations, focusing almost exclusively on the quotient.  
In our analysis of textbooks, we could reaffirm Sooppelsa’s findings, and in only one of the 
analyzed collections we could find some exercises that are solved making use of a division but for 
which the answer is neither the quotient nor the remainder, but the interpretation of this result.  

 
Figure 3: on the left, an excerpt from Isolani et al. (2005a), p. 195 and its translation on the right 

We could also find little emphasis on pictorial representation in the calculation of divisions with 
nonzero remainder. It should be noted that such representation can really help the student, both in 
the visualization of the calculation (see, for example, Figure 3) and in the establishment of the 
inverse process, which not only allows to verify if the operation was performed correctly but also 
generalizes generic thinking, leading the student to perceive the relationship between the terms of 
division, 
dividend = divisor × quotient + remainder, 
and to justify its validity with words. Moreover, the above relationship suggests that division in N 
has an “independent” life of multiplication, unlike what happens with addition and subtraction, 
which are inverse operations of one another. 
Some suggestions for the teaching of Euclidean division 
Taking into account the issues previously discussed and the textbooks analysis carried out, and also 
intending to stimulate the mathematical thinking of first grades’ students, we suggest that teachers 
offer their students opportunities to explore: 
• awareness of the need to establish a convention for the ideas associated with division, 

including 
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i) the terms “splitting”, “repartition” and “distribution”  do not imply “equal parts” (as shown in 
Figure 1, with respect to the number of persons); 
ii) splitting in equal parts in N does not imply remainder equal to zero (as in Figure 2); 
iii) splitting in equal parts does not imply leftover smaller than the divisor (as in Figure 4 and in 
Activity B); 
• sensibilization to the universal convention for the expression “division in N” or Euclidean 

division, including 
iv) equal parts (as in Figure 1, with regard to the distribution of the weight of the persons); 
v) remainder smaller than the divisor (as in Activity B, below, including questions (a) and (b), 
aiming to emphasize this condition), including a discussion of the equivalence between “smaller 
than the divisor” and “the greatest quotient possible”; 
vi) the fundamental relation dividend = divisor × quotient + remainder (inspired by, for example, 
Figure 3 and Activity B); 
vii) uniqueness of the quotient and the remainder satisfying the necessary conditions for a process 
of splitting to be called division (as in Activity B).  
A suggestion of activities 
In the following we suggest some activities to approach the Euclidean division in the early grades, 
aiming to contribute to the student's global understanding of this operation.  
Activity A: Observe Figure 4 and answer: how many children will have to wait for the next trip on 
the train? 

 
Figure 4 . Source: archive of the authors 

In order to motivate the definition of the Euclidean division as the splitting in equal parts that 
generates the largest quotient and the smallest remainder, we suggest the following activity, 
inspired and adapted from exercise 2, p.103 of Isolani et al (2005b). 
Activity B: Peter has 38 candies. He would like to offer an equal amount of candies to each of his 7 
friends. Complete the table below to assist him with all the possibilities of distribution. 

Candies distribution Number of  distributed 
candies 

Amount of 
leftovers 

1 candy for each of the 7 
friends  

 

2 candies for each of the 7 
friends  

 

3 candies for each of the 7 
friends  

 

4 candies for each of the 7 
friends  
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5 candies for each of the 7 
friends  

 

6 candies for each of the 7 
friends  

 

7 candies for each of the 7 
friends  

 

8 candies for each of the 7 
friends  

 

           Table 2: Activity B 

This activity allows a comparison between the various distributions in 7 equal parts. The teacher 
can encourage the students to record in the second and third columns, in addition to the values, the 
operations performed to obtain them (see Table 3). 

