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REDESIGNING OPEN TASKS IN MATHEMATICS TEXTBOOKS 
JOAQUIN GIMÉNEZ, ANTONIO JOSÉ LOPES and YULY VANEGAS   
Abstract  
In this paper, we analyze the role of improving designing tasks processes from the perspective that 
tasks do not exist separately from the pedagogies and didactics associated with their proposals. We 
used a Brazilian textbook project called “Matemática do cotidiano”. We focus on how the results of 
classroom implementation can help to redesign the task increasing its power for potential creative 
reasoning. After the analysis, we found a need for adapting the task concentrating on a degree of 
openness, and the need to help the teacher to manage the debates in the classroom to encourage 
creative thinking.  
Introduction  
The activities regularly presented in mathematics textbooks for elementary education are usually 
closed, simple and without challenges. Task design is part of recent interest in analyzing the role of 
the task and the teacher when using open-ended tasks in textbooks. Previous research results 
showed that participants who practiced with ill-structured tasks performed worse than those 
practicing with well-defined tasks (Boaler 2015). Many authors state that the role of teachers is to 
broaden the textbooks proposals by opening and challenging them. In fact, we assume that tasks do 
not exist separately from the pedagogies and didactics associated with their proposals.   
Research into the design and use of mathematical tasks in instructional settings should 
accommodate student intentions, actions and interpretations to at least the same extent as those of 
the teacher. In fact, Lithner (2008) suggested that a key variable in learning mathematics through 
task solving is to analyze the reasoning that students activate in relation to specific tasks. The use of 
inquiry, discussion and reflection of ideas is critical to student learning. Moreover, the tasks that 
teachers select for their classes are fundamental and characterize their work (Stein & Smith 2009). 
In such a framework, how can teachers be helped to improve the mathematical creativity potential 
of an interesting open task by increasing cognitive issues? How can it be done in a textbook?  
In this paper, our focus is on describing elements of creative mathematics thinking that appear when 
observing classroom experiences, thus improving the presentation of rich contextualized tasks used 
in mathematics textbooks. Our goal is that with these results, teachers will gain practice improving 
their students’ mathematical creative thinking. We specify the need for including explanations to 
the teacher about his/her role in classroom discourse when managing such rich mathematical tasks. 
Theoretical issues 
To improve the epistemic mathematical quality of task design in a student centered perspective it is 
necessary (Barzel, Leuders, Prediger & Hußmann 2015): to use mathematical examples, 
connections and diversity of representations in classroom discourse (Adler & Ronda 2017); to give 
opportunities for reasoning and students’ legitimation for promoting mathematisation and retention. 
It is also important that the teacher have tools for applying suitability criteria when analyzing 
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mathematical activities (Giménez, Font & Vanegas 2013). On the other hand, in order to promote 
creativity for all students it is important to design tasks that improve the ability to recognize and 
define problems, generate multiple solutions and paths toward solutions, reason, justify 
conclusions, and communicate results (Leikin & Pitta-Pantazzi 2013).  
To analyze the potential of creative mathematical thinking (CMT), we use a set of different 
dimensions of creativity (according Sala, Barquero, Font & Giménez 2017). 
(a) Openness, generalization and versatility: giving opportunities for diversity and surprising solutions, which can 
promote generalized procedures and flexible strategies, adaptable to different uses of mathematics and groups of 
students.  
(b) Problematization and inquiry: the incorporation of questioning which helps to problematize 
students’ knowledge, as well as giving the opportunity for students to propose new questions.  
(c) Combining representations: the need for giving opportunities to explore, use and combine 
different representations of mathematical objects.  
(d) Exploration and conjecturing: ways of facing mathematical arguments and reasoning in order to 
increase fluidity of mathematical objects and processes.  
(e) Connectedness: the need to establish intra- and extra- mathematical connections when possible 
to establish mathematical structures. Theoretically speaking, we assume that intra- and 
extra-mathematical connections should appear when two epistemic configurations are connected by 
one of their elements such as definitions, representations or arguments (Giménez, Vanegas & Font 
2013). Extra-mathematical connections relate mathematical ideas to real world experiences in order 
to understand and improve modelling processes. Intra-mathematical connections could be using 
common definitions, using similar examples, same arguments or similar representations (Vanegas, 
Gimenez & Font 2016).  
(f) Validation: offering tools to students for self-validation and control of their mathematical 
proposals, as we did for problem solving and modeling processes.  
(g) Emotion: Giving opportunities for the activation of emotions, promoting mathematical 
communication and debate with emerging mathematical consensus.  
Methodology  
We use some tasks from a Brazilian textbook called “Matemática do cotidiano” (Lopes & Giménez 
2015). They are contextualised tasks in which students should be active participants in the 
educational process, rather than receivers of ready-made mathematics, thus developing 
mathematical tools and insights by themselves. According to such a perspective, the 
teaching-learning process should be closer to the creativity proposals cited above.  
For our study, we observe two regular classes where two geometry tasks are performed (tasks 1 and 
2). Task one, was implemented with 30 students of 10-11 years of age and task two was 
implemented with 30 students of 11-12 years of age. In both cases, the teachers have 10 years of 
experience and their practice is characterized by listening and involving the students. The teachers 
do not have a strong mathematical background. During the implementation, we assume that the 
interaction process should elicit rich threads of student reasoning, facilitating an integration of the 
critical role of classroom milieu and related socio-mathematical norms in the conduct of the 
instruction (Prediger, Gravemeijer & Confrey 2015). Such a process gives opportunities for careful 
attention to argumentation, explanation and giving attention to generalizability of findings 
(according Kieran, Doorman. & Ohtani 2016).  The analysis of these practices will enhance 
task-design, evaluation, analysis and revision of the learning arrangements. 
 

The data 
We consider the tasks and the journal writings as data of the research process. Let us explain the 
tasks implemented and analyzed as examples to observe the role of the task and the teacher.  
Task 1.  “Design the blueprint of a building according to the following measurements. Use a sheet 
of paper to do each place. Cut out each of the building’s spaces, and paste to the building having the 
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following: 3 rooms (3m x 3m each); 1 dining room (4mx6m); 1 dining room (3m x 6m); 1 corridor 
(5m x 2m); 1 kitchen (7m x 3m); 2 bathrooms (2m x 2m each) and 1 garden (3m x 12m)” (Lopes & 
Giménez 2015).  
Task 2, “Find the maximum area defined by the pieces of pentominoes (after discussing about this 
shapes). This open statement promotes an immediate discussion about introducing conditions. The 
first possibility is to find the maximum sized rectangle having the pieces as borders. The second 
problem is to consider the maximum area of a “tunnel shape” as it is shown in figure 4, and the 
pieces being a curve creating a possible irregular figure.  
We believe that both tasks are open enough for students to find intra–mathematical connections, 
promoting other creativity dimensions such as different representations and 
exploration-conjecturing dimensions, giving opportunities for creating a diversity of solutions. 
During the observations, we think a large diversity of individual ideas, strategies, solutions, 
findings, pre-concepts, etc. will also appear. It allow students, to actively and collaboratively 
reinvent geometrical ideas about the role of measurement, reflect about area measurement, and use 
multiplication procedures and spatial relations as mathematical objects. 
Results and discussion  
The text of Task 1 is open and related enough to the real world to promote changes in a teacher’s 
mathematical mind. The teacher suggested that she was surprised, because she thought that the 
problem had a single answer using proportional reasoning. She “never imagined the power of 
children’s discussion using different scales when doing their drawings due to the openness of the 
question”. In fact, the teacher thought that children would use a square paper, in which a square 
means one square meter. Thus, the teacher did not take into account the openness and versatility of 
the task to open not only the arrangements of the pieces but also the construction of the spaces 
themselves. It was unique for the teacher in that new unexpected extra-mathematical connections 
appeared because the children generated a discussion about the possibilities of circulating space, 
relating the task to everyday life, instead of simple measurement observation and scale framework. 
In fact, when the teacher put two possible designs (as we see in figure 1) on the blackboard, the  
 

 
Figure 1.  Two children’s results of the apartment problem 

children wanted to discuss the face that in the first design the child did not use doors to go from one 
stage to another, but in the other case the child considered the real need of passages. They also 
talked about the need of a possible corridor, and other inventions not present in the proposal. Some 
students designed a house without doors, only looking to the mathematical conditions, forgetting 
the real contextual conditions (as we see in the left example in figure 1). Some of these ideas were 
used by the teacher as problematization or inquiry, but some others not, as in the following 
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example. In fact, many students tried to create a “compact apartment” and when possible, close to a 
rectangle, which is not a constraint in the initial proposal. It is a creative potential of the task that 
was unexpected for the teacher.  
The book for the teacher had a simple comment about the task “Look at the personal answers and 
discuss them”. The researchers understood that the experienced teacher solved and managed part of 
the discussion spontaneously to clarify some intentional mathematical meaning (the object scale). 
However, the teacher did not manage the difference of scales to see them as different viable 
strategies, in order to promote fluent and versatile strategies, and possible generalization of the 
task, therefore gaining creativity potential. It seems that in a new version of the task, some 
suggestions will help to invent new problems based on the constraints.     
During the experience, the students clarify by themselves some of the contextual constraints, and 
the situation itself doing good connections without the expectation of the teacher. Some students 
use three bathrooms, which is not common for most families, to see a possible generalization 
suggesting the use of more than one stage of each room. Therefore, the teacher did not use all the 
power of transforming the task to promote a set of new questions as new problems suggested by the 
children. Such transformations give opportunities for conjecturing. 
Such a rich open task also provides opportunities for the teacher to teach additional new skills and 
for students to practice unexpected mathematic skills such as the use of the same area in different 
positions, giving for instance the possibility to find the unexpected relation between perimeter and 
area. It would help to elicit new intra-mathematical connections.   
We assumed that the task promoted positive emotions related to different possible right answers, 
present in the task itself. As a research team, we also observe that children are proposing ideas, and 
perhaps using technology; not only being engaged in the problem but also being involved in a 
creative mathematical classroom discourse. In fact, after the classroom, the children say that, “We 
did an interesting problem yesterday. Julia for instance told us: ‘I never imagined that an area 
problem is important when we buy an apartment’. Carla explains, ‘I liked building my own house. I 
observed that Mario also made a good apartment that I like a lot with a terrace in front of the 
swimming pool!’”  
We know that it is not an easy task, because it provokes a compromise to see some “wrong 
arguments” in terms of validity dimension of creativity. For instance, some children overlap two 
rectangles, to see a regular shape of an apartment. We observe that it is difficult for the teacher to 
accept. During the school experience, the teacher in task 1 noticed that “the task could be more 
challenging, by observing children’s drawings: ‘Where is the corridor in your answers?  Did you 
manage to have a rectangle?”  With such proposals, we will redesign the task for the next textbook 
publication on the potential of creativity registered during the school experiences from a “student 
centred” perspective. The textbook’s authors immediately state that “next edition, we will put a new 
sentence: ‘Discuss your answers in pairs, with your colleagues’”. Moreover, to add a comment for 
the teachers such as, “Observe not only the different possible apartments, but also the possibilities 
for children to create new mathematical problems and relations. Focus on the possible relations 
between area and perimeter”.  
Observing Task 2, after many trials, we see the students proposing different representations helping 
them with further visualization issues such as problematization and the power of openness to 
present different strategies and solutions such as the creative and versatile generalization process.  
During the task discussion, children use different parameters and analyze their influence on a real 
situation. In figure 2 on the left, a student tries to find a large hole and an internal rectangle. In the 
middle, a child tries to connect the pieces as an external rectangle (as we see in figure 2) however 
she found the measurement of a hole. In the right figure, another student discussed if it is a 
maximum internal area.   
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Figure 2. Three different answers for creating a large hole with the pentominoes pieces. 

Thus, problematization not only appears because of the open task, but it broadens the inquiry 
perspective by promoting conjectures and trials for proving. 
The only convincing argument for having one bigger hole than the other is the counting process. 
When the children discussed the problem, a new set of problems proposed by the children appears. 
During the task discussion, children use different parameters and analyze their influence on a real 
situation. In fact, rich open activities are not enough by themselves to promote it, but teacher 
engagement helps to increase openness when the teacher hears and legitimates the students’ 
answers. It is difficult to include this issue in a textbook, but we tried to consider it in a section 
called “didactic orientations”. For instance, we will propose including a comment for the teacher in 
a redesign, “Use the development of the task to see what happens with a rectangle as a hole? Is 
there a figure having the maximum size? Is it possible to see a rectangle outside and a rectangle as 
an internal hole? “.  In figure 3, we see two trials for a maximum and minimum internal rectangle 
made by Joana.  

  
Figure 3. On the left hand, Joana found a rectangle bigger than the right one. 

Joana found several rectangles as possible answers as we see in figure 3. She could not prove that 
the left one is the maximum area. She could conjecture that the right image corresponds to the 
minimum. Task 2 is also open enough to promote new questions, after observing different trials. In 
fact, such a task was introduced because some children proposed in a previous version. It is a good 
example of redesign showing a problematization process. We can see an example of a children’s 
solution in figure 4. 

 
Figure 4. Conjecture about the maximum area of a tunnel shape limited by pentominoes 

In such implementation, emotional issues appear when we observe some answers of the students. 
Let us see in figure 5. The children told the teacher “I did not solve it” (left side) or “I’m the best”, 
“Wonderful, wonderful…”  “Super good” “I created the minimum rectangle”. These are just some 
examples of exciting answers given by the children. 
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Figure 5.  On the left, Gabriela’s trial without a solution. On the right, Joana discovering the minimum 
rectangle as a hole. 

