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READING GEOMETRICALLY: CHANGING EXPECTATIONS 
ACROSS K-12 FOR READING DIAGRAMS IN TEXTBOOKS 

LESLIE DIETIKER, MEGHAN RILING and AARON BRAKONIECKI 
Abstract 
Students of all ages are asked to interpret diagrams when learning about geometry. Building on our 
prior work, we examine the ways in which expectations for interpreting these diagrams change by 
comparing tasks taken from U.S. textbooks written for first grade to tasks written for high school 
geometry courses. Using a framework that describes five dimensions of reading geometrically, we 
present the analysis of multiple textbook tasks with geometric diagrams. We hope that with this 
elaboration, we will enable other researchers to analyze the geometric diagrams of textbooks to 
advance what we know about the changing expectations of diagrammatic interpretation and to 
support educators by designing opportunities for students to develop strategies for reading 
geometric diagrams. 
 
In this paper, we extend what we have learned from our study of the expectations of textbooks with 
respect to how students read geometric diagrams. In Dietiker and Brakoniecki (2014), we were 
inspired by Pimm (2006) to consider the question, what does a diagram ask of its reader? We 
proposed dimensions of reading geometric diagrams gleaned from analyzing the geometric tasks in 
multiple elementary and secondary textbooks, including traditional and reform curricula from 
multiple countries. These dimensions represent distinct aspects of geometric diagrams that students 
are expected to notice and interpret as they negotiate the meanings of mathematical tasks. Our 
primary concern is that the ways in which students are expected to interpret geometric diagrams 
appears to change; the geometric diagrams in tasks in elementary textbooks expect students to make 
different assumptions about the information in the diagram than those in high school textbooks.  
Since then, we have continued our analysis of U.S. textbooks to learn how the expectation of 
diagrammatic reading changes as students progress through school. In particular, we compared the 
geometric diagrams found in two Grade 1 textbooks with the diagrams of two high school geometry 
textbooks. We developed six codes to describe the geometric reading of diagrams, identifying: 
(1)  how the reader is expected to interpret the diagram as something (e.g., a real life object or a 
representation of a set of objects), (2) whether deductive reasoning with the diagram is required to 
solve the task, (3) if the reader needs to mentally redraw the diagram to answer the task, (4) whether 
the reader needs to interpret conventional markings to complete the task, and (5) if the reader is 
required to read the diagram at all to answer the task. We used this framework to code both the 
words and diagrams found in textbook tasks. We then compared how the expectations of reading 
geometrically differ for younger and older students. Note that this framework only describes a 
reader’s interpretation of a geometric diagram within a textbook and does not represent the 
intention of the textbook’s author. 
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As reported in Dietiker et al. (2017), we found statistically significant differences between the 
expectations for reading geometric diagrams found in first grade textbooks compared to those found 
in the first chapter of high school geometry textbooks. In most cases, elementary readers are 
expected to interpret geometric diagrams as drawn with metrical assumptions (e.g., assuming that 
diagrams are drawn to scale), while the most common expectation of high school readers at the start 
of a geometry course is to interpret the geometric diagram as representing an object that may differ 
from the diagram (e.g., a shape whose angle measures may not match how they appear in the 
diagram). In addition, at the start of high school geometry, students are expected to be able to 
mentally redraw a geometric object represented in a diagram and interpret conventional markings 
within–expectations that we did not find in first grade textbooks.  
In this paper, to further contextualize the differences reported in Dietiker et al. (2017), we present a 
comparative analysis of textbook examples to demonstrate and clarify this coding scheme for 
recognizing the dimensions of reading geometrically.  
Comparing Geometric Diagrams for Reading Expectations across Grade Level  
The elementary and high school tasks in Figure 1 differ notably in the ways that readers are 
expected to interpret the diagrams. First, the elementary task uses diagrams where the reader is 
expected to interpret the diagram as drawn, whereas the high school task uses a diagram where the 
object in the center of the diagram cannot be interpreted as an accurate representation of the 
mystery object, requiring the reader to ignore how it is drawn. Additionally, the diagram in the 
elementary task is necessary to the task, since without the diagram, the task is impossible to solve. 
In contrast, the diagram in the high school task is supplementary to the task, since all information 
needed to complete the task is included in the problem statement. Lastly, we note that the 
elementary task does not require the reader to mentally draw a new figure (i.e., redraw one that is 
not congruent to the given objects in the diagram) while the diagram in the high school task requires 
a reader to mentally redraw the potential solid in order to solve the task. 