Candies distribution Number of 
distributed candies Amount of leftovers 

1 candy for each of 
the 7 friends 7 × 1 = 7 31 = 38 – 7 = 38 – 7 × 1 

           Table 3: Analysis activity B 

We propose next some questions that could guide the ideas of the Euclidean division and which 
contemplate the items listed in the previous section. 
(a) What is the largest number of candies that each friend can receive? Is there any leftover in this 
distribution? If yes, how many candies is the amount of leftovers? 
(b) Which distribution corresponds to the smallest amount of leftovers? 
(c) Is it possible to distribute 6 candies to each of the 7 friends? Why? 
Item (a) allows the recognition of the distribution that guarantees the largest number of candies per 
friend (5 candies for each friend); item (b) allows the observation that this distribution is also the 
one that has the smallest amount of leftovers (3 candies) and that is the only one in which the 
number of leftovers is smaller than the number of friends. Item (c) seeks to emphasize that, in order 
to distribute one more candy to each friend, we should have at least 42 = 7 × 6 candies, which 
exceed the 38 candies that Peter has.  
The discussion of the above items should lead the students to conclude that the distribution with 
largest quotient and smaller remainder is unique, thus receiving a special denomination: (Euclidean) 
division of 38 by 7, the value 5 being called the quotient, 3 the remainder, 7 the divisor and 38 the 
dividend. 
This activity also allows retrieving the total number of candies from each of the rows of the table, as 
shown in the following table. 

Candies distribution Number of 
distributed candies Amount of left overs Recovering the total 

amount of candies 

4 candies for each of 
the 7 friends 7 × 4 = 28 38 – 7 × 4 = 38 – 28 = 10 7 × 4 + 10 =38 

Table 4: Recovering the total amount of candies 

The complete table shows six ways to retrieve the total number of candies as a multiple of 7 plus 
one leftover. However, only the equality 38 = 7 × 5 + 3, coming from the fifth line of the complete 
table, corresponds to the Euclidean division of 38 by 7, equality that we suggest to be called the 
real proof of the Euclidean division operation (instead of “the fundamental relation of the division”, 
found in some of the analyzed textbooks). 
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The following activity contemplates, in the same context and with the same division, situations in 
which the solution is sometimes the quotient, sometimes the remainder, and sometimes it is neither 
the quotient nor the remainder. One should also notice the non-unique answer to item (b). 
Activity C: There will be a field trip for the 123 students of the 4th grade students and their 7 
teachers. The school intends to rent buses with capacity for 55 passengers. 
(a) If everyone confirms to take part in the trip, how many buses should be rented? 
(b) How many unconfirmed persons are necessary for all buses to be full? 
(c) In this case, how many buses should be rented? 
The following activity contemplates, in the same problem, different strategies (Euclidean division 
or multiplication), and can be solved with different operations as well as aiming to contemplate one 
of the abilities of BNCC already mentioned. 
Activity D: Teacher Carlota has 123 marbles to be distributed among 6 groups of students. 
(a) Is it possible for the groups to get the same amount of marbles? How can we find it out? 
(b) How many more marbles should the teacher have so that all of them were distributed among the 
groups? 
The following activity contemplates the meaning of measure of the division and also a situation for 
which the result is neither the quotient nor the remainder of the Euclidean division and can serve to 
stimulate mental strategy. 
Activity E: Juliano gave R$ 35,00 to his 9 nephews to buy a snack, but everyone wanted a popsicle. 
Since each popsicle costs R$ 3,00, one wonders 
(a) Is the money enough for each nephew to buy a popsicle? 
In the affirmative case: 
(b) Was there any money left?  
(c) How much was left? 
(d) Would the money be enough as well to buy popsicles for Uncle Juliano and Aunt Mary?  
Final considerations 
In this work we reflect on the Euclidean division in the early grades of Elementary School, 
discussing this theme from the official documents and the analysis of six collections of textbooks 
that were approved in PNLD Program. 
The analysis of the textbooks showed that, in many instances, the guidelines of the official 
documents were not followed. It also showed that the content “division in N”, although naturally 
appearing in the students’ daily life, is not treated in this way in textbooks, and the convention for 
the term “division” is not properly emphasized, namely, splitting in equal parts with as little 
leftover as possible. 
Believing that the nonzero remainder must be approached since the first contacts of the student with 
the concept of division, we present proposals of activities that contemplate and emphasize the 
different roles of the remainder and encourage the argumentation and mathematical thinking, 
aspects which are also suggested in the official documents. 
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AREA FORMULA DEDUCTIONS FOR PLANE FIGURES IN 
TEXTBOOKS 