We mention that the task promoted the observation of conceptual differences in 11-12 year-old 
students’ knowledge when they reflect on the classroom process using this activity. For this 
purpose, the teacher in task 2 promotes the use of writings about implementation as a 
self-regulation process. The activity also promotes intra-mathematical connections as a creative 
dimension. In fact, analyzing students’ work (as presented in Gabriela’s work), we observe some 
creative dimensions when constructing mathematical processes.  Joana speaks about perimeter and 
area colloquially, as "contour", not yet associated with the measurement. The idea of area used is 
counting, a consequence of the fact that the polyminos can be treated in the domain of discrete 
numbers. She uses her own terminology (assumed and / or created by the group) as the idea of the 
"track" (as a race circuit) associated with the idea of contour. Joana also explains conceptual and 
procedural relationships. Joana implicitly assumes that the flat figures have a perimeter and knows 
how to calculate the perimeter. She relates the pieces and their drawings with the quantification of 
possibilities, and evokes a relation between parts and motions and part invariance / rotation. Joana 
reflects positively on the "educational" value of working with pentominoes in the area problem and 
assumes that she has developed geometric problem solving skills. Finally, Joana formulates new 
problems used in class involving construction with the pieces and the measurement of area 
(minimum and maximum). 
In her writing, Gabriela shows appreciation for as detailed communication as possible in her first 
experience of writing about her processes and her knowledge, and she links the contents of 
conceptual (object, relations, properties) and procedural nature. We perceived that Gabriela values 
recording in the form of drawings (with legends) and an appreciation for the domain of geometric 
terminology when it names the isometric transformations (rotation, translation and reflection), and a 
beginning of use of notations. She recognizes the provisional results obtained by the group of 
colleagues against the information of other results outside their personal context, posing a reference 
to the fact that there are other better results in relation to the problem of the gap limited by 
pentominoes, which is an open problem not yet demonstrated.  
In such activities, all the students negotiated some mathematical constraints involved in the task. In 
fact, there are not contextual conditions, but each context implies that the students understand that 
many different contexts could give possible answers. We also observed that when a problem 
involves opportunities for using a computer tool there is a new opportunity to frame new 
negotiation by introducing new kinds of representations and interactions, because students interrupt 
the dialogues of the colleagues, showing their interest in the debate itself. In such cases, the gesture 
appears to be important among students. It is difficult to include such management tools in a 
textbook, but we must tell the teacher that it is not enough to talk about dialogue without explaining 
something about the type of dialogue, which increases creative potential.   
Conclusions 
According our results, we found that when redesigning mathematical tasks, we assume that 
textbooks should include some explanations for the teacher about creative mathematical potential 
about the tasks and about how to manage the school interactions In fact, many creative potential 
dimensions observed are present in the task itself as we observed in both tasks presented:   
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(1) Openness, generalisation and versatility appear if we express a certain degree of openness of a 
task and we assume the importance of the role of the teacher using textbooks. We increase openness 
when we present questions as general and as open as possible to provide opportunities for focusing 
on extra-mathematical connections, such as architectural design or gaming.  In our examples, there 
is enough openness to promote flexible understanding. (2) As for problematization, we found that 
rich open tasks promote conjecturing inquiry processes, a research attitude for creative thinking as 
was found by other studies (Leikin & Pitta-Pantazi 2013). (3) To conserve the demand of using 
different representations, increasing diversity of possibilities until the moment of mathematics 
consensus, when the task is open enough to promote autonomy. (4) Exploration and conjecturing 
attitude appear in both tasks. But to give instructions for the teacher to manage the architectural 
debate serves to discuss what is needed to have a sustainable house, the human needs of room size 
according the number of members in a family, and so on. The changes of the questions reveal a 
creative conjecturing position, more than imitative (Lithner 2009). (5) Connectedness in some 
particular tasks appears because measurements relate to everyday life and the use of scale as a way 
to represent real world or gambling situations (6) Validation. The role of the teacher is essential to 
encourage children to validate solutions, and even to accept that many solutions can be acceptable 
as a conjectured framework given from the dialogue.  The mathematical consensus in natural 
debates appears not only when accepting the validity of the colleague’s solutions, but with the 
student’s legitimation (Adler & Ronda 2017), understood as an acceptation of students’ authorship. 
In our implementation, we see that children’s writing journals gives deep opportunities for 
self-regulation and validation increasing creative mathematical potential. (7) Emotional dimension. 
Contextualized tasks seem to be enough to engage children to grow mathematically, but it is 
necessary for children to be legitimate in their negotiations of mathematical meanings. The 
framework of a playing task activates strong emotions, because each student can reflect by using a 
trial and error strategy available to all. 
According to our results, it is necessary to include a set of comments in the textbooks to drive an 
appropriate questioning dialogue in order that the teacher should redesign the management process. 
The debate of students’ answers gives new opportunities to create new, different problems. 
Sometimes (as in task 1) in order to enlarge the potential of different intra-mathematical 
connections, it is not enough to have an open problem, but rather to manage a discussion that 
suggests the children invent new problems. To improve problematization, it is necessary to discuss 
mathematical objects, such as the role of possible different scales, or the relation of area-perimeter.  
There is a need for expanding generalization and inquiry exploration.  Time for having a natural 
debate serves as self-validating mathematically their proposals. This dialogue should articulate not 
only the variety and originality of answers, but also discussion distinguishing the contextual and 
mathematical aspects. During a redesign process, it is also important that the didactic comments 
help the teacher to intertwine and manage the interactions in order to focus on mathematical 
meanings. The results suggest that the teacher who reads a textbook should know elements of the 
impact of the classroom experience, thus resulting in the need for increasing group validation 
processes and self-regulation. 
Acknowledgments. 
This paper relates to the work on the Project EDU2015-64646-P (MINECO/FEDER, EU) and EDU 
2015-65378-P from The Ministry of Finances & Competitivity in Spain. 
References 
Adler, Jill & Erlinda Ronda. 2017. “Teachers’ mathematical discourse in instruction matters. Focus 

on examples and explanations”. In Exploring content knowledge for teaching science and 
mathematics. Edited by  Jill Adler and  Anna Sfard, London: Routledge.  

Barzel, Bärbel,  Timo Leuders, Susanne Prediger & Stephan Hußmann. 2013. “Designing Tasks for 
Engaging Students in Active Knowledge Organization” In ICMI Study 22 on Task Design – 



 Redesigning Open Tasks 

 325 

Proceedings of Study Conference. Edited by Claire Margolinas, 285-294, Oxford: University of 
Oxford. 

Boaler, Jo. 2009. The Elephant in the Classroom: Helping Children Learn and Love Maths. London: 
Souvenir Press.  

Giménez, Joaquin, Vicenç Font & Yuly Vanegas. 2013. “Designing Professional Tasks for 
Didactical Analysis as a Research Process”. In Task Design in Mathematics Education.  Edited 
by Claire Margolinas, 581-590, Oxford: University of Oxford.  

Kieran, Carolyne, Michael Doorman & Minoru Ohtani. 2016. “Frameworks and principles for Task 
Design” In Task design in mathematics education. Edited by Anne Watson & Minoru Ohtani, 
19-81, Cham: Springer. 

Leikin, Roza. & Demetra Pitta-Pantazi, 2013. “Creativity and mathematics education: the state of 
the art”, ZDM 45: 159-16.  

Lithner, John. 2008. “A research framework for creative and imitative reasoning” Educational 
Studies in Mathematics 67 (3): 255–276.  

Lopes, Antonio & Joaquin Giménez. 2015. Matemática do cotidiano 5. São Paulo: Scipione.  

Prediger, Susanne, Koeno Gravemeijer & Jerry Confrey. 2015. “Design research with a focus on 
learning processes: an overview on achievements and challenges.” ZDM 47 (6):877-891. 

Sala, Gemma, Vicenç Font, Berta Barquero & Joaquín Giménez. 2017. “Contribución del EOS en 
la construcción de una herramienta de evaluación del pensamiento matemático creativo”. En 
Actas del Segundo Congreso International Virtual sobre el Enfoque Ontosemiótico del 
Conocimiento y la Instrucción Matemáticos. Edited by Contreras, José Manuel; Arteaga, Pedro; 
Cañadas, Gustavo; Gea, Maria; Giacomone, Belén and Lopez-Marin, Maria del Mar, Granada: 
University of Granada. 

Stein, Mary Key & Margaret Schwan Smith. 1998. “Mathematical tasks as a framework for 
reflection: From research to practice”, Mathematics Teaching in the Middle School, 3(4):268-27 

Vanegas, Yuly. Vicenç Font & Joaquin Gimenez. 2016. “How future teachers improve epistemic 
quality of their own mathematical practices” In CERME 9 - Ninth Congress of the European 
Society for Research in Mathematics Education, European Society for Research in Mathematics 
Education. Prague, 2937-2943 

 
 
 

 
 



 

 
Gilda Guimarães 
Universidade Federal de Pernambuco, Recife (Brazil) 
gilda.lguimaraes@gmail.com 
 
Natália Amorim 
Universidade Federal de Pernambuco, Recife (Brazil) 
amorim_na@yahoo.com.br 
 
Gert Schubring, Lianghuo Fan, Victor Geraldo (eds.): Proceedings of the Second International Conference 
on Mathematics Textbook Research and Development. Rio de Janeiro: Instituto de Matemática, Universidade 
Federal do Rio de Janeiro, 2018. 

TEACHING STATISTICS IN TEXTBOOKS: THE PNLD AND THE 
TEACHER'S HANDBOOK 

GILDA GUIMARÃES and NATÁLIA AMORIM 

Abstract 

This study aims to investigate whether there is influence of the prescribed curriculum (the PNLD 
guidelines) on the curriculum presented to teachers (teacher's manual presented in mathematics 
didactic collections) specifically on teaching and learning of statistics. For that, we analysed the last 
five editions of the school textbook guide published by the PNLD and four (4) collections of 
textbooks approved in the 2007, 2010, 2013 and 2016 editions. We observed that the PNLD's 
textbook guides indicate less competences than the didactic collections presented in all the years in 
focus. However, it is noteworthy that 2016 Guide shows a great expansion of the competences to be 
developed in the teaching of statistics, formalising some competences that already appeared in the 
books, and going beyond all the competences hitherto related in the didactic collections.  
Key words: statistical teaching; textbook; teacher's handbook; PNLD. 

 
1. Introduction  
This study aims to investigate whether there is influence of the prescribed curriculum (the PNLD 
guidelines) on the curriculum presented to teachers (teacher's manual presented in mathematics 
didactic collections) specifically on teaching and learning of statistics. This is so important taking 
into account the important role played by the teacher's handbook when presenting the structure and 
didactic organisation of the collection, as well as theories and methodologies that can contribute to 
better use of the proposed activities. 
The creation of the PNLD, in 1996, had as purpose the evaluation, purchase and distribution of 
textbooks, and, currently, has been carried out in triennial cycles, meeting all levels of basic 
education in Brazil. The PNLD Guidelines presents a review of the approved collections, resulting 
from an evaluation process carried out by teachers from educational institutions in various regions 
of Brazil, with theoretical comments and reflections on the collections, helping with the choice of 
the textbooks that teachers will use. In addition, it brings criteria used and competences to be met.  
Reflecting on issues that construct a rationale about curriculum development, Sacristán (1998) 
states that when we define the curriculum, we are describing the functions of the school itself in a 
given historical and social moment, in its content and in the ways in which it organises and presents 
itself to teachers and students. Sacristán (1998) proposes a model to interpret curriculum organised 
in six levels of development.  
2. About Curriculum 
From a set of disciplines of a course to the organization of learning and teaching processes and their 
management, there are several different definitions for ‘curriculum’. As Santos (2012) argues, it is 
necessary to speak of curricula, since these are social practices that are established in the 
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complexity of diverse and plural educational networks, creating tensions between the instituted and 
instituting processes. 
When reflecting on the curriculum or making some reference about some element that involves 
curricular practices, it is necessary to have clear its scope, all aspects it embraces, its influence in 
the school routine and in all school spaces from its construction until its materialisation into a 
classroom. It is necessary to understand that this construction does not take place in a neutral way 
or without a purpose, that it always involves political and social interests, which are constituted 
with the purpose of meeting certain educational goals, and that it is always in constant 
transformation.  
Sacristán (1998) states that when we define the curriculum, we are describing the functions of the 
school itself in a given historical and social moment, in its content and in the ways in which it 
organises and presents itself to teachers and students. It is an option historically configured within a 
culture, politics, society and school, carrying, therefore, values and assumptions. Several agents 
interact on the curriculum, creating different areas of action, from its implementation with what has 
to be taught, through the prescriptions, to its evaluation as a way of verifying its quality, which 
materialises through the pedagogical practices that are constructed on those several influences. The 
curriculum is organised around a distribution and specialisation of content through courses, levels 
and modalities, and that it differ in the different levels of the school system and in the various 
competencies that are established by age. 
In this sense, Sacristán (1998) proposes a model of interpretation of the curriculum organised in six 
levels, or moments, of development (curriculum prescribed, curriculum presented, curriculum 
modelled by teachers, curriculum in action, curriculum executed and curriculum evaluated) with 
different mutual degree and strength of influence, but which are always interrelated, reciprocal and 
circular.  
 
 
 
 
 
 
 
 
 
 
 
 
 
       ACTUAL CURRICULUM 
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Figure 1: The objectivation of the curriculum in the process of its development Source – Sacristán 
1998, p. 105. 
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 "in any educational system, as a consequence of the inexorable regulations to which it is 
subjected, taking into account its social significance, there is some kind of prescription or 
orientation of what should be its content, especially in relation to compulsory schooling. They 
are the aspects that act as reference in the ordering of the curricular system, they serve as starting 
point for the preparation of materials, control of the system, etc." (p.105) 

Curriculum presented is the one that has  

"a series of means, elaborated by different instances that usually translate for teachers the 
meaning and contents of the curriculum prescribed, performing an interpretation of it. The 
prescriptions are usually very generic and, to the same extent, are not enough to guide the 
educational activity in class. The very level of teacher training and working conditions make it 
very difficult to set the practice from the curriculum prescribed. The most decisive role in this 
regard is played, for example, by the books". (p.105) 

The textbook is a very strong didactic resource in schools, and assumes the role described by 
Sacristán (1998) as "presenters of the curriculum pre-elaborated for teachers" (p.150). Its use is 
considered almost inherent to the practice of the profession, denoting the dependence of teachers on 
some material that structures the curriculum, develops its contents and exposes teachers to teaching 
strategies and methodologies.  
When the didactic collections are being analysed, it is fundamental that the Teacher’s Guidance 
Handbook is evaluated also, both in the general part and in the parts that are specific to the activities 
proposed in the books. 
3. About the Teacher's Handbook  
According to the PNLD (2016) edict, the Teacher's Handbook is a mandatory part of the textbook 
and plays a very specific role in the teaching process, besides presenting the student's own book to 
the teacher. The Teacher's Handbook should explain the theoretical and methodological 
assumptions underlying its didactic-pedagogical proposal. The book should be a source of reliable 
references, presenting a formative role, as it engages in a direct dialogue with the teacher. It should 
present the textbook unit by unit, activity by activity, clarifying goals, anticipating possible paths of 
students’ development and their difficulties, helping the teacher to systematise the contents worked, 
discussing the relevant didactic choices, among others. 
In this study, we are interested in reflecting on the influence of the curriculum prescribed (the 
PNLD Guidelines) and the curriculum presented to teachers (teacher's handbook presented in the 
didactic collections), in relation to the teaching of statistics.  
4. Statistics in the research cycle 
Regarding the teaching of statistics, we understand that it is essential for the formation of a 
conscious citizen, capable of making autonomous decisions in the face of statistical data or 
information presented to him/her at any moment. The need to communicate statistically is 
increasingly frequent in our society.  
The school plays a fundamental role, because some knowledge is not characteristic to human 
development. School intervention is paramount for the acquisition of specific knowledge.   
Amorim e Guimarães (2016) had analysed the objectives proposed in the PNLD Guidelines for the 
initial years of elementary education for the statistics axis in the 5 (five) last editions of the 
Mathematics Textbook Guidelines, years 2004, 2007, 2010, 2013 and 2016. Figure 2 shows the 
competence per Guidelines. 