 
 

(a) (b) 

Figure 1 - Problems adapted from (a) an elementary textbook (Trailblazers 2008, p. 385) and  
(b) a high school textbook (CME 2009, p. 17) 

Often, the same geometric figures will be present in both elementary and secondary textbooks, but 
their contexts mean that students are expected to interact with them very differently. For example, 
although both the elementary and high school tasks in Figure 2 contain squares that exist in relation 
to other shapes, the tasks require students to interpret the diagrams as representing different types of 
geometric figures. In the elementary task, the squares do not need to be interpreted as geometric 
objects. In the high school task, students need to recognize that the diagram represents many 
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geometric figures at once, in which certain properties, such as right angles, are held constant, while 
the sizes of a and b change. Students must interpret as a representation of multiple objects, 
especially since the length marked a is noticeably different in both high school diagrams. High 
school students need to use deduction to determine unmarked side lengths, and then areas, in order 
to complete the task. Lastly, as in all elementary tasks that we found, the students do not have any 
conventional markings to interpret. The high school students, on the other hand, must interpret the 
side lengths correctly. 

 

 

(a) (b) 

Figure 2. Problems adapted from (a) an elementary textbook (Everyday Mathematics, 2007, p. 285) and (b) a 
high school textbook (CME 2009, p. 15) 

Figure 3 offers yet another contrast that reveals further differences for how a reader is expected to 
interpret a diagram. The elementary task provides diagrams of a cereal box and a can of juice. 
However, rather than see these diagrams as the real-world objects, students are expected to interpret 
these as geometric objects (namely, rectangular prism and cylinder, respectively). The students are 
required to read the diagrams (i.e., they are necessary to complete the task) and they are expected to 
interpret the diagrams as they are drawn; that is, no mental reworking of the diagrams is necessary.  

  

(a) (b) 

Figure 3. Problems adapted from (a) an elementary textbook (Everyday Mathematics 2007, p. 651) and (b) a 
high school textbook (Prentice Hall Geometry 2004, p. 57). 

Similarly, the task from the high school textbook in Figure 3 expects students to interpret a 
geometric diagram as a representation of a real-world phenomenon (i.e., farm with a barn and 
corral). Yet this diagram is expected to be read differently. Rather than being interpreted as the 
geometric object of focus, which is how the juice can or cereal box can be interpreted, the high 
school diagram instead represents one of many potential representations of the corral. For example, 
students are expected to accept that the dimensions of the corral will vary and can even contradict 



 Dietiker, Riling and Barkoniecki 

 378 

the image in the diagram (e.g., when b > h). In that way, we say that the high school diagram 
expects students to be able to “see” the diagram as one of many, by mentally redrawing it to 
correspond to the variety of possible dimensions. In addition, since the problem statement of the 
task contains all the necessary information, the high school geometric diagram is supplementary. 
Discussion 