FRANCIELE MARCIANE MEINERZ AND LUISA RODRÍGUEZ DOERING 

 
ABSTRACT 
In this paper we present an analysis on the deduction of formulas for calculating areas of plane 
figures in some selected textbooks. Our book analysis is guided by the questions suggested by 
Symposium B: Deductive Reasoning, Arguing and Proof in Textbooks. The analysis showed that 
some books only present the formulas for calculating areas of plane geometric figures, immediately 
after some numerical example, without any kind of justification, while the others present 
inconsistencies and incomplete arguments for the proofs. We offer some suggestions of activities and 
complements to the analyzed texts that may contribute to the development of the deductions 
presented by the authors, and an excerpt of a successful teaching experiment, where students 
developed arguments to deduce the formulas for calculating areas of plane figures using 
composition and decomposition of simpler plane figures. 
KEYWORDS: Mathematical Argumentation; Textbook; Area of plane figures. 
 
Introduction 
In the International Congress on Mathematics Education ICME 13 there were reports that in many 
countries an emphasis on proof is reappearing in mathematics curricula. 

"There is international recognition of the importance of reasoning and proof in students’ learning 
of mathematics at all levels of education, and of the difficulties met by students and teachers in 
this area. Indeed, many students face difficulties with reasoning about mathematical ideas and 
constructing or understanding mathematical arguments that meet the standard of proof. Teachers 
also face difficulties with reasoning and proof, and existing curriculum materials tend to offer 
inadequate support for classroom work in this area." (Thematic Study Group 18 Reasoning and 
Proof in Mathematics Education – ICME 13, July 2016) 

Therefore, it is important that textbooks support this tendency. Stylianides (2009) remind us the 
relevance of textbooks and their analysis in order to develop activities of reasoning-and-proving 
(RP) in the classroom. 

“The studies that examined how mathematics textbooks influence mathematics instruction used 
different methodological techniques and offered different kinds of evidence, but the bottom line 
of these studies was that mathematics textbooks have significant influence on students’ 
opportunities to learn mathematics in many classrooms [...] Although mathematics textbooks can 
play an important role in the opportunities that students have to engage in RP, to date, we lack 
knowledge of how RP is promoted in contemporary mathematics textbook series.” 
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Since 1996, Brazil has the Programa Nacional do Livro Didático1 (PNLD) that selects and 
distributes, each year, textbooks to public schools; therefore, frequently, public school teachers 
have in their classroom a mathematics textbook that has probably not been chosen by them, but it is 
the only one available to their students. So it is also important to verify if the books approved by the 
PNLD include adequate support for the development of the mathematical argumentation and 
reasoning. 
According to the Parâmetros Curriculares Nacionais2 (PCN), geometry "is a fertile field of 
problem situations that favors the development of the capacity to argue and construct 
demonstrations" (Brasil 1998); consequently, we investigate how textbooks deal with one of the 
first “proofs” of basic geometry:  the deductions of the formulas for calculating the area of some 
plane figures. We analyze only textbooks accepted by PNLD. In the books we analyze, we are 
interested in answering some of the questions suggested in Symposium B (Deductive Reasoning, 
Arguing and Proof in Textbooks): Do textbooks include contexts, contents, results that meet the 
standard of proof? If yes, is the arguing appropriate for students at the proposed level? Is it correct?  
We begin this article presenting and commenting briefly on how the argumentation and teaching of 
geometry appear in the official documents, as well as justifying our choice of this theme through 
other researches. In the sequence we present an analysis of how the deductions of the formulas for 
the calculation of area of plane figures appear in some textbooks accepted by the PNLD, permeated 
by suggestions of activities, or complements to the text that could contribute to the development of 
the deductions presented in these books. Afterwards, we present an excerpt of the Meinerz (2015) 
undergraduate final paper, which was successful in a teaching experiment where students developed 
arguments to deduce the formulas for calculating areas of plane figures using composition and 
decomposition of some plane figures. 
Geometry, argumentation and official documents 
In recent years, the importance of mathematical argumentation in the classroom has gained 
prominence in Brazil, being present in important documents about mathematics teaching, such as 
the PCN and the Base Nacional Comum Curricular3 (BNCC). It is one of the general objectives for 
teaching mathematics in Elementary Education that students are presented with situations that 
favour the process of "accurately describing, representing and presenting results and arguing about 
their conjectures, using oral language and establishing relations between it and different 
mathematical representations" (Brasil 1997). Also stating the importance of mathematical 
argumentation in the classroom, BNCC defines that mathematics teaching should propose an 
understanding of the world and social practices, 