PNLD 

Guidelines 

Teaching goals/ Competences related to the Teaching of Statistics 

2004 - Know how to represent and interpret data in non-Cartesian graphs. 
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2007 

 

- Work with issues relating to physical or social reality data that need to be 
collected, selected, organized, presented and interpreted critically. 

- Make inferences based on qualitative information or numerical data. 

- Articulate the axes of mathematics 

2010 - idem to 2007 

2013 - idem to 2007 and 2010 

2016 
 

- Work with issues relating to physical or social reality data that need to be 
collected, selected, organized, presented and interpreted critically. 

- Make inferences based on qualitative information or numerical data. 
- Articulate the axes of mathematics  

- Reflect on: the research question, variable types, different types of graphs and 
tables, the relationship between numerical line and graphs, the mean and measure 

of variability. 
Figure 2 – Goals/competence per Guidelines. Source – Amorim & Guimarães, 2016, p. 6 

The authors affirm that there are two defining moments. The first moment concerns the changes 
presented between guidelines 2004 and 2007, since the goals for the teaching of statistics are to 
provide students with a reflection on the function of statistics and not just on some types of graphic 
representations, like in 2004. From the 2007 Guidelines onwards we observe a concern about the 
actuality of the data, linked to the physical or social reality and under a research perspective, 
involving collection, selection, organization, representation, analysis and inferences based on 
qualitative information or numerical data of the data collected. 
The second modification of the curriculum prescribed can be observed in 2016 Guidelines, which 
places research as the structuring axis of the teaching of statistics, considering the importance of 
experiencing research and all its stages. It stresses the importance of working with more than one 
quantitative or qualitative variable, creating criteria to classify, distinguishing between tables and 
charts, understanding scales, estimating data analysis. It also states that we must consider measures 
of central tendency related to the amplitude, and its meaning as a descriptive measure of a set of 
numerical data.  
This study aims to reflect specifically on the influence of the curriculum prescribed (the PNLD 
Guidelines) and the curriculum presented to the teachers (teacher's handbook presented in the 
didactic collections), taking into account the important role played by the teacher's handbook when 
presenting the structure and didactic organisation of the collection, as well as theories and 
methodologies that can contribute to better use of the proposed activities. 
5. Method  
We analysed, for this research, 4 (four) collections of mathematics textbooks, including books from 
1st to 3rd year, approved in the 2007, 2010, 2013 and 2016 editions, making a total of 76 books. 
The criterion to choose the collections was that they were the best selling, therefore, probably the 
best used, textbook collections in Brazil. 
Thereafter, we compared the proposals presented in the PNLD Guidelines with the 5 (five) last 
editions of the Mathematics Textbook Guidelines, years 2004, 2007, 2010, 2013 and 2016 and the 
guidelines for teachers presented in the Guidance Handbooks. 
To carry out the analyses with the teacher's textbook, we tried to identify the concepts or objectives 
presented in the general part and in the specific part addressing the teaching of statistics71 
(information processing). In Figure 3, we give an example of a unit of analysis presented in the 
                                                             
71 The mathematical axis that addresses the teaching of statistics was called information processing. 
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general part. From this paragraph, we can affirm that the collection aims to propose the learning of 
different types of graphs, construction and interpretation of a table, construction and interpretation 
of graphs, classification, data collection and research.  

Figure 3: Sample from the general section of the teacher's manual 

 

 

 

 

 
Source – collection Ápis, Volume 2, 2010, p. 49. 

In Figure 4 we give an example of a unit of analysis presented in the specific part, in which we can 
affirm that the collection aims to articulate axes of mathematics, different types of graphs, interpret 
a table, fill in a graph or a table, collect data and perform research.  

Figure 4: Example of text of the specific part of the teacher’s handbook 

 

 

 
Source – collection Plural, Volume 2 , 2016, p. 419. 

In this way, all texts referring to statistics were identified. Firstly, it was analysed which concepts 
were cited and then analysed the conception of education. Furthermore, we observed if the teaching 
conception addressed had as a presupposition the learning of statistics should consider all phases of 
the cycle of research, stimulating the students to reflect on the function of the research. 
6. Results 
We started by establishing relationships with the goals related to the teaching of statistics presented 
in 2004 Guidelines and the Teacher's Handbook of the 2007 collections (Figure 5). The 2004 
Guidelines had only two goals: to represent and interpret data in graphs. All collections referred to 
these goals, and three of these collections refer to interpretation of the data, among the data and 
beyond the data. The conclusion is that the collections meet the goals indicated in 2004 Guidelines, 
and most go further still, specifying different types of data interpretation. In addition, the 
handbooks of the 2007 collections still refer to a large number of goals that must be developed in 
teaching statistics. 
 
  

Goals  in PNLD Guide 

Collections 
2007 

Collections 

2010 

Collections 
2013 

Collections 
2016 

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 

real data x  x  x  x  x x x x x x x x x x x x 
articulation between 
axes 

 x  x  x    x x   x x   x x 
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articulation between 
areas 

x  x  x   x  x  x  x  x   x  x  x  x  x  x  

research  x  x  x  x  x  x  x  x  x  x  x  x  x  x  x  x  
aim x   x  x  x  x   x  x  x  x  x  x  x  x   
sample   x             x   
method of collecting  x  x  x    x   x  x  x  x  x  x  x  x  x  
instrument of 
collection 

      x           

collect data x  x  x  x  x x x x x x x x x x x x 
classify x  x  x  x  x x x x x x x x x x x x 
variable Type x  x  x         x    x  x   
graphic 
representation 

x x x x x x x x x x x x x x x x 

graphic interpreting  x x x x x x x x x x x x x x x x 
tables representation x  x  x  x  x x x x x x x x x x x x 

tables interpreting x  x  x  x  x x x x x x x x x x x x 
graph types   x     x     x  x  x  x  x  x  
scale  x   x              
conclusion   x     x     x   x  x  x   
inferences   x     x    x    x  

Figure 5 - Comparison between the PNLD Guides and the teacher manuals 

Comparing the 2007 Guidelines with the handbooks of the 2010 collections, we observe that all of 
them refer to work with actual data, articulation between the axes of mathematics, data collection, 
data organization/classification, representation and interpretation of tables and graphs, as proposed 
in the Guidelines. The handbooks for the 2010 collections refer to most of the competences related 
to teaching of statistics presented in the 2007 Guidelines. Two collections do not refer to the 
articulation between the axes. Again, the handbooks for the 2010 collections refer to other 
competences related to "information processing" learning that are not explicitly stated in the 2007 
Guidelines. There is also an absence of reference to the sample and scale occurred in the 2007 
handbooks. 
Comparing the 2010 Guidelines with the 2013 collection handbooks, we can see the need to work 
on issues related to data from the physical or social reality that need to be collected, selected, 
organized, presented and interpreted critically. There must be inferences based on qualitative 
information or numerical data, articulation of mathematics axes, and work with different tables and 
graphs. We can show that half of the collections meet the guidelines’ indications.   
The handbooks for the 2013 collections refer to most of the competences related to teaching 
statistics presented in the 2010 Guidelines. Two of the collections refer neither to the articulation 
between the axes nor to different types of graphs. No collection refers to different types of tables, 
and Collection 3 is the only one that refers to the need to make inferences. Again, the handbooks for 
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the 2013 collections refer to other competences related to the "information processing" learning. 
Reference to the type of instrument is absent from the handbooks of 2010. 
In observing the 2013 Guidelines related to the handbooks of the collections of 2016, we note the 
permanence of the same goals, such as the need to work with questions concerning physical or 
social reality data that need to be collected, selected, organized, presented and interpreted critically. 
Inferences must be made based on qualitative information or numerical data, articulation of axes of 
mathematics and different tables and graphs.The handbooks for the 2016 collections refer to most 
of the competences related to teaching statistics presented in the 2013 Guidelines. Two collections 
do not refer to the articulation between the axes. Note that all collections refer to work with 
different types of graphs. No collection refers to different types of tables. 
Again, the handbooks of the 2016 collections refer to other competences related to "information 
processing" learning as articulation between areas, work with research, delimiting objectives, 
methods, types of variables and conclusions.  
In a differentiated, 2016 Guidelines presents in-depth proposals on the teaching of statistics. In 
addition to the competences presented in previous years, 2016 Guidelines list, in item "Content 
Approaches": developing a research, formulating questions, defining (qualitative and quantitative) 
variables, describing measures (by arithmetic mean), integrating statistics, probability and 
combinatorial, establishing categories of variables (creating criteria for a classification), discerning 
between tables and charts, changing from chart to table and vice versa, understanding scales, mean 
and amplitude, conclusions. 
We observed that the PNLD's textbook guidelines indicate less competences than the didactic 
collections presented in all the years in focus. However, it is noteworthy that 2016 Guidelines show 
a great expansion of the competences to be developed in the teaching of statistics, formalising some 
competences that already appeared in the books, and going beyond all the competences hitherto 
related in the didactic collections.  
With regard to the analyses of the teacher's handbook and the teaching objectives presented in the 
guidelines on information processing, we found that the general and specific part details better 
activities and suggestions of activities and readings present in the collections in all the years, thus 
meeting criteria established by the PNLD edict.    
Comparing the propositions of the PNLD guidelines with the textbook guidelines for teachers, we 
observe that the guidelines and the textbooks are consistent regarding the goals presented for the 
teaching of statistics. The handbooks refer to what is explained in the guidelines, either in the 
general part or the specific part, or in detailing and explaining an activity further, in the 4 
collections analysed. 
We can identify that although the handbooks refer to more concepts than the guidelines, when 
analysing the activities we also noticed a great focus on activities related to graphs and tables, 
compared to the ones of construction of the research. All collections mention research, but the 
student is rarely asked to conduct his or her own research. Some phases of the research are not 
explored, such as research question, scale or sample. Few collections are able to present activities 
that require that students draw their conclusions. We hope that the publication of the 2016 
Guidelines incentivises the next editions of the collections to incorporate and discuss all phases of a 
research. 
However, it is important to note that this study is only a small sample of the collections approved. 
Nevertheless, we could observe differences between the collections, evidencing that the exclusion 
criteria are very broad. Those criteria can accept different methodologies and approaches, 
disapprove collections with conceptual errors, error induction, outdatedness, prejudice or 
discrimination of any kind; comply with legislation, guidelines and official standards relating to 
elementary education; accept coherence and appropriateness of the theoretical-methodological 
approach assumed by the work, with regard to the explicit didactic-pedagogical proposal and the 
goals; respect to the interdisciplinary perspective in the presentation and approach of the contents. 
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We believe that it is necessary to find ways to encourage managers, educators and authors to alter 
their proposals, since it is necessary to change the activities related to statistical education 
(information processing) for a quality education. Researchers such as Lopes (2012), Kinnear and 
Clark (2014), Barreto and Guimarães (2016), Evangelista and Guimarães (2015), Leavy and Sloane 
(2015), Cabral (2016), among others, highlight that children are able to understand much more than 
what has been proposed for this level of education. 
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LINGUISTIC, CULTURAL AND PEDAGOGIC DIMENSIONS OF 
GEOMETRY: NAVIGATING TEXTBOOK DEVELOPMENT IN A 