As shown in this paper, reading geometrically involves connecting objects with real-world contexts, 
recognizing if the diagram is to be taken as drawn or as an abstract representation of a single or 
multiple objects, interpreting with deduction, mentally redrawing, and interpreting conventional 
markings. In addition, we showed how some tasks that include diagrams can be completed without 
consulting the diagram at all. Future research is needed to determine whether the change in 
expectations is abrupt or gradual. Moreover, these differences raise the question of how 
mathematics educators can help students understand how to read diagrams and navigate the 
transitions between the different expected ways of reading. We hope that if educators make these 
expectations explicit and offer opportunities to develop reading strategies, students may gain 
fluency in reading and interpreting mathematical diagrams, which may further enhance their 
mathematical understanding. 
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ANALYSIS OF BRAZILIAN TEXTBOOKS 
LUISA RODRÍGUEZ DOERING, CYDARA CAVEDON RIPOLL and ANDRÉIA 
DALCIN 
Abstract 
In this text we present a synthesis of the "Analysis of Brazilian textbooks" workshop offered to 
primary education as well as undergraduate teachers that was idealized by the three authors and 
presented by the first two at the II International Conference on Mathematics Textbook Research and 
Development. 
Key words: Textbook analysis. Brazilian Textbooks. 
Introduction 
The analysis of Brazilian primary education textbooks constitutes a relatively recent practice in 
Brazil. Although the policies that regulate the choice and offer of textbooks for public school 
students goes back to 1929, it was only in 1996 that the Programa Nacional do Livro Didático 
(PNLD)1 started, assessing the submitted textbooks, and collecting the approved ones in an official 
Guide. Nowadays, with the implementation of the PNLD, each public school, oriented by its 
teachers, indicates three collections of textbooks among the approved ones. The government then 
sends to each school, for free, one of the three indicated collections to be used along the following 
three years. As a consequence, it became part of the reality of the public school teachers in Brazil to 
have available in their classrooms a mathematics textbook that may not have been the one that she 
or he previously suggested. Moreover, very often, this is the only material resource available to the 
students. This shows how important it is nowadays for Brazilian teachers to develop the ability to 
analyse textbooks and to criticize them, as well as the ability to adapt the activities or the textbooks 
texts, creating alternative ones. The same ability applies to educational resources available on free 
websites. 
This was the context in which the authors idealized this workshop. It had three goals: i) to discuss 
the list of items to be analysed in textbooks that exists in the official PNLD Guide and improve it 
with other items suggested by the audience with emphasis on the content, the language and the 
images used in the textbook under analysis; ii) to practice critical analysis of textbooks, working on 
excerpts previously chosen by the authors; iii) to stress the importance of a continuous critical 
textbook analysis, even with PNLD approved textbooks. 
There were nine participants in the workshop, with quite different interests as well as viewpoints, 
which enriched the workshop proposal and contributed to its success: two Elementary School 
teachers who also work for Publishers, three graduate students, three undergraduate students, and 
                                                             
1 The Programa Nacional do Livro Didático (PNLD) is Brazil’s textbook assessment program, which 
includes mathematics, and selects the textbooks that are distributed for free by the Brazilian Ministry of 
Education.  
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finally an University teacher who is responsible for an undergraduate course which has the same 
goal of this workshop. 
The workshop was structured on four moments. In the first 20 minutes, the question What to 
analyse in a textbook? was offered to the audience. Then some slides were presented with the 
criteria put forth by the Brazilian government in the PNLD Guide. For example, books that present 
conceptual errors or sentences that induce to errors or that suggest prejudice or discrimination of 
any kind are nowadays not accepted in the official Guide. During the discussion about the criteria 
defined in the PNLD, one participant called the attention to the lack of a specific item that evaluates 
the existence of activities or didactic situations that could provoke students’ formulation of 
conjectures, motivated for example by the search for patterns that stimulates abstract thinking. This 
was one of the items that were added to the list of items to be analysed in textbooks. 
The second moment of the workshop lasted 40 minutes. During this time, four different one page 
excerpts of textbooks for the second segment of Elementary School2 were chosen for analysis by 
the authors. The nine participants were organized into four small groups, and each group analysed 
one excerpt for 15 minutes. 
The third moment lasted 50 minutes, and was devoted to the presentation of the analysis carried out 
by each group. Each presentation was accompanied by a discussion of all the participants about the 
content covered in each excerpt and the analysis carried out. We report below two of the four 
recorded presentations related to the excerpts in Figures 1 and 2. 
Figure 1 contains an excerpt from a 7th grade textbook. The group started calling the attention of the 
participants for the first paragraph, emphasizing that a definition for base of a triangle is not 
presented in the excerpt, and that it is not possible to deduce, simply analysing this page, whether 
the term base was previously defined or not. The group also criticized the definition of height of a 
triangle, observing that it is presented in a confusing and inappropriate way for a 7th grade student. 
“In fact, the use of the term ‘supporting line’ does not belong to the mathematical vocabulary of 7th 
grade students”, pointed out one of the members of the group. In addition, “the paragraph begins 
considering the side BC as the triangle’s base, and the definition of height does not even mention 
the term base at all”, pointed another one. Another aspect that called the attention of the group was 
that it is not made explicit that a triangle has three bases, hence three heights. Finally, it was 
considered by the group and the other participants that height was not sufficiently explored in other 
triangles, for example, in triangles that have an obtuse angle. 
In the second paragraph, considering the objective to be achieved in the third paragraph, the group 
pointed out that there is a slip of the author: the triangles not only need to have the same base and 
the same height, but they must also be congruent, something which is not emphasized neither in the 
text nor in the image. This was considered by the audience an error that may induce the 
misconception that two triangles of the same base and the same height are always congruent. The 
audience concluded that this situation would justify an exclusion of this textbook by the PNLD, as 
required in the PNLD Guide: there is a statement, supported by an image, which leads to a 
conceptual error. 
The third paragraph presents the deduction of the formula for the area of a triangle, “instead of 
suggesting exploratory activities that allow the creation of strategies by the students (involving 
cut-outs of figures, for example)” remarked one of the members. The group considered this 
approach inadequate, since it does not stimulate the development of mathematical thinking and 
problem solving. 
 