"qualifying the insertion in the world of work, which needs to be sustained by the capacity for 
argumentation, security to deal with problems and challenges of diverse origins. Therefore, it is 
fundamental that teaching be contextualized and interdisciplinary, while at the same time 
pursuing the development of the capacity to abstract, to perceive what can be generalized to 
other contexts, to use the capacity for imagination" (Brasil 2015). 

Moreover, the PCN mentions that mathematics has the role of arousing curiosity and instigating the 
ability to generalize, project, predict and abstract, favouring the development of logical reasoning. 
The importance given to the development of reasoning is directly connected with justification and 
argumentation, and such concepts are related to the idea of learning mathematics with 
understanding, and not simply by memorizing formulas or methods. 

                                                             
1 The Programa Nacional do Livro Didático (PNLD) is Brazil´s textbooks assessment program, which 
includes mathematics and selects the textbooks that are freely distributed by the Brazilian Ministry of 
Education. 
2 Parâmetros Curriculares Nacionais are the Brazilian standards for the first nine years of Elementary School. 
3 Base Nacional Comum Curricular establishes the minimum curriculum that will soon guide all Brazilian 
schools. 
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Despite all the importance given to the mathematical argumentation in the classroom in the official 
documents, studies show that the involvement of students in activities related to the development of 
argumentation are not usual in classrooms (Nunes & Almoloud 2013). In fact, in addition to the 
students’ not being involved in activities related to argumentation, students also often do not have 
the opportunity to be involved in the teaching of geometry, which boils down to the teaching of 
measures, however "it is a fact that geometric questions tend to arouse the interest of adolescents 
and young people in a natural and spontaneous way. In addition, it is a fertile field of problem 
situations that favors the development of the ability to argue and build demonstrations." (Brasil 
1998). According to the PCN 

"Geometry has had little prominence in mathematics classes, and its teaching is often confused 
with that of measures. In spite of its abandonment, it plays a fundamental role in the curriculum, 
in that it enables the student to develop a particular type of thought to understand, describe and 
represent, in an organized way, the world in which he lives. It is also a fact that geometric 
questions tend to arouse the interest of adolescents and young people in a natural and 
spontaneous way. In addition, it is a fertile field of problem situations that favors the 
development of the ability to argue and build demonstrations." (Brasil 1998) 

Teachers sometimes fail to use classroom demonstrations and argumentation because they do not 
feel comfortable with formal mathematical language, but it is important to emphasize that in school, 
when it comes to developing mathematical thinking with the student, often the most important is 
not the demonstration itself, but rather the process of recognizing that an argument made for a 
particular case can be generalized, and then making use of generic thinking to express such a 
generalization, i.e., making use of a representative of a generic element of a set, and not of 
particular elements or cases, all in oral or written language, using mathematical symbology or not. 
(Hanna 1995). We think it is important for students to be encouraged to routinely argue in math 
classes, turning it into a natural process and that wherever possible, the teacher should choose the 
so-called demonstrations that explain rather than just demonstrate. (Hanna 1995). The rigor of 
mathematical representation (formal mathematical language) must be gradually worked out with the 
student over the years (D'Amore 2007). 
According to BNCC, one of the objectives of geometry knowledge in elementary schools is for 
students to be able to observe the equivalence of area of plane figures, calculating "areas of figures 
that can be decomposed into others, whose areas can be easily determined, such as triangles and 
quadrilaterals." (Brasil, 2017). Still, it is said that developing the idea of equivalence helps students 
in the development of mathematical thinking. 
 Geometry is not prioritized in basic education. Problems involving figures or physical space "tend 
to be approached in the numerical or algebraic pathways, with the abandonment of procedures more 
proper to geometric thinking. The teaching of geometry, when it occurs, is reduced to the 
calculation of angles, lengths, areas and volumes through the application of formulas that are not 
discovered or verified, and to the algebraic representation of the locus in the Cartesian plane" 
(Búrigo 2005). 
Meinerz (2015) carried out a mathematical investigation in the classroom, in which the students 
were invited to develop arguments about the formulas for calculating areas of plane figures using 
the composition and decomposition of these figures. In this work it was possible to notice an 
evolution in the students' argumentations. Initially the students presented very little elaborated 
justifications, and usually orally. As students were being encouraged to justify their statements, they 
began to present written arguments and to form fairly complete arguments. 
Textbooks analysis 
In this section we analyze how the formulas for the area calculation of some plane figures are 
presented in some textbooks, restricting our attention to the classic figures that appear in all 
textbooks: rectangles, squares, triangles, parallelograms, trapezoids and lozenges. We observe that 
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this content appears in books of different levels, namely, of the 6th, 7th, and 8th years. We then 
selected 5 textbooks (Table 1) approved in the 2011 and 2017 PNLD, among them Matemática 
Bianchini and Projeto Teláris, which are in the list of the PNLD most distributed books in Brazil. 
Our interest is to answer some questions suggested by symposium B, mentioned in the introduction, 
and for this we look at how these books present the formulas for calculating the area of the selected 
plane figures: whether there is any kind of deduction, or whether there are only given examples, 
followed by the formulas; if there happens to be a deduction, we verify if it is sufficient, if it covers 
all cases, if it is correct, and if the language used is adequate and coherent. Throughout our analysis 
we present complements for some arguments, aiming to complete and correct them. In addition, we 
offer suggestions for activities that illustrate the need for certain assumptions in some of these 
deductions. 
 