CROSS-NATIONAL PROJECT  
CANDIA MORGAN, TERESA SMART, NATALYA PANIKARSKAYA and 
ARMAN SULTANOV 
Abstract 
In this paper we explore the complexities of cross-cultural collaboration in a textbook development 
project involving Kazakh teacher-authors and UK consultants. Communicating through a translator 
brings with it inevitable problems. However, working to resolve communication difficulties revealed 
that these problems arose not only from linguistic differences but also from fundamental cultural 
differences in our understandings of mathematics and of pedagogy. We reflect on some examples 
from our work with Grade 7 Geometry. 
Introduction 
The Secondary Education Textbook (SET) project began in November 2014 as a collaboration 
between University College London Institute of Education (UCL IOE) and the Nazarbayev 
Intellectual Schools (NIS), a non-governmental organisation in Kazakhstan with responsibility for 
developing curriculum, assessment and pedagogy in its own group of schools for high attaining 
students, in support of general national educational aims. NIS has worked and continues to work 
with a number of international partners to support its objectives, drawing on best international 
practice, with a major aim not only to develop high quality education within NIS schools and more 
widely in Kazakhstan but also to develop capacity within the country to sustain and grow high 
quality teaching, teacher training, curriculum and assessment development and production of 
teaching resources (Bridges 2014). In the case of the SET project, the collaboration aimed not only 
to write and publish new textbooks for 10 secondary school subject areas but also, importantly, to 
support the development of local textbook authors and of textbook publishing in Kazakhstan. 
This paper focuses on the work of the SET mathematics team, comprising a group of six authors 
(one of whom is third author of this paper), two UCL IOE consultants (first and second authors) and 
a member of the NIS translation service (fourth author) who served as interpreter during team 
working sessions and translated written materials throughout the project. As we developed our 
collaborative work to produce a mathematics textbook for Grade 7 NIS students, we encountered a 
number of difficulties. In this paper, we describe and discuss some of the major sources of 
difficulty, focusing in on Geometry as a particularly problematic – but interesting – area of the 
curriculum. Our reflective analysis of the issues arising during our work identifies both cultural and 
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linguistic factors that affected communication within the team. This raises issues that need to be 
taken into account in such cross-cultural projects. 
Curriculum, Pedagogy and Assessment 
A key factor in the success of educational reform is the extent to which curriculum, assessment and 
pedagogy are aligned (Barnes, Clarke & Stephens 2000). The ambitious work undertaken by NIS 
has sought to develop these three elements simultaneously, drawing on international research and 
expertise, while valuing the existing knowledge and expertise within Kazakhstan and the cultural 
heritage of the nation. In the case of mathematics education, there is justifiable national pride in the 
success achieved by many students in a mathematics curriculum that has drawn on Russian 
traditions together with a consequent desire to retain the scope and rigour of this curriculum. There 
is, however, an ambition to reform the curriculum as a whole to develop students’ ‘21st century 
skills’ as well as traditional academic content. An important part of the brief originally given to the 
UCL IOE consultants was to ensure that the new textbooks would support forms of pedagogy 
consistent with this ambition, including inquiry-based learning and development of student 
independence and creativity. In mathematics a central aim was to bring out the ‘big ideas’ of 
mathematics and to develop students’ thinking skills while engaging with these big ideas.  
In advance of the writing of a new set of text books, the NIS had developed a new curriculum for all 
its schools. In mathematics, the new curriculum added problem solving to an extensive set of facts 
and skills, also specifying the order in which topics were to be studied. A new programme of 
assessment had also been developed, with tests set at the end of each of the four terms that make up 
the school year, based on the curriculum objectives mandated in the course programme for that 
term. The mathematics team of authors and consultants were necessarily constrained by this packed 
curriculum. The teaching and the textbooks had to cover the curriculum objectives and cover them 
in a defined order; this restricted our freedom as textbook designers and challenged our ability to 
develop the desired pedagogy within the textbooks   
Negotiation and compromise 
A critical feature of our growing collaboration was the development of mutual respect for the 
experience and expertise of each side in the partnership. On the one hand, the UCL IOE consultants 
brought considerable experience of a range of educational contexts (schools, further and higher 
education) in the UK and elsewhere in the world (Mozambique, Ghana, South Africa and Brazil) 
and expertise in teacher education, curriculum development and the design and production of 
teaching resources. We also brought knowledge of a body of international research in mathematics 
education – though we have come to realise the domination of this research by Anglophone and 
Western European traditions, often silencing knowledge arising from other traditions, including in 
particular that of the ex-Soviet republics. The group of authors on the other hand, brought their 
insider knowledge of the education system and traditions of Kazakhstan, the cultural norms of 
Kazakh society in general and of educational contexts in particular, as well as many years of 
successful classroom experience as teachers in a variety of schools across the country.  
The work of designing a textbook had to draw on the experience of the team but, as we came to 
understand better the differences between our experiences, we realised that many compromises 
were necessary on both sides. While the authors aligned themselves with the NIS aims and 
appreciated the value of pedagogic approaches suggested by the consultants, we all realised that 
there was no point in attempting to impose a pedagogy that would challenge core cultural values or 
deskill teachers. For example, an important area of difference lay in our expectations about the 
development of mathematical concepts. This issue arose early in the project during the writing of a 
chapter about indices as the chapter author sought to introduce a0. The authors as a group, drawing 
on their teaching experience, set a high value on students learning the definition and practising its 
application; they contended that, once learned, Kazakh students will always remember and apply 
the definition of a0 correctly. On the other hand, the consultants saw the introduction of a0 as an 
opportunity to model an inquiry-based approach as well as to build conceptual and procedural 
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knowledge, suggesting: Let the student try to answer the questions ‘What is the value of a0?’ ‘How 
can you multiply a by itself zero times?’ However, the authors knew that many teachers in their 
schools would not be ready for such open-ended discussions in the classroom. After a long 
discussion we reached a middle ground acceptable to both, involving definition and practice 
together with guided opportunity for discussion.  
A lesson that the consultants had to take on board was that the Kazakh team own the project and it 
had to be their textbook. As advisers and mentors, consultants can use persuasion, argument, 
research knowledge and experience to seek a middle ground but not to take over the writing of a 
unit. We had to search for compromises that would be both ‘effective’ and ‘permitted’. These 
compromises demanded extensive discussion and negotiation – made additionally challenging by 
language differences. All the authors had Russian as their first language and, while they had some 
facility with English, this was not usually sufficient to support effective negotiation. The role of the 
interpreter was thus critical but was not straightforward.  
For example, creating common understanding in the topic area of ratio and proportion challenged us 
all, including our interpreter. In England, the National Strategy for teaching mathematics, a 
government initiative to strengthen mathematics learning (DfES 2001), had placed great emphasis 
on students knowing, understanding and being able to apply definitions of ratio and proportion and 
being able to distinguish between the two concepts. According to these definitions, ratio is used to 
compare two parts (the ratio of girls to boys in a classroom) whereas proportion is used to compare 
one part to the whole (the proportion of girls in the class). When the consultants attempted to 
introduce this distinction into the relevant textbook chapter, the author team said that they did not 
use two words but only отношение (ratio). This prompted us to ask if this difference was linguistic 
or mathematical: was the same word being applied to two distinct concepts or were we 
conceptualising the domain itself in different ways? For an interpreter who is not himself a 
mathematician, catching the nuances of meaning in both English and Russian was undoubtedly 
difficult. After discussion, recourse to the internet and to a range of Russian textbooks, we agreed 
that the Russian dictionary translation for proportion (пропорция) appeared to be used in contexts 
where UK English speakers would use the adjectival phrase in proportion. In Russian text books, 
пропорция is defined as “an equality of ratios”. In English text books, two figures are defined to be 
in proportion if the ratio of their equivalent measurements is constant. The Russian noun 
пропорция and the English noun proportion refer to related but distinct objects, while the 
distinction made by the English National Strategy between ratio and proportion was not found to be 
conceptually significant within the Kazakh mathematical tradition. 
Finding a common mathematical language 
“Kazakhstan is the only post-Soviet country that is still poly-lingual …. Other Central Asian 
countries speak their native tongues.” (President Nursultan Nazarbayev, Astana Times, 21 October 
2013). Within Kazakhstan, ethnic Kazakhs make up 66% of the population. While 85% of these can 
speak and write Russian and over 94% understand it, only 6% of the ethnic Russians, who make up 
25% of the population, can read and write the Kazakh language (Lillis 2010). This means that 
public and government life, including the education system, is still dominated by the Russian 
language. In 2011 the Government of Kazakhstan put forward a programme to create a trilingual 
country with Kazakh designated as the national language, Russian as an official language used 
alongside Kazakh in state and local government affairs and English as an international language 
that would enable the people of Kazakhstan to benefit fully from international economic, 
educational and political opportunities. The NIS schools took up the challenge to create a trilingual 
education system with the aim to have teaching and textbooks available in the three languages. The 
vision of the SET project is that the student text books will be published in the three languages of 
Russian, Kazakh and English. This vision was originally based on the naïve view that the books 
would be written in one language and then translated into the other two. Our experience shows that 
this process will not produce equivalent meanings. The interpreter on the project has found that in 
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moving from Russian to English or vice versa he has to negotiate the specialised mathematical 
terms needed to convey the desired meaning in each language. The challenges of translation into 
Kazakh have not yet been addressed. We are now building a glossary of mathematical vocabulary 
that give correct and equivalent meanings for a concept in Russian and English. But this is not 
straightforward – as exemplified above in the case of proportion.  
Taking another example, in English textbooks the word line is used loosely. On the one hand it is 
used to mean a line in its strict Euclidean sense, having no thickness and extending infinitely, but it 
is also used to refer to a finite line with end points drawn on a sheet of paper. The word may also 
appear in a range of everyday contexts, referring to objects that may have very different properties 
(e.g. railway line, washing line, etc.). A teacher can say “Draw a line with length 5 cm”, with the 
understanding that the line should be straight unless stated otherwise. In Russian, however, these 
different types of ‘line’ are named and defined separately. A straight line is written as прямая 
линия (literal translation straight line) but is more usually known as прямая (literally straight); this 
term is only ever used to represent a Euclidean straight line that extends infinitely. A line that has 
an endpoint is known as a ray and two end points as a segment. All Kazakh teachers know this and 
teach their students to always use the correct term. While these terms are part of the mathematics 
register in English, they are not commonly used in school mathematics in England. 
The challenge of geometry 
The Kazakhstan curriculum until recently had a strong Euclidean orientation to geometry, 
accompanied by a pedagogy based on establishing definitions and theorems, followed by 
application of definitions and theorems to solving problems. Before the introduction of the new 
curriculum, the mathematics curriculum in Kazakhstani schools had been compartmentalised into 
the separate subject areas of number, algebra and geometry. In secondary schools, students had 3 
hours of number and algebra and 2 hours of geometry each week. In contrast, the new curriculum 
provides an integrated curriculum consisting of units of number, algebra and geometry distributed 
through the year. In the first two terms of Grade 7 there are only 13 hours of geometry in total and 
in the last two terms there are 45 out of a total of 90 hours of mathematics teaching. The consultants 
saw the integrated curriculum as a positive step, enabling more connections to be drawn between 
different areas of mathematics. They did not appreciate how difficult it would be for Kazakh 
teachers to adapt to this new curriculum model – a model that appeared to downgrade geometry in 
particular. When the integrated curriculum for mathematics was adapted and extended to national 
government schools the mathematics teachers in these schools argued strongly against it – and were 
listened to. In February 2017 the ministry of education responded to this discontent, agreeing to 
once more separate the teaching of geometry from that of number and algebra, although the NIS 
schools will continue to introduce an integrated curriculum. When a similar change from separate to 
integrated curriculum was made in England (during the late 1960s and early 1970s) the process was 
extended; schools were able to choose between separate and integrated syllabuses for a period of at 
least a decade, allowing schools and teachers time to adapt their teaching. In contrast teachers in 
NIS schools are being required to make the change in a single step from one year to the next.  
Extensive work during the early stages of the SET project enabled us to agree common 
understandings of the curriculum objectives and strategies for incorporating aspects of the desired 
forms of pedagogy into the first chapters of the Grade 7 textbook. As we started to work on 
geometry chapters, however, the process of negotiation became much more difficult. Initially, in 
analysing the curriculum objectives for geometry in order to plan the relevant chapters, the 
consultants found the English translation of the objectives to be unclear and the objectives 
themselves to be unfamiliar. There was a need for the team to analyse the curriculum together in 
order to achieve a common understanding. It became clear that, while language differences were an 
issue, they were intertwined with differences in our cultural expectations and knowledge of 
geometry. Such differences had not arisen to the same extent in other areas of the curriculum. As 
our discussions progressed, we found that we moved from debates about pedagogy to debates about 
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mathematics. In this paper, we will illustrate the complexity of relationships between language, 
culture and pedagogy with three examples. 
Example 1: Angle 
According to the NIS curriculum, students are first introduced to angle in primary school. The 
concept of angle that they encounter at this stage is the space between two sides meeting at a 
common vertex. They work with lots of real life examples, particularly looking at the hands of the 
clock, finding the angle between the minute hand and hour hand. In Grade 7, students are 
introduced to a formal definition of angle as the part of the plane delimited by two rays meeting at a 
common point. Kazakh learners recognise that a ray extends infinitely from its start point and hence 
an angle is part of an infinite plane. From the perspective of the consultants, this definition provides 
just one way of thinking about angle. The cultural expectations of the consultants, based in the UK 
education system, as well as our familiarity with a body of research in mathematics education (e.g. 
Magina & Hoyles 1997; Mitchelmore 1998), led us (CM and TS) to see this definition as an 
insufficient basis for developing an understanding of angle that would support progression.  
In the first place we saw difficulty in applying this definition of angle as a static space to the kinds 
of practical applications of angle that Grade 7 students are expected to deal with, such as the angle a 
door turns through as it opens or the angle at which an aeroplane takes off from the ground. Indeed, 
our whole approach to thinking about angle measurement was closely tied to a dynamic concept of 
angle as a rotation – a concept never explicitly addressed within the geometry curriculum in 
Kazakhstan. This difference in conceptualisation of angle is reflected in the language: learners in 
England talk about 180 degrees as a ‘half turn’ while a Kazakh learner will refer to an angle of 180 
degrees as a ‘flat angle’.   
Further, the consultants also anticipated problems as students progressed to later topics in geometry. 
For example, in the NIS curriculum a triangle is defined as the part of the plane delimited by three 
lines that meet at three points (each pair of lines meeting at a point). As in the case of the definition 
of angle, the focus of this definition is on the space delimited by lines rather than on the lines 
themselves; when a primary school child in Kazakhstan is asked to draw a triangle, they will always 
colour it in. So, while a triangle is a finite part of a plane, an angle is a part of a plane that is 
infinite. With these definitions, a triangle marks out three angles but does not contain angles. 
Although the Russian word for triangle is Треугольник (literally three angles), its curricular 
definition does not mention angles. Yet when students meet the topic of congruent or similar 
triangles they have to work with the idea that pairs of triangles ‘have’ angles that are equal. The 
textbook authors, drawing on their own educational experience and years of successful teaching, 
were confident that their students would be able to cope with these apparent inconsistencies. 
Moreover, a very experienced headteacher of a Kazakh primary school assured us that, over many 
years of teaching, she is confident that students, once they have learned a formal definition of angle, 
have no difficulty adapting their concept of angle to work in practical situations. The consultants 
still find this hard to accept. Our scepticism draws not only on our personal experience but also on 
European and North American research on how students move from practical to abstract 
understanding of angle  (e.g. Mitchelmore & White 2000). However, we have not found any 
comparable research in Kazakhstan or other post-Soviet contexts and have to respect the experience 
of our Kazakh colleagues. As a team we agreed that the text book for Kazakh schools should 
continue the current approach of giving students a formal definition but would also provide 
guidance for teachers to support students in moving from abstract to practical applications.  
Example 2: The linear function y=kx+b 
Our second example, while drawn from the part of the curriculum labelled as algebra, also involves 
the concept of angle. It relates to the curriculum objective “Know the definition of a linear function 

, plot its graph and predict its position depending on k and b”. The coefficient of x is 
named in Russian as угловой коэффициент, translated literally into English as angle coefficient. In 
Grade 7, students are shown how to draw the graph of a straight line given its equation . 
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They are told that k, the coefficient of x, is called the angle coefficient.  They are expected to learn 
that, when the angle coefficient is positive, the angle between the Cartesian line and the x-axis is an 
acute angle and, when the angle coefficient is negative, the line makes an obtuse angle (see Figure 
1). However, the more general issue of how the value of k relates to the size of the angle between 
the line and the x-axis is not addressed and it appears that the value of k is not related geometrically 
to any measure of the steepness of the line or to the fact that the line has constant steepness. 