                                                             
2 The second segment of elementary school is from the 6th to the 9th grade. 
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Figure 1: on the left, an excerpt from Bianchini (2014), and its translation on the right 
Another group presented the analysis of a 5th grade textbook excerpt (Figure 2), claiming that it has 
many problems. One of them is that the excerpt consists of an activity “that suggests several 
different interpretations, which even hinder its solving. For example, the word ‘biggest’ in the 
sentence ‘She decided on the biggest one’ is mathematically ambiguous” remarked one of the group 
members. The group also called the attention of the audience to item (b): the command “Choose 
one of Carla’s drawings…” is followed by the sentence “The car is the easiest ...”, suggesting that 
there is actually no choice for the student; also the final commands of this item may confuse a 5th 
grade student, especially the sentence “... it is good to go on counting the squares that form each 
side of the figure in order that the copy turns out well made”. The group pointed out that this 
statement may elicit misunderstandings between area and perimeter: how does a square 
(two-dimensional) form a side (one-dimensional)? The audience agreed with the group that, after 
all, this activity aims to conceptualize perimeter, which becomes clear in item (c) but in the 
beginning it is suggested to the reader the counting of squares, which indicates an aim to introduce 
area. It was also stressed by the group that the question in item (c) (“Do you know what a perimeter 
is?”) deserves attention from the teacher, since it is very likely that the students’ answer will be 
“no”, once the term perimeter is not self-explanatory. 
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Figure 2: On the left, an excerpt from Isolani (2005), and its translation on the right. 

The excerpt also presents images which the group considered problematic: regarding the image of 
the tree, it was pointed out that this image does not help in the understanding of the ongoing 
process. Moreover, the indication of the counting in the illustration is chaotic: there is a “2 1” that 
the student needs to interpret as “2 and 1”, and not as twenty one, remarked one of the members. 
“Also, if the student tries to use as a hint the saying of the snail (“Thus it is easy to calculate the 
perimeter of the figure”), she or he will not be able to calculate the perimeter of the star or the boat, 
since parts of those figures are formed only by portions of squares. In addition, and this was 
considered a serious mistake by the group and the audience, students are induced to choose the car, 
whose perimeter is not easy to be determined, “because it is not a simply connected picture”, 
remarked one of the participants; hence, in order to calculate the perimeter of the car, it would be 
necessary to discuss with 5th grade students whether the windows are part of the perimeter of the 
car, or not. All the participants agreed that all the chosen drawings were inadequate to introduce the 
concept of perimeter with 5th grade students. 
The group ended its presentation saying that the idea behind the sentence “For the copy to be well 
made” may discourage students to try any other strategy of their own. The opportunity to stimulate 
students to outline their own strategies is once more lost. 
In the fourth and final moments of the workshop, a reflection was carried out concerning the 
process of textbook analysis. The participants concluded that both excerpts needed reformulation. 
Two aspects were then stressed by the authors: i) it is imperative that the teacher examines critically 
the textbook adopted for the classroom; ii) critical analysis is a practice that needs to be developed. 
The objectives set for the workshop were attained, in the opinion of the authors. The most important 
conclusion of the participants was about the need for specific activities involving the analysis of 
textbooks (or even specific courses with this aim), which should be part of the curricula of 
pre-service undergraduate teachers’ education. This would allow future teachers to go through the 
process of textbook analysis, enabling them to develop a critical and flexible look on the materials 
offered by institutions, publishers and Internet. 
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MATHEMATICAL LESSONS IN A NEWSPAPER OF PORTO 
(PORTUGAL) IN 1853: A SINGULAR EPISODE IN TEACHER 

TRAINING 
HÉLDER PINTO  

 “Não se deve exigir da infancia mais do que ella é capaz, também se não deve 
exigir menos: é perigoso resumir tanto que deixem de saber o que devem aprender; é 
enganal-os, é fazer que mais tarde lhes custe muito; sem esforços não ha saber.”  
[One should not demand more from childhood than they are capable of, nor demand 
less: it is dangerous to summarize so much that they do not know what they should 
learn; it is deceiving them, and making it harder later; without effort there is no 
knowledge] 
António Luís Soares (Soares 1853, p. 245) 

 
Abstract 
In this workshop in ICMT-2017 we presented and analyzed the lectures published in 1853 by 
António Luís Soares in detail. Since it is impossible to do so in these pages, we just highlight some 
parts dedicated to the metric system and its comparison with the ancient Portuguese units. 
 