Titles Authors PNLD 

Matemática Bianchini 6   Bianchini 2017 

Matemática Bianchini 7  Bianchini 2017 

Projeto Teláris Matemática 6 Dante 2017 

Projeto Araribá: Matemática 8º ano Leonardo 2017 

Matemática e Realidade 7 Iezzi, Dolce e Machado 2011 
 

Table 1: Books approved by PNLD and analyzed in the research. 

In our analysis we present the formulas for geometrical figures in the following order: rectangle, 
square, triangle, parallelogram, trapezoid and lozenge, which is the order in almost all analyzed 
books. 
Rectangle and square 
Luiz Roberto Dante, in his 6th year book of the Teláris Collection, shows a rectangle with 5 cm of 
base and 3 cm of height divided into squares of 1 cm² and states that if we count the units of area 
we will have 15 squares, thus an area of 15 cm². He still makes a relation with multiplication, 
asking the reader to note that 5 × 3 = 15. However, the author does not explicit that we have five 
columns, with three squares in each one, which would facilitate the generalization of the formula. 
The author generalizes directly, just stating that it is possible to calculate the area of any rectangle 
by multiplying the measures of the base and the height. 
Bianchini, in his 6th year book, presents a rectangle of dimensions 7 cm by 2 cm, makes the relation 
with the rows and columns, as can be seen in Figure 1 and generalizes directly. It is important to 
emphasize that we verified the corresponding teacher's manual, where we also could not find any 
justification for the generalization of the formula of the area of the rectangle. We note that in the 
decomposition of the rectangle, different nomenclatures appear for the same definitions: the author 
names the dimensions of "rectangular region length" and "width of that region", but when he writes 
the rectangular region area formula, he uses the terms "base" and "height measurement", which had 
not appeared previously at any point in the development of the example - and confuse the students. 
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Figure 1: on the left, an excerpt from Bianchini- 6ºano (p. 296) and its translation on the right 
In the book of Projeto Araribá for the 8th year, the author presents an example of a rectangle, 
measuring its area by counting squares, without explicitly explaining the relation of multiplication 
with rows and columns. We verified that in the 6th year book, where the content of area of 
rectangles and squares is introduced, there is also no mention of the relation of the multiplication of 
rows and columns with the area calculation. This book only gives an example and states that one 
can calculate the area of a rectangle multiplying the measure of the base by the height measurement. 
In the book Matemática e Realidade for the 7th year, the author first recalls how we can calculate 
the area of a rectangle and a square, stating that this subject was already worked out in the 6th year. 
It shows a rectangle with a grid pattern, with base of 4 cm and height measuring 3 cm, and states 
that its area is 12 cm², because of the multiplication (3 cm x 4 cm = 12 cm²), but does not address 
the counting of squares. In the book of sixth year, the author addresses the counting of squares, but 
does not explicitly state the columns and lines to justify multiplication. After the example, it 
mentions that "For any rectangle, the area is the product of the measure of the base by the 
measurement of the height". 
We believe that the authors could offer activities (at least in the teacher’s manuals) to allow 
students and teachers to do the deductions together in the classroom, and then justify that a 
rectangle based on b units and height measuring a units can be divided into b columns, with one 
unit width, and in a rows, also with unit width. Thus, the rectangle would be formed by b columns, 
with a squares in each, and therefore by a total of b multiplied by a squares. Since this is an 
argument that refers to the idea of multiplication, a concept supposedly appropriated by the students 
at this stage, and fundamental for the deduction of the formula, it can’t be omitted. In omitting this 
argument the authors lose the opportunity to develop the generalization of students’ thinking. This 