 
Figure 1: Textbook extract showing the Kazakh approach to gradient in Grade 7 

In the Russian mathematics register there is a specialised term for gradient (градиент) but this 
term is only introduced to students in upper secondary school when they begin to study calculus, to 
be used exclusively in the context of gradient function and differentiation. This specialised term 
also does not appear to be used in geography or topography, contexts in which the English word 
gradient would become familiar to students in England.  
In contrast, in England the word gradient is introduced in lower secondary school to describe the 
steepness of a line; the value of the gradient is equal to the coefficient of x. Learners are expected to 
understand that, as |k| increases, the line becomes steeper. Rather than considering the angle made 
by the line with the x-axis, they are likely to learn that when k is positive the line slopes ‘upwards’, 
while it slopes ‘downwards’ when k is negative. They may also to be asked to calculate the gradient 
of a given line by drawing a right-angled triangle with its hypotenuse on the line and finding the 
ratio between its vertical and horizontal sides. Connections are likely to be made with use of the 
term gradient in concrete contexts such as the steepness of hills.  
Again, the consultants experienced conflict with their assumptions about this area of the curriculum, 
including the importance given in English mathematics education and in the research field to 
making links between different topic areas and to helping students to move between different 
representations of mathematical constructs (e.g. Skemp 1976; Acevedo Nistal et al. 2009). For 
example, it was difficult to accept that students in Kazakhstan were expected to calculate the 
coefficient by purely algebraic means without any reference to the geometry of the line. Finding a 
way to resolve our differences is still in progress.  
Example 3: Adjacent angles 
Our third example also involves angles, or, more specifically, the term adjacent used in the context 
of the study of angles and triangles. In England, the most common use of adjacent occurs when 
working with right angled triangles, distinguishing the side adjacent to a given angle from the 
opposite side. Teachers in English schools will often support students to understand the word 
adjacent by reference to its everyday equivalent next to. The term adjacent itself is not commonly 
used in everyday speech but is found in a range of formal contexts in English so is likely to be 
familiar to secondary school students. In Russian, a similar use for distinguishing the shorter sides 
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of right angled triangles is found, translating adjacent as прилежащий. Etymologically, the 
Russian term can be interpreted as ‘lying next to’ but прилежащий is an archaic word, now used 
only in mathematics. In both English and Russian, adjacent (прилежащий) angles are defined as 
non-overlapping angles with a common side and vertex, although this usage is not common in 
schools in either England or Kazakhstan. 
Our problem arose when we began to address the curriculum objective given in the English version 
of the curriculum as “know the definition of adjacent and vertical angles, recognise and draw 
them”. We all initially believed that we understood this objective but soon found that we were at 
cross-purposes. The consultants and the author team needed to find a common understanding of this 
objective. 
It eventually emerged that the origin of our difficulty lay in the fact that there are two mathematical 
terms in Russian, both of which are translated into English as adjacent. In the Russian version of 
this particular curriculum objective, the word смежный was used, not прилежащий. This word is 
found in everyday usage; смежный is equivalent to bordering or close (e.g. смежные участки – 
neighboring plots), making adjacent an appropriate translation. In mathematics, however, the term 
смежный is used in a specialised way to refer to adjacent supplementary angles, that is, angles 
with a common side and vertex, whose two other sides lie on a straight line. In English schools, 
such angles would be called angles on a straight line. In this case, once the linguistic issues were 
understood, we were able to proceed relatively smoothly to a common understanding of the topic as 
we all identified angles in this particular relationship as a distinct object of study for Grade 7 
students. 
Concluding discussion 
The SET project started with an assumption that the consultants from England were ‘experts’ – 
often referred to by the NIS team as ‘trainers’. Although there was agreement that the project 
should recognise, respect and make use of the ‘local’ knowledge and experience of the Kazakh 
authors, the location of ‘expertise’ initially created an asymmetry in the status afforded to the kinds 
of knowledge brought to the project by the two groups. On starting to work together, however, it 
was immediately apparent that the success of the project depended on negotiating a common 
understanding of the mathematical content of the curriculum that would enable teachers in 
Kazakhstan to make effective use of the pedagogic developments that we hoped the new textbooks 
would embody. Coming to this common understanding required deep and flexible engagement by 
both English and Kazakh team members, each reflecting on their own well-established 
mathematical knowledge and seeking to understand the different conceptions of others. Without a 
common language, the work of the interpreter/ translator has been crucial, not only in the basic 
sense of allowing us to speak to one another, but also making use of his expert understanding of 
languages in order to help us all to probe the differences in how language is used to map the 
mathematical world in English and in Russian. 
In this negotiation the project of authoring a textbook across cultures has drawn attention to: 

• how much we take for granted common understanding of words – within our own language 
as well as across languages and cultures; 

• the fact that we are not always clear ourselves about how we use words and the wider 
implications this use may have. 

It has also forced us to face up to and question our assumptions that our own mathematical 
meanings are correct. There are alternative ways of conceptualising mathematics, each of which has 
different consequences. Encountering and exploring these alternatives has enabled all of us to 
become more aware of our own conceptualisations and to develop a broader understanding of the 
mathematical affordances of alternative ways of speaking.  
Whereas mathematics education researchers have previously considered the mathematical 
affordances of different languages, such studies have generally focused on non-European languages 
and on broad characteristics of everyday usage rather than on the details of the mathematics register 
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(e.g. Barton, 2008). Comparison of European and non-European languages can highlight major 
structural differences, such as those described by Lunney-Borden (2011) for the North American 
language Mi’kmaq, that immediately raise questions about cross-linguistic and cross-cultural 
communication. Nevertheless, there is a common assumption that, once we start to deal with formal 
mathematics, we all share common meanings.  
We can never hope to understand Euripides plays in the way they were understood by their original 
audiences, but Euclid’s Elements speaks to us as clearly as it did to his contemporaries. Chinese 
poetry is untranslatable; but T.D Lee’s lectures on particle physics and quantum field theory, 
originally given in Chinese, lose nothing in translation to English. (Layzer, 1989: 126) 
However, the coming together of two traditions with highly developed mathematical cultures and 
two languages, English and Russian, both Indo-European languages with highly developed 
mathematics registers, challenges Layzer’s claim and highlights the fact that mathematics is not a 
universal language. Cross-linguistic collaboration demands translation between languages but also 
close attention to possible differences in the uses of words that appear to be equivalent and a 
recognition that we do not all categorise or conceptualise mathematical phenomena in identical 
ways.  
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INTEGRATING THE CONCLUSIONS OF TEACHERS’ 
FEEDBACK INTO THE NEW MATHEMATICS TEXTBOOKS 

GERGELY WINTSCHE, DÁNIEL KATONA and GERGELY SZMERKA  
Abstract 
We present a short overview about the current trends of the development of mathematics textbooks. 
Afterwards, we discuss the historical circumstances of the relatively new Hungarian textbook 
market. The first author has developed new learning tools within the framework of the Social 
Renewal Operational Programme (SROP) 3.1.2/ B-13 in Hungary, funded by the European Union 
between 2013 and 2016, which project involved not only the writing and printing of new textbooks 
and constructing their digital background materials, but also the exploration of teaching practice in 
connection to the usage of the new textbooks, collecting and analysing feedback, and monitoring the 
teaching process. The present paper focuses on the usefulness of official feedback on the 
mathematics textbooks, collected from teachers, and a short summary is presented about the 
changes in the revised textbooks influenced by the feedback. 
Keywords:  textbook development, mathematics textbooks, teachers’ feedback, SROP project 
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1. Theoretical Background – Teachers’ Role in Textbook-Edition 
In the textbook development process the textbook is not the only participant. As it is mainly for 
enhancing the teaching and learning of mathematics, being mainly used in schools and at homes,  
teachers and students are also decisive participants of the process. This idea is formulated in the 
form of the didactical triangle (Rezat 2008, p. 177, Schoenfeld 2012). It can be further expanded by 
a new dimension, the mathematical knowledge, into a tetrahedron, as it was presented by Valverde 
(Valverde et al. 2012). We suggest a little bit more elaborated model, where the didactic expert is 
placed in the centre of the tetrahedron (see Figure 1). 
According to the traditional way of developing textbooks in Hungary, the materials have been 
created by small groups of didactical experts and/or teachers, and have reflected solely their attitude 
to and view on teaching. In this approach, mainly the textbook and the didactic expert vertices of 
our tetrahedron are the active participants of the development process. 
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Figure 1. The expanded didactic triangle 

In our project a great emphasis is put on giving a more decisive role to the teacher vertex in the 
textbook development process. 
The literature of textbook development considers also other participants, such as parents or the 
government which are out of focus in this paper. 
The available resources, the new tools of the 21st century, the accelerated and broadened ways of 
communication resulted a highly broadened set of resources and possibilities available during the 
textbook development procedure too than that of even only 25 years ago. That is, the new digital 
resources in the 21st century provide new means for designing and sharing teaching materials. 
(Rocha et al., 2017)  
Although there are many examples of the co-working process of textbook writers and teachers, the 
authors usually collaborate with only 2-5 teachers who are familiar with the methods of the 
textbook writers, they can almost read in each other’s minds. These circumstances of the 
organisation of the development processes are really useful for the birth of an organic and unified 
textbook, they lack the advantages of reflecting different approaches. 
Even & Olsher (2014), Olsher & Even (2014) and Even et al. (2016) summarize how teachers can 
take part in the process of the textbook-edition, depending on the main goals of the project. They 
aim at creating an environment, in which dialogue can be born between curriculum developers and 
teachers. Their main goal can be to make the teachers participants of the joint-editing work of the 
textbook or collect possible changes suggested by the teachers. 
The textbook development project in the centre of the present paper has a lot of connections with 
other fields of textbook research. For instance L. Fan (ICMT – 2010) similarly to our beliefs, also 
explores the textbook research as a new and colourful scientific field. 
Partial, but fundamental parallels can also be drawn between our project and the Symposium C of 
the II International Conference on Mathematics Textbooks Research and Development which 
focused on teacher-resource use around the world. For instance, although today even the need and 
reason for the existence of textbooks may be questioned, our project has been based on a strong 
belief in the need for textbooks, similarly to projects presented at Symposium C. “As in many 
countries, in Brazil, teachers are heavily influenced by textbooks. They have being fundamental to 
teachers decision on which contents must taught as well as the instructional approach to be 
developed in class.” (Assis & Gitirana 2017)  
Our paper also focuses on the “bidirectional relationship” that was mentioned in many referenced 
article (Steenbrugge et al. 2017). However, our method was more than solely collecting the 
opinions and suggestions of teachers working in the project, and to decide what we can change in 
the textbook in the light of these suggestions. Our testing teachers were chosen from all around the 
country, to represent all types of towns, villages and schools. The teachers volunteered, they were 
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completely independent, moreover, they got a small amount of payment for their work. The 
independent selection procedure of the teachers may (probably) resulted in their different view on 
teaching, teaching habits and also different classroom cultures. That is why we received many 
different types of feedback, with sometimes completely opposing opinions, from the extremely 
supportive to the really discouraging and perfectly honest feedback.  
2. Historical Background to the Textbook Market in Hungary 
Before 1989 the textbook market in Hungary was entirely controlled by the state. It has changed 
after the democratic transition, the market became free (Fischerné & Kojanitz 2007). As a result of 
this, at the end of the decade (2000/2001), in one school year there were already 5151 textbooks 
published from 183 publishers. This oversupply was brought under regulation by the government, 
and in the school year 2011/2012 there remained only 53 publishers and 3712 publications, but the 
90% of this quantity has been produced by the 4 biggest publishers. It can be said undoubtedly, that 
after a stronger regularization which began in 2012, Hungary got in the middle with regard to the 
autonomy of the textbook markets in Europe. The list of textbooks, from which the teachers can 
choose for the students in a school year, has been significantly reduced, and now the distributor is a 
non-profit-making Ltd. owned by the state. (Pálfi 2016)  
The history of textbooks in Hungarian mathematics education provides a huge set of various types 
of problems (as exercises), as well as a colourful theoretical background to the teaching 
mathematics. All of these determined the development of textbooks of the last centuries. The new 
mathematics textbooks can be seen in the light of this tradition. 
3. A Textbook Development Project Supporting Social Renewal – The 
Srop-3.1.2-B/13-2013-0001 Project 
In the frame of the Social Renewal Operational Programme (SROP), between december 2013 and 
november 2016, a complex research on, and development of new teaching materials were 
implemented in Hungary, mainly organized by the Hungarian Institute for Educational Research 
and Development (HIERD), including the development of new mathematics textbooks that meet the 
requirements of the new National Curriculum introduced in 2012. In the initial planning phase, five 
university teams undertook studies about the basic concepts of textbook development in the 21th 
century, on the basis of which the main ideas were summarized and the common goals, as well as 
the conceptions of the principal1 school subjects were created.  
Our main goals were:  
• Support the literacy competency as a base of other competencies. 

• Communicate understandable mathematics to the students. 

• Build methodology recommendation into the textbooks (games, group work, outlooks, etc.). 

• Organise teacher trainings. 

The 3-year-long project consisted of the following phases. After a development-based research, 
pilot versions of the new textbooks were written, tested, evaluated, and re-edited to the final 
versions. One of the most decisive characteristics of these new textbooks was that a considerable 
number of school teachers were involved in the development process. The features and results of 
this contribution is the main issue of this paper; accordingly the present focus is on the testing, 
evaluating and re-edition phases. The SROP 3.1.2-B/13-2013-0001 project also aimed at connecting 
the development of ICT techniques and the printed versions, by planning, developing and testing 
the National Education Portal (NKP). 
Our main research question in connection with this textbook development process was about the 
ways and usefulness of integrating the conclusions of teachers’ feedback into the new textbooks. 

                                                             
1 Compulsory for all and taught in considerable hours per week. 
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Therefore, in the present paper we survey the main phases of the development process, in several of 
which teachers as users and evaluators play a crucial role. We also present, interpret and evaluate 
the collected teachers’ feedback. 
4. Methods 
The main universities in Hungary conducted studies in order to lay down the fundamental 
guidelines for the SROP textbook development programme before it was launched. Most of these 
studies, e.g. (Vásárhelyi, 2013) emphasized the crucial importance of collective thinking of teachers 
and students, as well as the significance of the cooperative development of digital support. These 
studies reinforced our belief that teachers and students should play a leading role in the 
development procedure. The main milestones of the project were the followings. 
First year: Planning and creating the first, pilot versions of the textbooks and workbooks for grades 
1-2, 5-6, and 9-10, according to the Hungarian school system. 
Second year: Testing the created pilot books by 50 teachers for each subject, collecting feedback 
and creating the pilot textbooks for grades 3, 7, and 11.  
Third year: Rewriting and re-editing the pilot textbooks written in the first year, based on the 
teachers’ feedback, and creating the pilot books of the series for grades 4, 8 and 12. (Wintsche, 
2015) 
During the project, we received feedback in the following forms. 
• Before use form (about the expectations of the teachers) 

• Quick responses 

• Work logs (detailed questionnaire after every lecture) 

• Interviews and workshops with testing teachers and students 

• Personal interviews 

• After use form (about the general opinions and impressions of the teachers) 
The whole SROP project covered the main school subjects, namely history, Hungarian language 
and literature, mathematics, biology, chemistry, physics etc. with 134 textbooks and workbooks for 
grades 1-12. The present paper, in the followings, focuses only on the textbooks and workbooks of 
mathematics for grades 5-12. 
5. Results – to change, or not to change, that is the question 
More than 20,000 pieces of feedback per mathematics textbooks and workbooks were collected. We 
classified the feedback, using categories such as misprints, errors, theoretical problems, didactical 
problems, constructive suggestions and good practices. Some of the proposals were useful, creative 
and definitely worthy to be integrated into the re-edited textbooks during the revision process, and 
we got an overall picture about the expectations and wishes of the teachers. Here we present some 
typical examples of teachers’ feedback and the reactions of the textbook developers. 
We accepted the feedback and changed the relevant part of the textbook:  
Feedback 1: “The students need to meet place value earlier. It would be better to change the order 
of the first three lessons.” 
Answer 1: It could be right and there is not any obstacle for it. We changed the order of these 
lessons, we solved this problem. In the first version, the book introduced decimal numbers before 
properly defining some concepts such as decimal place value, in order for raising students’ interests 
and building first on their intuitive understanding before introducing the formal definition. 
However, we accepted that it did not match the majority of the users’ teaching style. 
Feedback 2: “I suggest that you enter a number of tens, hundreds, thousands, tens of thousands, 
hundreds of thousands, which can help the students in autonomous task solving and reduce 
uncertainty. There should be more examples. It would also be necessary to describe more complex 
numbers.” 
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Answer 2: We wrote some bigger numbers and more complex tasks into the lesson according to the 
wish. 
We rejected the feedback and the relevant part of the textbook remained unchanged: 
Feedback 3: „The story board text is not appropriate, because there are large and negative numbers 
in it and the students cannot read these numbers.” 
Answer 3: One does not have to cope with the stories completely before the chapters. Their role is 
only to brush up student’s curiosity and develop their literacy skills. (See Picture 1.) 
 