The Industrial Association of Porto was founded in 1849 in the city of Porto (Portugal). This 
association was formed by the high society of the city (608 members in 1853): 192 
artisans/artifices, 36 manufacturers, 174 traders, 48 goldsmiths, 32 landowners, 30 medical doctors 
and chemists, 84 public servants, 5 farmers, and 7 militaries (Soares 1853, p. 307). The industrial 
education was one of its first priorities, having created the Industrial School of Porto in 1852, with 
the following graduations: factory director, overseer of public works, overseer of machines (steam 
engines), overseer of mines, telegrapher, master of public works and master of chemistry. There 
was also a factory worker graduation that was preparatory for all the others courses. In 1853, 
António Luís Soares, professor of this school, published several arithmetic lessons for primary 
education in the newspaper of the association, a biweekly newspaper whose first issue came out on 
1852 – Da exposição dos elementos da arithmetica na aula de instrucção primaria da Associação 
[Lecture of the arithmetic elements in the Association’s primary school grade].  
António Luís Soares (Porto, 1805 – 1875) was a professor of the Polytechnic Academy of Porto 
since 1836 (First lecture topics: Arithmetic, Elementary Geometry, Trigonometry and Elementary 
Algebra) and a professor of The Industrial School of Porto since 1852 (Arithmetic, Algebra and 
Geometry) (Pinto 2013, pp.139-140). There is a lack of information about this professor and, except 
for the text that we present here, there is only a reference (Carvalho 2017, pp. 9-10) to another text 
(Exposição dos elementos de Aritmética para uso dos estudantes do Colégio de Santa Bárbara na 
cidade de Pelotas, Pelotas, Brazil, 1849), an arithmetic book published in Brazil. No copy of this 
text was found (Scipião says that António Soares was in Brazil between 1847 and 1851, but no 
justifications for his stay are pointed out). The Polytechnic Academy of Porto (created in 1837, 
replacing The Royal Academy of Navy and Trade Affairs of the City of Porto from 1803) and the 
Industrial School of Porto (1852) were connected in various ways like, for instance, many 
professors taught simultaneously in both schools and both shared the same building until 1933 
(about 80 years). There were also proposals to fusion both in one single institution. However, there 
was a major reform of the Polytechnic Academy of Porto in 1885 (in 1884 the Academy received 
the most important Portuguese mathematician at that time: Gomes Teixeira) and, at that point, the 
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difference between the two institutions was definitely settled: one more theoretical (university level 
studies) and the other more technical (intermediate studies). One of the most important 
characteristics that both schools shared was the fact that both were created to attend effective 
necessities of the city (sailors, trade men, engineers, industrial and commercial workers,…) and 
both were funded by the initiative of private institutions of the city (Alves 2006, Serra 1989, and 
Pinto 2013, pp. 107-179). 
Even before the creation of the Industrial School, although primary education was not the main 
focus of the Industrial Association, a course of «reading and writing» opened, which was attended 
by 117 students (many of them were destined to the Industrial School). This group included 25 
individuals who attended these lectures in order to propagate this knowledge for several villages 
around the city of Porto. António Luís Soares was intended (Soares 1853, pp. 243-244) to address 
to these 25 “future teachers” in order to present some works on teaching of arithmetic. Just a few 
could “attend the invitation” (why?) and so the alternative was to publish such works in the 
newspaper of Industrial Association of Porto (figure 1). 

 
Figure 1. Header of the newspaper of the Industrial Association of Porto (number 16, April 1, 1853). 

The author makes, in the first issue, several considerations about the importance of propagating the 
basic math instruction, either for industry either to the trade workers, two important activities for 
the city at the time. In the following table, the structure of these lessons is presented (table 1). 
 