argument is valid only for the integers and would be a good preface to later extend the formulas to 
rational and real measures, making use of the concept of these numbers. 
All authors declare the square to be a particular case of the rectangle, all sides having the same 
measure, and the area is calculated by multiplying the measures of its sides. In the books of the            
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Projeto Araribá and Teláris Collection, the formula of the area is presented as a power, since both 
sides have the same measure: l × l = l2. 
Parallelogram 
The four authors transform the parallelogram into a rectangle through decomposition and 
composition of plane figures. In Figure 2, we can observe the decomposition made by Dante in the 
book of the Teláris Collection; in this case, it is interesting to observe that the author is concerned 
with emphasizing the right angle symbol in the picture to argue that we will indeed have a rectangle 
after the composition. We think that, in addition, it would be important to make it explicit in the 
text that the cut is perpendicular, so that students can understand the argument easier. Another 
important point we note is that the author is careful to write that when we translate a part of a plane 
region, the area of the figure does not change, that is, we get an equivalent figure. Bianchini 
presents an example of a parallelogram with numerical measures for its sides, and decomposes it, 
using a square grid. After that he generalizes, transforming a parallelogram with generic measures 
into a rectangle, showing the right angle in the triangle cut-out to be transported to the formation of 
the rectangle. The author argues that the two figures are equivalent and that it is always possible to 
transform a parallelogram into a rectangle of the same base and the same height, so one can 
calculate its area multiplying the measure of the base by the height measurement. 

 
 

Figure 2: on the left, an excerpt from Teláris Collection- 6ºano (p.269) and its translation on the right 
Unlike Dante and Bianchini, in the collections Matemática e Realidade and Projeto Araribá, 
although the figure is decomposed, it is not mentioned that the cut must be made perpendicular to 
the base and also the right angle symbol is not presented in the pictures, so it is not clear that the 
formed figure is, in fact, a rectangle. In addition, in both books, only numerical examples appear, 
followed by formulas, generalizing directly. We had access to the teacher's manual in the 
Mathematics and Reality collection, where no suggestion of deduction is made to the teacher. 
Triangle 
In calculating the area of a triangular region, Dante uses an acute triangle to form a parallelogram 
with measurements of the same base and the same height as the triangle. He states that the triangle 
has half the area of this parallelogram without arguing that this is due to the fact that the 
parallelogram is formed by two identical triangles, and therefore the area of one of them is obtained 
multiplying base by height, and then dividing by two. The author only presents the figure and 
formula for a right triangle and for an obtuse triangle. It is important to note that in the teacher's 
manual, the author only states the same as in the student's book: that the triangle has half the area of 
the parallelogram. 
Bianchini presents the deduction for the formula for calculating the area of the triangle (Figure 3), 
starting from two triangles with equal base and height measures, relative to these bases, also with 
equal measures, that is, two equivalent triangles. But it uses implicitly, in the sketch, as well as in 
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the argument, that they are congruent triangles. And he concludes that with these two triangles "it is 
possible to compose a parallelogram". This may lead the students to think that two triangles with 
the same base and the same height are always congruent, which is not true. Also, if the triangles are 
not congruent, they do not form a parallelogram. In the teacher's manual there is no additional 
comment besides what is presented in the student textbook. 