 
Picture 1. Chapter starting story boards to raise curiosity and develop literacy skills 

 
Feedback 4: „Separate plain and space geometry, as it is in other books. It is really confusing to 
cope with the square and the cube at the same time.” 
Answer 4: We do believe that the first perceptions and impressions of the children come from the 3 
dimensional space and it is natural to them. We live in this space and plane geometry is (more) 
imaginary and more abstract. We think that the early separation of space is one of the reasons of the 



 Integrating the Conclusions of Teachers’ Feedback into the new Textbooks 

 349 

weak orientation level of the children. We separate the 2 and 3 dimensional geometry only in the 7th 
and higher grades. 
There were numerous different wishes and we couldn’t satisfy everybody. Here we quote some 
typical contradictory wishes: 
 

Feedback 5: “I like that the introductory 
tasks are simple, but interesting, like the 

ones with the magic squares.” 
vs. 

Feedback 6: “The introductory task with the 
magic squares did not offer too much help for 
solving the later exercises of the lesson. You 

better omit it.” 

Feedback 7: “It was really useful and 
entertaining to meet the ancient numbers 

from Egypt. The students really liked 
drawing them.” 

vs. 
Feedback 8: ”It was completely boring and 

unnecessary to work with the Egyptian 
numbers that are used nowhere.” 

 
In these situations we mainly took the majority opinion into account, but in some cases we finally 
decided on our own didactic reasons, even if these were against the major wishes.  
A great proportion of the wishes were about making the exercises easier, or at least inserting easier 
ones too. We could not completely take these kinds of wishes into account. We agree with those 
testers and evaluators who commented that easy and difficult tasks are both needed for 
differentiation. The textbook’s aim cannot solely be serving the needs of the average students. It has 
to work for the gifted ones as well. Therefore, besides inserting easier tasks, we kept the more 
difficult problems too. 
For the sake of completeness, we quote more pieces of feedback to show the wide range and 
different types of reflections.  
Feedback 9: “The second problem of the workbook (5th grade 3rd lesson) wasn’t clear for us. We 
got three different good solutions, 6232, 6333 and 6031. You should change it.” 
Answer: There are several mathematical problems with more than solutions. Students ought to get 
used to it.  
Feedback 10: “The group work would be perfect but we don’t have time for it. If I got everything 
prepared in advance, I could imagine dealing with the task. But we did not have enough time, as I 
mentioned.” 
Answer: We think it is reasonable to have optional kinds of tasks, like the group work mentioned 
above, which may be eliminated due to time constraints, depending on the demands and needs of 
the particular student group. 
Feedback 11:”I had basically positive expectations, but of course you are also afraid of anything 
new. Applying the textbook was easy and successful, especially some sections, like the ones 
connected to geometry.” 
Answer: Many thanks. 
In summary, we can state that the three most frequent and most important changes in the textbooks 
were the followings. 
• The number of easy problems at the end of almost every lesson have been highly raised. 

• The sequence of some lessons or subchapters have been changed, moreover, new lessons 
have been created at some particular places. 

• More games, group work exercises, supplementary remarks, supplementary lessons and 
overviews have been created for the re-edited books. 

Besides these major types of changes, and of course the correction of detected errors and misprints, 
some other important modifications also worth mentioning: 
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• Some pictures and figures have been changed 

• Some tricky, more challenging problems have been modified 

• Final tests have been created for each chapter 

• More lessons have been created for annual revision 

6. Conclusion 
After the revision, the acceptance of the textbooks has increased. Figure 2. shows that the majority 
of the teachers realised the changes in the textbooks, that is why the diagram is right skewed. 48,5% 
(36,8%+11,7%) of the teachers considered the re-edited textbook to be better, and only 17,8% 
(4,8%+13%) said that it became worse. These data comes from the impressions of the teachers 
during the school years, when they used the revised mathematics textbooks for the grades 5 and 9. 
Finally, some opinions of testing teachers are presented about the procedure of the textbook 
development and the SROP project. 
”At last we can see an example when the opinions of colleagues do really matter. The book became 
better for us after the revision, and also for the students.” 
”Collecting the feedback nationwide is really useful because of the various students and teachers. 
The changes were reasonable, thanks for you to take our wishes into consideration.” 
”I am pleased to see that our works were not useless. I see that the editors preferred mostly those 
changes what we wished. ” 
 

 
Figure 2. Changes of teacher’s opinion during the school year 

The data in Figure 3. come from the feedback after the whole revision process. 

 
Figure 3. Changes of the teacher’s opinion after the revision (1 worst – 10 best) 
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On the whole, the textbook development procedure, and particularly the re-edition process can be 
considered successful, based on the teachers’ feedback. The acceptance of textbooks by the testing 
teachers has improved significantly during the re-edition process, resulting in more easily and more 
efficiently applicable textbooks, with a higher preference level among the teachers. On the other 
hand, considering the further development of the textbook development procedure itself, the 
evaluation of feedback would be more easily feasible, and could be conducted with a considerably 
lower budget, if the testing teachers are selected by a more precise and more purposeful method, by 
decreasing the number of (more or less) neutral opinions. For reaching this aim, our proposal have 
been accepted, and after the first two years of the development procedure, the number of testing 
teachers have been reduced to a selected 25 from the previous 50, for each subject. 
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AN ANALYTICAL FRAMEWORK FOR STUDYING THE 
IMPACT OF TECHNOLOGY ON THE USE OF MATHEMATICS 

RESOURCES IN TEACHING AND LEARNING 
IDA MOK and LIANGHUO FAN  
Abstract 
We have earlier proposed to include the technology principle as one of the six principles for textbook 
development and argued that in studying the impact of technology on mathematics curriculum one 
should include three questions: What to teach? How to teach? Why to teach? (Fan 2010, 2011). We 
analysed how technology was reflected in the mathematics textbooks in Hong Kong and found the 
impact of technology in the textbooks was a result of top-down curriculum reforms, mostly guided by 
the mathematical content in the curriculum and around three major categories: self-regulated 
learning platforms, IT activities using of different software and projects using internet resources 
(Mok 2014).   
Drawing on our earlier research and related literature in this area, this paper proposes a revised 
analytical framework for investigating the impact of technology in the use of mathematics resources 
in teaching and learning and discuss its implications in this field of research on textbooks.  
 
Introduction 
The development of technology in the field of mathematics education has been rapid and fast over 
the last few decades. There are significant changes with respect to the tools of demonstration, 
devices and display, tools for calculation, drawing and graphing, computer-assisted learning 
platforms and internet. Technology is obviously having an impact on different levels of curriculum, 
including textbooks and acting as an agent of change (Hutchinson and Torres, 1994; Gerhart, Peak 
& Prybutok 2015). Accordingly, we believe it is imperative to advance theoretical underpinnings, 
which have been largely under-developed, for research on the impact of technology on the 
development and use of mathematics resources. Drawing on our earlier research as well as related 
literature in this area, the purpose of this paper is to propose a revised analytical framework for 
investigating the impact of technology in the use of mathematics resources in teaching and learning 
and discuss its implications in this field of research on textbooks. 
This paper draws upon the results of earlier studies and consisted of two parts.  In Part 1, applying 
the framework presented by Fan (2011), the authors discuss the comparison of the textbooks in 
different places (China, Singapore, Hong Kong (Fan 2011, Mok 2104). The results showed the 
impact of technology in textbooks has been influenced by curriculum reforms in the Asian context, 
clustered around three major categories: self-regulated learning platforms, IT activities making use 
of different software and projects making use of internet resources.  In Part 2, the authors discuss 
the findings of the project “Fundamental challenges in using Digital Technologies in Secondary 
Mathematics classrooms: a comparison between different paradigms, over time, and between 
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places” (called DTMC later)1 and discuss the malleable and robust features in mathematics lessons 
to in contrasting paradigms over time. Finally, supported with the earlier studies, we present an 
analytical framework for studying the impact of technology on the use of mathematics resources in 
learning and teaching. 
Theoretical Background 
As far as the impact of technology on the use of resources is concerned, we take into consideration 
in the theoretical background the factor of the development of technology over time that has 
significant changes in availability; the different development in the context of different topic areas 
(e.g., algebra, geometry, statistics), and the principles for textbook development (Fan 2010), for 
their significant influence on the epistemological and ontological nature of school mathematics.  

Development of technology 
Mathematics is often linked with technology. The relationship between mathematics and 
technology is indeed close and intertwined. The impact of technology on mathematics education, 
according to Roberts, Leung and Lins (2013), has gone through the stages from the slate to the web, 
bringing significant changes in the aspects of tools of demonstration, support of teaching and 
learning, the tools of calculation as well as the access of the virtual world via internet. With respect 
to tools of demonstration, there is significant enhancement and progress in the devices and the mode 
for display: blackboard, flip-chart, whiteboard and overhead projector OHP, computer, and all kinds 
of mobile devices today.  With respect to support of teaching and learning, there are the use of 
different manipulatives and tools, such as, straight-edge and compasses, blocks; these can be found 
in the computer and tablets. With respect to the tools of calculation, there are: slide rule, electronic 
calculator in the 70s and 80s; the computer algebra system CAS in the 90s and mobile devices 
bringing about incredible enhancement for information, storage, display and demonstration in the 
21st century. Finally, there is the access to the Virtual Worlds. Via the internet, we can access 
knowledge with convenience in all kinds of formats.  
Different development in different topic areas 
Algebra. When we look into the content of the mathematics per se, there are changes. For example 
the Computer Algebra Systems (CAS) has changed the role of algebra in the school curriculum 
(Heid, Thomas & Zhick 2013). CAS makes possible the symbolic manipulation linked with 
graphical, numerical, and tabular utilities and the symbolic links to spreadsheets and dynamical 
geometry programs; allowing for new explorations of mathematical invariants, active linking of 
dynamic representations; engagement with real data, and simulations of real and mathematical 
relationships. 
Geometry. With respect to geometry, the invention of Dynamic Geometry Software (DGS), such as, 
Sketchpad, Cabri, Geogebra, has significant didactic and research implication (Sinclair & Robutti 
2013). Proof and verification is no longer dominated by the traditional Euclidean approach.  The 
dragging and measurement facility in the DGS platform has change the possibility and potential for 
students making conjectures, exploring properties and relationship in geometry.  
Data handling. With respect to data handling, the opportunities for using real data and the 
availability of statistical softwares are greatly increased because of websites and apps. Students can 
easily get access of statistical tools and authentic data in the internet. For example, the Gapminder 
website (www.gapminder.org) for which Hans Roslings’ project has made 200 years of global data 
readily accessible for exploring trends and relationship between a range of variables, related to the 
world poverty issues. Students can easily visualize and experience the power and joy of statistics in 
their exploration of global issues.  
                                                             
1 Acknowledgement: The project is funded by General Research Fund, the Research Grants Council of Hong 
Kong, China. Mok, Ida Ah Chee, “A Change of Paradigm: A Close-up at Learning Tasks” in the 
International Conference for Chinese Association of Mathematics Education, Wuhan, China, 2016. 
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Last but not least, with the development of internet, sharing and exchange of knowledge in public is 
highly feasible and within a community knowledge can be developed and rapidly shared, hence, 
fixed and tangible resources are no longer considered as sustainable competitive advantage for such 
assets may quickly available to the others (Sharratt & Usoro 2003). As a result, self-learning 
capacity and collaboration skills become important. 

Six principles of textbook development 
At the 2010 APEC Thailand Conference, Fan proposed six principles for textbook development 
including Curriculum Principle, Discipline Principle, Pedagogy Principle, Technology Principle, 
Context Principle, and Presentation Principle (Fan 2010). Later, in his study of the impact of 
technology on mathematics textbooks in China and Singapore for the last 15 years, Fan (2011) 
offered an operational definition for ICT for studying textbooks that included: calculator, computer, 
internet and software, and argued that in studying the impact of technology on mathematics 
curriculum one should include three questions:  
• What to teach (content of learning) 

• How to teach (a tool to facilitate learning) 

• Why to teach (an objective of learning) 
The six principles can be integrated into the three questions in studying for the impact of 
technology on textbooks and resources, e.g. these principles may apply in an integrated manner, 
thus, changing the outlook as well as the depth of the students’ experience of a specific content in 
the curriculum where technology may be applied, how technology may as a tool to facilities the 
learning of the content, what goals the students may achieve in carrying out the technology 
integrated tasks or activities, whether we want them to learn the mathematics or the technology.    
Study one: Analysis of textbooks of different places (China, Singapore, Hong Kong) 

 (1) Fan (2011) reported a comparison of two series of textbooks: China and Singapore. 
Findings from the current mathematics textbooks (China) show that there are mainly three types of 
use of technology: 
• Use of scientific calculators to find value, to calculate, and to explore (Purposes: for what to 

teach, why to teach, and how to teach) 

• Use of Internet as a resource (often optional only), mainly for reading, project tasks, and 
exploration work (Purposes: for how to teach/learn) 

• Use of specific software such as excel and GSP (Sec. 3) to construct, calculate (average), and 
graph (Purposes: for what to teach, but also for how to teach) 

Findings from the current Mathematics Textbooks (Singapore) shows that largely similar to 
Chinese textbooks, there are also mainly three types of use of technology: 
• Use of scientific calculators to find value, to calculate, and to explore (Purposes: for what to 

teach, why to teach, and how to teach) 

• Use of Internet as a resource (most times optional), mainly for exploration and project tasks 
(Purposes: for how to teach/learn) 

• Use of specific software such as excel, spreadsheet programme, a graphing software, and a 
dynamic geometric software (but not specific name given) to construct, graph, and explore, 
often for In-class Activities (Purposes: for what to teach and how to teach) 
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(2) Extension of Fan’s work (Mok 2014) 
Fan (2011) offered an operational definition for ICT for studying textbooks that included (a) 
calculator, (b) computer, and (3) internet and software. Based on Fan’s work, Mok (2014) carried 
out an analysis of one of the most popular series of textbook (Grades 7-9) in Hong Kong which 
included a CD-ROM produced by the publishers accompanying the textbook, the major types of 
technology are:    
• Calculator: Using the calculators to find value, to calculate and to explore. 
• Internet E-tutor: The E-tutor in the publisher’s website providing e-guidance for the selected 

questions in the revision exercises. 
• Internet: Additional resources and information for projects. 
• Software, Internet and the CD-ROM: One type of activities uses in the Internet for exploration 

and these are guided by the activity sheets and files in the CD-ROM. Another set of activities 
can be carried out in the computer offline that use software such as Microsoft Excel, Geogebra 
or Animation embedded in the CD-ROM for exploring the mathematical concepts. The 
activities are guided by the activity sheets and the files in the CD-ROM. 