Date Number (pp.) Sections Lessons 

April, 1 
16 

(pp. 244-248) 

Section 1: 

Formation 
of the 

numbers 

Introductory observations 

1. numeration system 

2. spoken numbering 

May, 1 
18 

(pp. 277-281) 

3. written numbering 

4. observations about quantities 

June, 1 
20 

(pp. 307-312) 

5. metric system (units, multiples and 
submultiples) 

6. metric system (written abbreviations) 

July, 1 
22 

(pp. 339-345) 

7. the “big” numbers; roman numerals 

Section 2: 

The first 
arithmetic 
operations 

1. addition 

July, 31 
24 

(pp. 374-383) 

1. addition (cont.) 

2. multiplication 

Tables of units conversions 
August, 1 

1 (T2) 

(pp. 2-3) 
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December, 
1 

9 (T2) 

(pp. 138-141) 

How to convert the ancient Portuguese units to the metric 
system 

and vice versa 
Table 1. Structure of the lectures. 

In the fourth lesson, the author made several observations about quantities. He observes that the 
numbers (“a number is a set of things with the same name”) learned are good to count, for instance, 
men and trees. And what about a big quantity of grains of wheat? It was impossible and inutile to 
count each single grain… There are things that we cannot measure the quantity only using numbers. 
So, it’s necessary to have another type of measurement units for dry volumes (grains and beans for 
instance), surfaces (lands and fields), liquid volumes (milk, wine), weights (reference to the scale of 
two arms), time and money (coins). At this point, the author does only a first introduction to this 
subject and a reinforcement of the need of other measurement units for the everyday 
live/industry/commerce. 
The metric system is formally presented in lesson number 5 (units, multiples and submultiples). The 
author explains that, historically, the first measurement units were, naturally, the Palmo (hand) and 
the Pé (foot), but this kind of units, over time, had proven to be difficult to work  with and a source 
of problems and errors. Afterwards, he made reference to France and to the difficulties in the 
implementation of the metric system. But he thinks that the context in Portugal in 1853 was 
different: 

 “However, there was hope that this time was possible to introduce the metric system in the 
plenitude. The artisans didn’t fight against this system anymore, because they are acquainted 
with the new units by the visits of the academic/theoretic people to their shops.”  
Jornal da Associação Industrial Portuense, 20, June 1, 1853, pp. 307-308 [translated by the 
author of this paper] 

 
The next step, in his opinion, was to propagate this system for the common retail trade, because it 
would facilitate the commercial transactions in everyday life. Then he presented some common old 
Portuguese units in a way to highlight two major problems: first of all, it’s difficult to memorize all 
the relations between them. For example, he presented the following length units: 1 braça = 2 vara; 
1 vara = 5 palmo; 1 palmo = 3 pollegada, and weight units: 1 quintal = 4 arroba; 1 arroba = 32 
arratel; 1 arratel = 16 onça; 1 onça = 8 oitava. On the other hand, it’s very difficult to operate with 
them (for instance, what is the relation between quintal and oitava?). 
Afterwards, the author presented, finally, some metric units: the meter (linear); the are (surface; 100 
square meters; note that the square meter is too small to measure fields…); the liter (capacity) and 
the gram (weight). Then, the multiples of these units were presented («Deca» means 10 primitive 
units, «Hecto» means 100 primitive units and «Kilo» means 1000 primitive units) and submultiples 
(«Deci» means 1/10 primitive units, «Centi» means 1/100 primitive units and «Milli» means 1/1000 
primitive units). The author does now an important warning: for surfaces (1 m2 = 100 deci-m2) and 
capacities (1 m3 = 1000 deci-m3); we must be very careful when working with multiples and 
submultiples. 
The lesson number 6 was the continuation of the presentation of the metric system. He teaches the 
written abbreviations and presents various tables comparing the old Portuguese units with the 
“new” metric system (units for big lengths, small lengths, agricultural, small surface, liquid 
volumes, dry volumes, solid volumes (like wood), weights and small weights). 
Afterwards, when he teaches addition, he returned to emphasize that the metric system is preferable 
to the old Portuguese units. At this point, he noted that adding numbers with decimal parts is 
essentially the same as adding integers and presented several examples. It’s only needed to put the 
decimal points vertically aligned and the method is exactly the same (add 1,23 meters to 6,94 
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meters is not harder than add 123 to 694). In fact, this is an important advantage from the metric 
system: it’s easier to work (in this case, add) with the sub-units of the metric system than with the 
old Portuguese subunits. And to emphasize this point of view, he presented a very difficult example 
(table 2) using linear units (note that: 1 p(olegada) = 12 l(inha); 1 P(almo) = 8 p; 1 B(raça) = 10 P). 
 