 
 

Figure 3: on the left, an excerpt from Bianchini- 7ºano (p. 307) and its translation on the right 
In the Matemática e Realidade book, the authors present an interesting example in which they 
assemble a parallelogram duplicating a triangle with base measuring 5 cm and height measuring 3 
cm, and argue that the parallelogram is formed by two equal triangles, and therefore, the area of one 
of the triangles is obtained by dividing the area of the parallelogram in two. Again, the authors do 
not include a generic figure, they merely state that the area of the triangle can always be calculated 
through the product of the base by height, divided by two. Thus, the authors state, by presenting 
only one example, that the same thing always happens, but they do not justify it. In the Araribá 
Collection, the authors present a deduction that is easy for students to understand, with generic 
dimensions and good argumentation, but above a square grid, which may compromise the 
generality of the argumentation. 
In order to complement these deductions, we suggest two activities that can be developed with the 
students and that lead to the justification of the deduction of the formula for the calculation of the 
area of the triangle. The first one is directed to an observation we made at our Bianchini analysis: to 
form a parallelogram using two triangles, it is necessary for these two triangles be congruent, that 
is, it is not enough for them to have the same measure of the base and the same height 
measurement. Thus, we suggest that teachers invite students to form parallelograms using two 
triangles of the same base and same height, but not congruent. In Figure 4, we present several 
examples of triangles of the same base and height, which are not congruent. 

 
Figure 3: Examples of triangles of the same base and height, which are not congruent. 
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Once we have verified that triangles of the same base and height, but not congruent, do not 
necessarily form a parallelogram, the students should be invited to test the composition of a 
parallelogram with two congruent triangles. Students will realize that they will always get a 
parallelogram, regardless of the congruent side chosen. In addition, when using two congruent 
scalene triangles, it is possible to observe that we can form three parallelograms, with different 
bases and heights, but of the same area. 
Trapezoid 
Dante duplicates the trapezoid and states that whenever we duplicate it, we may use the two 
identical trapezoids to form a parallelogram with base measuring B + b (larger base added to the 
smaller base). By multiplying the trapezoid’s base by its height, the area of the parallelogram is 
obtained, and because they are two equal regions, the area of the trapezoid is obtained by dividing 
the area of the parallelogram by two: . Bianchini and the authors of the Araribá Project 
argue in the same way as Dante.   
In the book Matemática e Realidade the authors deduce the formula using a numerical example: 
decomposition of the trapezoid into two triangles through a cut along one of its diagonals. One of 
the triangles obtained has as a measure of the base the largest base of the trapezoid and the other the 
smaller base of the trapezoid and both have the same height. To conclude the calculation they state 
that the trapezoid’s area is obtained by summing the areas of the two triangles. It is important to 
point out that there is a typo or revision error in the example: when the authors make an observation 
about the "major" and "minor" bases of the trapezoid it is written "diagonal maior" and "diagonal 
menor", however these two measures were not used to set the example. Also, in the conclusion, 
which was made without argument, the authors mention the arithmetic mean, which has not been 
mentioned before, and which could cause difficulties for the students, besides being an unnecessary 
use of this nomenclature in the case described. 
Lozenge 
The last plane figure analyzed is the lozenge. The argument presented in the Telaris Collection 
(Dante), consists of decomposing a lozenge into four triangles, obtained with cuts along the 
diagonals, and joining the triangles with another identical lozenge to form a rectangle with base 
measuring the same as smaller diagonal and height measuring the same as larger diagonal. Thus, 
since two lozenges were used, the area of one of the lozenges is obtained multiplying the greater 
diagonal (height of the formed rectangle) by the smaller diagonal (base of the formed rectangle) and 
dividing by two. An important point that the author does not clarify, neither through the right angle 
symbol nor through the explanation in the text, is that the triangles obtained are right triangles, 
which is fundamental to obtain the rectangle that leads to the area of the lozenge. 
Unlike Dante, Bianchini makes explicit both in the text and in the drawing that the triangles are 
right. The rest of the argument is similar to that of Dante, and encourages the generalization of his 
deduction. In the book Matemática e Realidade, again there appears only a numerical example, 
which consists of dividing the lozenge into four equal right triangles, and defines that the area of the 
lozenge is the sum of the areas of the four triangles. Again the generalization is made without any 
argument. In the Projeto Araribá, the authors decompose the lozenge and transform it into a 
rectangle. The rectangle they form is based on the smaller diagonal of the lozenge and its height is 
the larger diagonal, divided in two. Therefore, it is possible to note that the area of the lozenge is 
obtained multiplying the greater diagonal by the smaller diagonal, and then dividing by two. The 
author arguments with generic measures but, again, on a square grid. 
Example of an activity 
To illustrate the use of argumentation in the classroom we present a description of a teaching 
experience with students of the 8th grade of a public school in Porto Alegre conduct by first author 
in her undergraduate final paper Meinerz (2015), where twenty-nine students were divided into trios 
or duos. During this research students were encouraged to create conjectures and argue about them 
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using the composition and the decomposition of plane geometric figures to obtain formulas for the 
calculation of their areas. The practice was carried out in four meetings: in the first meeting the 
researcher applied an initial questionnaire to evaluate the students' previous knowledge. On the 
second and third meeting, the groups were invited to conjecture and argue about their conjectures. 
Each group received cut-outs of the figures to be worked on coloured paper (rectangle, triangle, 
parallelogram, trapezoid and lozenge) and they were invited to compose these figures with other 
equal figures, or decompose and compose another figure whose area formula they already knew; the 
activity was finished with an argument on the deduction of the new formula obtained. In the final 
meeting, the researcher proposed an activity in which the groups should formulate deductions and 
argue about them, and then present them to their colleagues with a poster. Each group was 
responsible for a plane geometric figure. 
The argumentation presented by one of the groups participating in the research was developed in a 
succinct and organized way in the document delivered to the researcher as well as in the poster 
presented to the colleagues. We observed that the group presented their arguments using natural 
language, of easy comprehension for colleagues (Figure 5). As the students' algebraic language was 
still somewhat precarious, we observed that the students did not use the parentheses to indicate the 
multiplication of (B + b)  A. Their attention was drawn to this, and for the presentation they 
inserted the parentheses and discussed the importance of its use. 