• Other supplementary materials provided by the publishers: Other resources include, glossary, 
activity sheets, power-point presentation files and drilling program. 

By comparing the work of Fan (2011) and the work of Mok (2014), there are some further 
development in the use of IT on textbooks: (a) providing an interactive E-tutor on the internet by 
the publishers, and (b) the publishers’ production of supplementary materials that enhanced the 
display of content in teaching and provided further practice for students.  
(3) Some examples from the analysis of Hong Kong textbooks 
Figure 1 shows the software, internet and IT activities are identified in the curriculum document in 
advance and suggesting a certain direction that may possible change the nature and process of 
learning in the classroom. Some examples that may have a significant impact on what and how the 
teacher may teach a topic are listed here and they includes input of technology in symbolic 
manipulation, spreadsheets, and engagement of students in exploratory work or self-study materials.   
• Activity using GeoGebra such as transformation and trigonometry (figure 2), 
• Using an animation to justify the “Identity of the difference of two square” (figure 3), 
• Exploring the value of  the square root of 2 in a e-worksheet (figure 4), 
• E-tutor: A student self-regulated interactive platform with exercises supplied by the publishers.  
• Projects. 

 
Figure 1. The topics highlighting the use of technology in the Hong Kong textbooks. 
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Figure 2. Example of using Geogebra 

 
Figure 3. Using animation to justify the identity of 

the difference of two squares. 
 

 
Figure 4. A e-worksheet for exploring the value of the square root of 2. 

 
The E-tutor platform. It is worthy to mention a new feature, the E-tutor platform developed by the 
publishers, which was delivered to the students via the internet. At the end of each chapter, there 
was a revision exercise with support was provided by the E-tutor on the internet. The E-tutor 
provides: 
• A collection of problems of varied difficulty for the topic is provided.  

• Self-study guide: The e-tutor provided hints, outline of method and a list of the knowledge that 
they needed to solve the problem, serving a reference to a specific parts i the textbooks for 
further reading.  

• Students’ autonomy: The students might login in their accounts to use the e-tutor in the 
publisher’s website.  

Comparing with the findings of the earlier work of Fan (2011), the findings in Mok’s study shows 
that the development of technology in textbooks and mathematics resources are picking up 
momentum. To conclude briefly, the publishers play a pivotal role in making suggestions and 
production that may influence how the teaching and learning in the lessons, especially for those 
teachers who are not ready to produce their own teaching materials. There is a trend for providing 
more opportunity for exploratory work, mathematics work that can make use the advantage of 
graphical interpretation and self-regulated activities.  
A contrast of paradigms over time: What are malleable or robust in mathematics 
lessons? 
Mathematics had been a long established subject, its content is pretty stable, curriculum in different 
places covers similar topics at similar levels (see TIMSS 2015 Encyclopedia, 
http://timssandpirls.bc.edu/timss2015/encyclopedia/countries/hong-kong-sar/the-mathematics-curri
culum-in-primary-and-lower-secondary-grades/). For example, for some mathematics topics in the 
case of Hong Kong, over the past twenty years, despite the change of syllabuses, some similar 
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problems might be used in the lessons for demonstration and student work. How may the input of 
technology make a change in the use of such mathematics problems? What features are malleable or 
robust in mathematics lessons? We seek answers from the findings of the DTMC project. 
The DTMC project aims to compare the variation in paradigms of mathematics lesson with and 
without an application of digital technologies over two different period of time (2000 to 2002 and 
2015 to 2016) in the Hong Kong context. Lessons videos of competent teachers collected with three 
cameras-approach (teacher camera, student camera and whole-class camera) in a naturalistic 
manner. The Learner’s Perspective LPS design was employed for the research methods and the 
video data were supplemented with post-lesson teacher and student interviews. The 2000 set of data 
consist of 30 grade eighth lessons of three competent teachers and the 2015 set of data consist of 16 
grade eighth lessons of two teachers with both lessons using IT and not using IT. To show the 
contrast of snapshots over two paradigms, an illustration is given in figure 5 which shows some 
snapshots of the lesson events in the lesson in 2000 and the lessons in 2015 (figure 5). The 
snapshots were selected specially to show that there were changes but there were something that are 
persistent and supportive to learning, and were much appreciated by students. These features were 
clear explanation and demonstration in teacher-talk and the between-desk instruction while students 
doing problems during the lessons. In the 2015 lessons, in fact many episodes were quite similar to 
the picture in 2000, the activities such as between-desk instruction, clear explanation, board work 
mixed with Geogebra display happened very often. The picture in figure 5 was chosen for the 
teacher created a special lesson for the topic trigonometry, there was an activity in which the 
students used the apps in the ipad to measure the height of a building and this brought them doing 
mathematics outside the classroom. The students learn about the tasks the day before the lesson and 
they chose their own tools (apps) and sorted the measuring method. The findings showed that 
technology had given the opportunity for the teacher to create a special learning experience and the 
students showed great appreciation of this special experience the collaboration, hands-on and 
realistic nature of the activity. 

 
Figure 5. Some snapshots of Hong Kong lessons (2000 and 2015) 

Conclusion and Discussion  
The impact of technology on the use of mathematics resources was explored under the three 
questions framework. The investigations were carried out in an Asian context with a background of   
curriculum reforms. An explicit impact was found in the textbooks that often could be seen as a 
major resource. A quick change may be some topics and individual contents reflecting the 
developing technology trajectory in the mathematics curriculum. The change brings about certain 
direction for pedagogy and the nature of the content of the subject matter. On the one hand, the 
change in terms of contents were patches of insertion into the overall curriculum. These do not 
bring about much change in terms of content. On the other hand, the choice of the use of technology 
gives much room for the teachers to create special learning experience for students that may give 
students more opportunity for exploratory, application of realistic mathematics and self-regulated 
learning capacity. Figure 6 summarizes the revised framework we propose for investigating the 
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impact of technology in the use of mathematics resources for answering the three questions: What 
to teach? How to teach? Why to teach? 

 
Figure 6. A proposed framework for investigating the impact of technology on the use of mathematics 

resources 
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LEARNING MATHEMATICS WITH VIDEOS 
LILIANE XAVIER NEVES, MARCELO DE CARVALHO BORBA and HANNAH 
DORA DE GARCIA E LACERDA 
 
Abstract 
In this paper we discuss about how students’ interaction with digital videos has changed the types 
of educational materials used for learning. Elements that characterize audiovisual materials take 
educational tools to a new level and make videos, infused with visual elements, orality, gestures, 
and sounds, a source of educational information. The research of "Digital videos in distance 
learning mathematics" focuses on these main ideas and proposes, from a Freirean perspective, the 
joint production of videos by students and teachers to express mathematical content discussed in the 
classroom. Videos produced by a collective of humans-with-media may become a digital object 
from which others can learn. Considering that education must be connected to digital wisdom, in 
these times when our sense distinction is being transformed, this research focuses on an annual 
video festival that creates a locus for sharing these digital educational materials. 
1. Digital Videos and Mathematics Education 
For decades, the use of technologies as a resource for teaching and learning mathematics has 
motivated discussions that have influenced many researches conducted in Brazil. Borba, Scucuglia, 
and Gadanidis (2014) report that changes in society due to technological innovations and the 
democratization of the Internet have also begun to be reflected in classroom. The authors organize 
these changes, with attention to the use of digital technologies in the teaching and learning of 
mathematics, into four phases called "phases of the digital technologies in mathematical education"; 
the last still persists. 
According to these authors, the first phase of digital technologies in mathematics education began 
around 1985 with the use of LOGO software, and it was also marked by the emergence of computer 
labs in schools and the technological training of teachers. The popularization of personal computers 
signaled the beginning of the second phase with the production of educational software, especially 
software in the area of dynamic geometry. This led to new possibilities that required a 
reorganization of pedagogical methods used by then, along with a change in the teacher's usual 
posture in classroom. The software created in this phase provided an analysis of the behavior of 
functions from experiments with technologies exploring the dynamic and visual characteristics of 
software in a mathematical research environment.  
The Internet was introduced in the educational scenario initially as a tool to search for information 
and also as a means of communication, which Borba, Scucuglia and Gadanidis (2014) claim 
characterizes the beginning of the third phase of digital technologies in mathematics education. At 
this stage, the production of knowledge took a new seat regarding the notions of time and space 
related to teaching and learning, with the provision of distance learning courses for teachers. 
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Mathematical thinking started to be developed in the virtual environment as well, and researchers 
began to question how mathematics is transformed in this new environment capable of integrating a 
variety of media artifacts. 
In the fourth phase of technologies in mathematics education, the idea of mathematical knowledge 
being produced in the virtual environment intensified with the improvement of connection quality. 
Society had been transformed by increasingly rapid technological innovations and the 
democratization of access to these new technologies. At the beginning of this phase, the terms 
digital natives and digital immigrants emerged. Prensky (2001a) characterized “students of the 
twentieth-century as natives of a digital language of computers, video games and the internet.” On 
the other hand, there were those who were not born in a digital world but who would embrace the 
new technologies in their lives. These the author termed digital immigrants.    

It is now clear that as a result of this ubiquitous environment and the sheer volume of their 
interaction with it, today’s students think and process information fundamentally differently from 
their predecessors. These differences go far further and deeper than most educators suspect or 
realize. [...] we can say with certainty that their thinking patterns have changed. (Prensky 2001a, 
p. 1) 

In fact, for students surrounded with environments permeated by digital technologies for a long 
period of time, the way of producing knowledge was generally different.  
In this scenario transformed by digital technologies, we highlight the definition of educational 
technologies approved by the Association for Educational Communications and Technology 
(AECT) as the "study and ethical practice of facilitating learning performance and improvement 
through creation, use and correct application of technological processes and resources " (Leite & 
Aguiar 2016, p. 36). The notion of educational technologies has a broad dimension as being a 
resource that potentiates changes in the process of teaching and learning. Yet digital videos bring 
different possibilities for the development of educational activities. 
Oechsler (2015) grouped the researches involving the use of videos in the educational field and 
emphasized, without focusing on a specific discipline, the use of cinema in the classroom. The 
survey also indicated the use of videos in teacher training excerpted from class films to group 
discussions of teachers, beginners or not, in order to predict actions and bring reflections on themes 
and dynamics to their classes. Also mentioned was the use of videos in qualitative research for the 
collection and analysis of teaching experiments, since they provide details in short periods of time 
that can be seen repeatedly, as well as and the visualization and production of videos in the 
classroom associated with the notion of Digital Performances Mathematics (Borba, Scucuglia & 
Gadanidis 2014).  
A viewpoint of teachers using videos as digital educational objects in math classes was reported in 
the research of Amaral (2013). This qualitative research focused on the analysis of digital 
educational objects of specific textbooks with respect to the specialized mathematical knowledge of 
the teacher involved in the exploration of such objects. The results indicated that the use of digital 
educational objects, including videos, was associated with the domestication of the media and 
promoted little interactivity. According to Borba, Scucuglia and Gadanidis (2014, p. 41), "the 
domestication of the media is related to the use of technologies in the same way and anchored in the 
same practices that were conditioned by other media." When we domesticate a medium, we stop 
using its potential that surpasses the old media, such as using a video lesson in a class where the 
teacher is present. 
Digital videos make it possible to combine visual elements, graphics, orality, gestures, body 
expressions, and sounds with the purpose of transmitting an idea. Jewitt, Bezemer and O'Halloran 
(2016, p. 411) indicate that “the term ‘multimodality’ was used to highlight that people use multiple 
means of meaning making.” Thus, considering the specific potentialities of this technology, it is 
possible to visualize different mathematical activities that can be developed in the classroom. 
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The video has been implemented as an educational technological resource in this sense. Particularly 
the possibility of the videos to unite several forms of expression, consequently enables the students 
to reflect deeply on mathematical content when they produce them. 
Ferrés (1995) says that the video stands out as something that is not only related to the media, but 
also to the language, since it requires the interlocutors to express themselves in audiovisual form, 
where several modes are used synchronously in an aesthetic synthesis with concordant logical 
significations (Wohlgemuth 2005). We believe that to carry out this synthesis in order to express a 
mathematical idea in a video, the student, working together with the teacher, should mobilize 
different aspects of the mathematical concept in question, producing a didactic resource at the end 
of the process that will serve as support for other students learn. 
2. The reorganization of thinking in the process of producing videos with mathematics 
The process of organizing ideas to express it in an audiovisual format takes us the question of how 
videos influence the way knowledge is constructed. Borba and Villarreal (2005) argue that thinking 
is collective and influenced by human-media systems. The authors emphasize the importance of 
thinking about the contributions of all the elements involved in learning. In addition, they consider 
that the media shapes the human being and, conversely, the human being shapes media as well, thus 
influencing the way knowledge is generated. For example, in the production of mathematical 
knowledge within an environment that makes use of digital technologies, everything happens in a 
qualitatively different way from the environment where only pencil-paper is used.  
We realize that the production process of videos reveals a moment of organization of the ideas that 
will be expressed in the audiovisual format. This organization of the thought involves mathematical 
knowledge and elements that make up the video defined in a script as well as the resources used to 
produce the video. All are used in order to achieve a synthesis in which the mathematical idea is 
best expressed. In this movement the mathematical content must be seen and reviewed in different 
ways until it arrives in the ideal format according to the purpose of the video. This takes us to the 
metaphor humans-with-digital videos. 
Prensky (2001a, 2001b) characterizes twentieth-century students as natives of a digital language of 
computers and the Internet, and affirms that today’s students think and process information 
fundamentally differently from their predecessors. Thus, we think the collaborative production of 
videos with mathematical content among students and teachers as a possibility of knowledge 
sharing. Students (digital natives) and teacher (digital immigrant) exchange technical knowledge  
 
 

Figure 1: Shared knowledge in the production of videos on Mathematics.Source: The author himself. 