 

5 l. + 11 l. = 16 l. = 1 p. + 4 l. 

7 p. + 2 p. + 1 p. = 10 p. = 1 P. + 2 p. 
3 P. + 8 P. + 1 P. =12 P. = 1 B. + 2 P. 

30 B. + 12 B. + 1 B. = 43 B (there is a 
typo). 

Table 2. Fourth example from the Lesson 1 (“The first arithmetic operations”). 

For students’ homework, the author suggests more examples with old Portuguese units, even more 
complicated, to convince everyone that it was a mess to work with the old units and it was 
necessary and easier to adopt the «new» metric system. 
In conclusion, the lectures presented here are intimately connected with the socio-economic context 
of the city of Porto: an industrial and commercial city and the second city in population number of 
the country (Pinto 2013, p. 20). On the other hand, these lectures were sponsored by an Industrial 
Association, which explains the fact that they were lectures with a very practical goal (teach the 
basic arithmetic always with the aim of using it in the industrial/commercial trade). Note also that 
the metric system was implemented officially in Portugal in 1852 (the first attempt was in 1814 but 
with no success), so it was a very important and new subject when these lectures were published. 
All these factors explain the (excessive?) focus on the metric system and its relation with the old 
Portuguese units. It should also be highlighted that it is quite peculiar that these lectures have been 
published in a newspaper and not, for example, in a textbook to be acquired only by students, which 
seems to be indicative of the intention to propagate this basic knowledge of mathematics by several 
target audiences (not only for children but also to adults).  
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DEVELOPING OPEN-SOURCE CURRICULUM IN BRAZIL: THE 
LIVRO ABERTO DE MATHEMATICA PROJECT 

MERIL RASMUSSEN and FABIO SIMAS 

Introduction 
The Livro Aberto de Mathematica project is a Brazilian initiative to create a low-cost, digital 
mathematics textbook series for high schools through a process designed to empower practicing 
teachers both by providing them with high-quality didactic materials and by allowing them a voice 
in their creation and ongoing revision. 
In early 2016, a volunteer-based team of mathematics teachers and teacher-educators created a pilot 
textbook, Frações no Ensino Fundamental I (Bortolossi et al. 2016), which serves as the 
prototypical production model for current efforts.  

In addition to a concurrent workshop on the Fractions book offered in Portuguese for Brazilian high 
school teachers and an overview of the Livro Aberto project presented as part of the conference’s 
oral communications, we held a workshop in English entitled: "Adapting Sociocultural Research 
Frameworks for Brazil," which targeted international participants. Our plan was to offer up the 
ongoing Livro Aberto project as a case study through which to discuss our challenge of how to 
create a meaningful, ongoing feedback loop between practicing teachers and our 
mostly-university-based author teams. In particular, we were interested in recent sociocultural and 
developmental research involving teacher empowerment (Even & Olsher 2012; Gravemeijer & van 
Eerde 2009; Ruthven 2012). 
We also hoped to share and discuss the mechanics of our open-source style of collaboration. To this 
end, we set out guidelines for an open-source-inspired strategy of how to manage the divergent 
opinions that might arise within the group discussions. Thus, rather than just talking about how we 
had chosen to organize our project, we hoped to offer workshop participants a participatory 
experience of open-source decision-making. 

As it played out during the workshop, discussion focused on this open-source aspect of our project 
and little attention was given to developing our research plan. Thus, in the act, the focus of the 
workshop shifted from how best to conduct developmental research to how best to accommodate 
difference and dissent within a collaborative initiative. 

The Open-Source Approach 
The history of the open-source software movement is tied to the collaborative development of the 
Linux operating system initiated by Linus Torvalds beginning in 1991. The open-source system of 
collaboration was further refined by Torvalds in 2005 as the Git version control system (Hamano & 
Torvalds 2005). Git goes beyond the open sharing of source-code to address the dynamics and 
mechanics of collaboration and it is this that the Livro Aberto project has adapted to create our own 
collaboration platform.  
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Git relies on a system of forks and pull requests designed to maximize collaborators’ independence 
while ensuring accountability. Git maintains clear, local hierarchal control while offering the 
possibility of free, non-hierarchical splintering designed to promotes diversity and innovation.  