 
Figure 4: Argument presented by the students on the deduction of the formula for calculating the trapezoid 

area and its translation. 
Final Considerations 
In this work we show that the official documents (PCN and BNCC), as well as several researchers 
in the area, point to the importance of the teaching of geometry and the development of 
argumentation in the classroom. We have also pointed out that geometry is a fertile and propitious 
field for the introduction of argumentation in the classroom. Within plane figures content the 
argumentation can be facilitated by the use of composition and decomposition of figures, allowing 
students the opportunity to conjecture, test examples and generalize more easily, since the study can 
initially be concrete, rather than abstract. 
Through the analysis of textbooks approved by the PNLD, we find that some books only present the 
formulas for calculating areas of plane geometric figures immediately after some numerical 
example, without any kind of justification, persuasion or argumentation. In this way, they lose the 
opportunities to generalize the ideas used in examples, or in particular cases, that could lead to the 
deduction of the formulas. We observe that books that develop arguments to present area formulas 
often present inconsistencies or inaccuracies, such as incomplete arguments, different 
nomenclatures, and language beyond the reach of the students, which can confuse the students. We 
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also note that in the teacher's manuals there are no proposals to encourage students in the classroom 
to develop their own justifications and deductions. 
During our analysis we presented suggestions to complement the arguments, using justifications 
that we think to be appropriate for the students and that validate the argumentation. We believe that 
in order to encourage classroom argumentation, we need textbooks that present proposals that 
involve students and encourage them to conjecture, to justify their conjectures, and to deduce them. 
We also believe that the teacher’s manual should present deductions of formulas for the calculation 
of areas of plane figures in a more complete way, and without inconsistencies, with careful writing 
and with the suggestion of activities that complement the deductions in the teacher's manual. 
We conclude by recalling that "the most important challenge to mathematics educators in the 
context of proof is to enhance its role in the classroom by finding more effective ways of using it as 
a vehicle to promote mathematical understanding" (Hanna 1995). We stress that the demonstrations 
can be carried out without the use of mathematical symbolism, so that there is a greater 
understanding and learning of the students. 
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