about the necessary technologies required for audio-visual production and mathematical knowledge 
(Figure 1). In the process of video production, when seen as a collaborative activity 
betweenstudents and teachers, the student exposes his/her knowledge about manipulation of new 
technologies. Here we refer to the student as a digital native. In this process the teacher shares the 
theoretical knowledge and helps in the organization of ideas in order to express mathematical 
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content in the audiovisual format, which is the purpose of this digital didactic material being 
produced. In addition, the student has the opportunity to share his/her practical knowledge obtained 
from experiences and observation of everyday situations. This enriches the student-teacher 
relationship, since the teacher can better understand the student's universe, his/her previous 
knowledge and way of learning. All this contributes to the process of teaching mathematics 
specifically. 
The collaboration between teachers and students has been related to what Paulo Freire has for 
decades called a “horizontal relationship.” From this perspective, the actors involved in a given 
teaching activity jointly elaborate goals and procedures.  
With this in mind, we think about the possibilities of collaborative construction and use of videos in 
the training of mathematics teacher undergraduates, understanding that collaborating is the working 
together, all are supporting each other and aiming to reach common objectives negotiated by the 
group (Fiorentini 2013). We agree with Onuchic and Allevato (2009, p. 173) that “significant 
experiences lived by the mathematics pre-service teachers are reflected in classroom, determining 
the extent of the change that their future students will experience in practice.”  
The elements discussed in this section constitute objects of the research project "Digital videos in 
distance learning mathematics" carried out by researchers from the São Paulo State University 
(UNESP), Institute of Geosciences and Exact Sciences, Campus Rio Claro. 
3. The research on video production  
The research question for the project “Digital Videos in Distance Learning Mathematics” is what 
are the possibilities of collaborative digital video production by researchers, teachers, and students? 
With this question, we seek to understand the possibilities of collaborative construction and the use 
of videos, seen as multimodal artifacts, in the mathematics teachers’ training degrees of Open 
University of Brazil (UAB)1. In addition, the project includes actions such as mapping the way 
digital videos are used in UAB Mathematics degrees and actions to understand how students and 
teachers can generate videos that express their knowledge and serve as learning objects for others. 
The project also provides an analysis of the possibilities of the video festival, which was created as 
a locus for interaction between the university and schools that participate in the project. 
Initially, the problem developed in the research project "Digital Videos in the Distance Learning 
Mathematics" was related to the use and production of digital videos in undergraduate courses in 
Distance Learning Mathematics of the UAB. There was expansion of the research field to include 
classroom courses at UNESP, as well the basic school scenario in the state of São Paulo.  
This research project intends to intervene in distance learning mathematics courses and basic 
schools to encourage collaborative video production by mathematics pre-service teachers, tutors, 
teachers, and students. This intervention will result in digital mathematical videos that will be part 
of the “Festival of digital videos and mathematics education.” This action promotes the 
popularization of this type of production in schools and universities and favors the communication 
of mathematical ideas in the classroom, enabling qualitative improvements in the investigated 
scenarios. 
This action supports and justifies the challenge proposed by the research project "Digital Videos in 
the Distance Learning Mathematics" to take the idea of collaborative construction of videos with 
mathematical content to mathematics classrooms, considering their different models. The research 
also stands out for appreciating the communication in mathematical learning, a theme not addressed 
in the Brazilian researches related so far. 

                                                             
1 “The Open University of Brazil is a system composed of public universities that offers higher education 
courses for the population that have difficulty access to university education, through the use of distance 
education methodology”. Available in http://www.capes.gov.br/component/content/article?id=7836. Access: 
September 2017.  
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We understand that research procedures such as interviews, participant observation, and 
intervention are conditioned by the vision of knowledge as well as by the goals themselves (Araújo 
& Borba 2013). Conversely, research procedures, equipment used, software, the question and goals 
help to shape what is meant by knowledge. It is in this sense that the research methodology is 
understood here as the amalgam between the vision of knowledge and the operationalization of this 
vision in a given investigation. The objectives presented above are associated with qualitative 
procedures. Knowledge originating from qualitative research is appropriate to bring silenced voices 
to the surface (Poupart et al. 2010).  
In this research, we performed interviews, participant observations in attendance and virtual 
environments, and interventions in undergraduate courses in mathematics of UAB and schools of 
Basic Education. With the intervention in the form of a collaborative work, we proposed and, at the 
same time, investigated aspects of the collaboration itself to produce materials that serve as 
expressions of learning and objects of teaching to those who produce and/or assist them. 
The project team is composed of the coordinating professor, a student of scientific initiation, two 
masters and six doctoral students. Within this research group, we practice what Lincoln and Guba 
(1985) call peer debriefing: researchers in the group discuss the interpretations made by a given 
researcher on the constructed data. In this way, knowledge is generated, though the subjectivity of 
individual interpretations is challenged by fellow researchers. Therefore, the analytical process is 
carried out in two dimensions: collective and individual. After switching individual perspectives to 
excerpts of raw data, we come together to analyze individual analytical work and to confront 
interpretations. These meetings give the collective character of analysis, because we often change or 
create new themes. 
Among the subprojects linked to the research project "Digital Videos in the Distance Learning 
Mathematics" under development, one doctoral subproject is focused on investigating the potential 
of artistic elements in the communication of mathematical ideas developed in videos submitted to 
the Festival. Two others have Basic Education as a research scenario. One, a doctoral subproject, 
investigates how videos collectively produced by teachers and students can be used as a form of 
expression for learning and as methods of teaching. The other, a master's one, discusses the role of 
video in the production of digital mathematical narratives of basic school students, from the 
perspective of developing their autonomy in relation to mathematical learning. 
Four other subprojects have their focus on the pre-service courses in mathematics of UAB. One 
doctoral student has the objective of investigating the particularities of the Festival, researching its 
impact on the students, teachers, tutors, and disciplines of the courses. From another perspective, 
based on communication theories, a master student seeks to understand how mathematics is 
communicated by students of one of these courses through audiovisual means. Another doctoral 
student investigates how the multiple representations are explored by undergraduate students in 
mathematics of UAB when they produce videos on Analytical Geometry. We also have another 
doctoral researcher investigating the use and production of videos, in the form of multimodal 
discourse, in the subject of Supervised Internship in another course from UAB. We are considering 
that the interaction between the aforementioned subjects can be enhanced in an environment 
promoted by the use of digital technologies and visual arts that merge as a way to enable the 
communication of mathematical ideas and expression of learning. 
Video research began to be explored in the Research Group in Informatics, other Media and 
Mathematics Education (GPIMEM) in 2006, with projects funded by national and Canadian 
agencies (SSHRC). In addition to the undergraduate courses in Distance Learning Mathematics of 
the UAB, the research proposed here also develops in Basic Education. The purpose of this 
interaction between these two levels of teaching is linked to interest in how videos, made 
collaboratively by students and teachers of UAB courses, will be used as a form of expression of 
their learning and as an object of teaching by their users. In collaborative work, leadership is shared, 
with co-responsibility for the conduct of actions. 
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In Brazil, approximately half of the undergraduate courses use the distance learning modality 
(Brasil, 2013). Viel (2011) and Santos (2013) point out the limitations regarding the use of 
technology in the pioneering course of distance pre-service teacher learning (in the online phase) 
within the public institutions. Among the limitations noted, there is a lack of interaction between 
students and between students and teachers. This fact justify the "proposal" of this research to study 
the possibilities of interaction between virtual undergraduates and undergraduates and teachers by 
means of digital videos. 
The dialogical position supported by the project highlights establishing a horizontal relationship 
between students and teachers, in the sense discussed by Freire in several works such as “Pedagogy 
of the Oppressed” (Freire, 1968). In the research carried out in the GPIMEM exploratory manner, 
we initially thought about the use of videos in education as a function of the teacher. Yet we quickly 
understood the need for video production to be a way for students to express themselves. Thus, we 
incorporated it into disciplinary evaluation processes and put ourselves, as teachers and researchers, 
in the role of also learning from students' expressions made through digital artifacts. 
"Digital wisdom," understood as the ability to produce meanings within a medium characterized by 
plasticity that continuously combines new forms of expression, proposed by Boll and Axt (2011, 
51), can become a useful concept to analyze the quality of undergraduate degrees in mathematics of 
the UAB. 
4. First Festival of Digital Videos and Mathematical Education 
As an activity related to the project, we held the First Festival of Digital Video and Mathematics 
Education as a way to create a space for virtual dialogue for mathematics undergraduates and basic 
learning students. With this festival, we also sought to connect with the virtual environment by 
creating an annual festival where videos are presented, using a multimodal discourse that includes 
usual text, usual filming, animation, and mathematical software. At the festival we had the 
participation of a judging commission formed by mathematicians, mathematical educators, artists, 
and members of the community. Virtual focus groups, interviews, and quantitative analysis of 
assessments were procedures used to produce the data in the festival.  
The First Festival of Digital Videos and Mathematics Education began in March 2017 with 
submissions and ended in September that same year with an awards ceremony. A total of 379 
students and 51 teacher participants submitted 118 videos. Of the 118 videos, 78 were produced by 
students of basic education, 31 by undergraduate students in mathematics, and 9 by students from 
other undergraduate courses. Of the 27 federative units of Brazil, representatives of 15 states 
participating in the festival, indicating the event had a significant reach. 

 
Figure 2: Number of videos participating in the event per unit of federation of Brazil. Source: Data of the 1st 

Festival of digital videos and mathematical education. 
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The videos were analyzed by a group of 8 jurors, including mathematicians, applied 
mathematicians, educators, mathematical educators, and artists, all who additionally discussed their 
impressions about the festival and the analyzed videos. These reports also constitute research data.  
There were 118 videos with mathematical content produced by student groups, most in 
collaboration with math teachers. The participant videos dealt with 2nd degree equation, topics of  
plane and spatial geometry, the concept of function, and also the particular cases of linear function 
and exponential function, trigonometry, matrices and systems, arithmetic progression, variation 
rate, symmetry, topics of mathematics history, and circumference, among others. 
The videos were analyzed and there was an opportunity for some correction and editing before the 
deadline for submissions. All 118 digital educational video materials produced for the First Festival 
of Digital Videos and Mathematics Education can be found at www.festivalvideomat.com. The 
videos were divided into two categories: Basic Education and Undergraduate Education. The Figure 
3 shows the image of the Festival site with some of the participating videos. 

 
Figure 3:  Picture of the videos of the 1st Festival of digital videos and mathematics education. Source: 1st 

Festival of digital videos and mathematics education site. 

The results of the project will be evaluated at different levels that relate to the changes caused by 
the actual implementation of those involved. From this implementation, it is possible to obtain 
audiovisual materials for study, as well as disseminate this culture of video production among those 
involved. In order to do this, one needs to investigate how the videos were used before the project’s 
intervention, to discuss the interactions during this process, and to verify its ramifications after the 
end of the project’s intervention. 
The videos participating in the First Festival of Digital Videos and Mathematics Education 
presented different themes. Some were explanatory in character, approaching the mathematical 
content from a problem situation that was solved during the development of the video. Others 
presented an informative theme in which the content was exposed without a practical example, or a 
theme focused on artistic manifestations. 

 
Figure 4: Video scenes “The use of geometry in the pool game”. Source: Data of the 1st Festival of digital 

videos and mathematical education. 

The video “The use of geometry in the pool game” was produced by students of Basic Education 
with the supervision of a teacher. In the video two students simulate a game of pool where one 
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player makes a move based on plane geometry concepts. Due to the curiosity of the second player, 
the first player, using the software of geometry dynamic Geogebra, begins an explanation of the 
resulting movement.  
The topics of symmetry and some congruence rules of triangles are covered in the video from a 
situation problem motivator. The video, in this case, presents itself as digital didactic material that 
can be used as a complement to a theoretical explanation of the concept discussed in the video. 
Ball (1973) affirms that traditional teaching is characterized by the devaluation of the oral 
expression of students, in addition to other things, and believes that learning has, as one of its 
foundations, the orality that allows communication based on knowledge. In view of the scenario in 
which solitary work is highlighted, where one student assumes the position of spectator, the 
challenge is to take the idea of collaborative construction to the mathematics classroom, considering 
their different models. Students and teachers of Basic Education, undergraduates, university 
professors, and researchers relate in a way to think about and communicate mathematical ideas, 
having a festival of videos as a venue for the dissemination and exchange of the works produced. 
5. Final considerations 
The technologies developed throughout history interact with human beings in the production of 
knowledge. The media, be it oral, written, or multi-lingual, are leveraged by the Internet and shape 
the way we produce knowledge, but also the way we are constituted as humans (Borba 2012). Boll 
and Axt (2011) propose, supported by the creator of the term "digital natives" and "digital 
immigrants" (Prensky 2001), that education must be connected to a digital wisdom in these times 
when the distinction of meanings is being transformed. 
In this scenario permeated by the digital technologies leveraged by the Internet, the work of the 
teacher gains a new dimension. Students also require new skills. (Borba, Scucuglia & Gadanidis 
2014). The development of these new competencies cannot be considered an individual’s 
responsibility. A culture should be created to support and deal with creative (non-domesticated) 
uses of the Internet and digital artifacts. 
The multiple uses of video are still little studied and are underused in the area of education, in 
particular in mathematics education, although there are already initiatives underway in this area. 
Just as the availability of paper conditioned the production of knowledge in the eighteenth century 
(Borba & Villarreal 2005), it is reasonable to speculate that new technological possibilities have 
conditioned the production of knowledge in recent years in a way that has not yet been fully 
realized. What seems solid--the plasticity of digital media, "inexhaustible" databases, and the 
mobility of information--has allowed students and teachers to express themselves in a multi-modal 
fashion, often freely and spontaneously. 
Such relationships, therefore, are already part of the daily lives of a considerable number of students 
outside the classroom.  One notices they immerse themselves in social networks on personal or 
general topics through multimodal texts, combining images, texts, and sounds, or even videos of 
their own or of those copied from some database of the Internet, but reproduced with certain 
intentionality. In this project, this means multimodal expression that is reflected in "digital video." 
Thus, digital video can express certain mathematical ideas through orality, writing, gestures, body 
expressions and sounds. It is also possible to think of multimodality as a channel for multiple forms 
of expression, media, medium, and artifacts, which are used for specific contextualization, 
communication, formalization, or mathematical investigation. 
With the development of the research project " Digital Videos in Distance Learning Mathematics," 
we intervene in the virtual environment with the creation of the locus for sharing videos. Our First 
Festival of Digital Videos and Mathematics Education was the first step and has already brought us 
118 videos that present mathematical ideas from multimodal presentations that involve usual text, 
usual filming, animations, mathematical software, among others. Videos are available for math 
teachers and students who want to use them for study, research, or in class. Some of the videos 
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produced during the development of this project are being used in a pre-service teacher course 
taught by a researcher from the GPIMEM research group as a form of exchange. 
These interactions will enable an analysis of how the student understands certain concepts and how 
he or she adapts such mathematical knowledge into his or her life. We affirm this based on the 
observation that many videos produced for the Festival presented a mathematical idea by means of 
simulating a real situation. This fact, in our view, highlights the importance the student attributes to 
content, based on meaning and how it establishes conditions for learning. 
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