A diagram of the evolution of the Linux operating system (Singh 2013) makes evident its obvious 
parallel with biological evolution. 

 
image source: fair use of (Singh 2013) http://techpp.com/2013/02/20/evolution-of-linux/ 

In the open-source process, differences result in forks, while cooperation remains entirely voluntary 
and optional. If an author wants to contribute back to the collective project, they request a pull to 
the custodian of the master line who examines the suggested changes and decides whether to accept 
them back in. 

 
image source: by Locke Cole at English Wikipedia via Wikimedia Creative Commons 

This open-source approach to collaboration stands in stark contrast to the consensus-based approach 
favoured by Wikipedia. 
On a spectrum of decision-making strategies, open-source extends out beyond a democratic 
approach which ultimately prioritizes unified action. In an open-source system, participants who 
disagree with decisions taken are always free to forge their own way separately. In fact, the 



 An Open-Source Curriculum in Brazil 

 391 

open-source approach most closely resembles free-flowing social interaction. In conversation, 
people typically agree and/or disagree and ultimately move forwards either together or apart. Any 
formal insistence on reaching an agreement can feel oppressive. On the other hand, agreeing to 
disagree, while liberating, can tend to circumvent cooperation. What the open-source approach 
ultimately facilitates is a flexible hierarchy, one that may tend towards a meritocracy, but that at 
least flows with people’s individual inclinations, a peaceful coalition of the willing. 

The Workshop 
The workshop was attended by a dozen participants. We began by sharing the story of the Livro 
Aberto project and describing the kinds of choices we were making and the collaborative strategies 
employed. We also explained the open-source-inspired workshop format: respect and listening were 
required but agreement was not, and divergent sub-groups were welcome to break away and lead 
separate conversations at any point.  

Early on, in the conversation this strategy came to a head, as two participants voiced their 
skepticism in regards to the viability of our open-source approach. After several minutes of intense 
discussion, and with no easy resolution in sight, we invited them to lead a breakaway faction in 
order to pursue their preferred strategy and leave us to pursue ours. It was a poignant moment, on 
the edge of social awkwardness. In such a small group, meeting together for a short duration, it was 
perhaps unrealistic to expect that a subgroup would actually form. However, even entertaining the 
possibility of amicably splitting the group carried with it a liberating effect by dignifying each 
individual's autonomy. 

As it happened, there was also an experienced open-source programmer in the group who was able 
to offer a third-party opinion attesting to the functionality of the open-source approach, and we 
proceeded cognizant of an emerging social dynamic within the group that allowed space for 
skeptics, who were free to lurk and listen, disagree, and depart when they wished, as well as for 
participants with common ideas to share and develop together. 
Overall, the workshop discussion focused on the open-source strategy and how it can be adapted to 
curriculum development and on the details of the Livro Aberto project. The discussions elaborated 
on the particular situation in Brazil (Watts 2016), the regulatory framework of the National Program 
for Educational Textbooks (PNLD), and the history of the MatDigital project (Giraldo, Rangel, 
Ripoll & Mattos 2014). 

We tentatively explored the question of how to best bridge Brazil’s digital divide -- how to improve 
mathematics education for students with limited access to computers and connectivity -- and how to 
conduct meaningful research in Brazil's low-resource context. However, the answers to these 
questions seemed beyond the purview of researchers working elsewhere. 
Conclusion 
In planning the workshop, we had hoped to elicit a master-class in how to translate developmental 
research methods to our low-resource context. In the end, discussions revolved around the potential 
of the open-source approach already embedded in our process. As experienced in both the 
workshop and the larger project, an open-source approach foregrounds power dynamics within a 
group. Not only does it highlight differences, it also makes evident existing and evolving 
hierarchies. As a strategy designed to mobilize participants, it offers an interesting compliment to 
sociocultural and developmental research approaches (Even & Olsher 2012; Gravemeijer & van 
Eerde 2009; Ruthven 2012) which also tend to lead researchers to examine their own roles as actors 
within educational systems, each with their own relationship to power and authority, and how these 
inform research strategies and perspectives.  
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Our experimental workshop format led to a rich participatory discussion. It also offered participants 
who had minimal familiarity with open-source collaboration an experience of this style of 
interaction.  

For Livro Aberto, the workshop served to reconfirm that the issues we struggle with in Brazil do not 
have easy answers. Little progress was made during the workshop towards devising a 
research-based feedback loop to support further development of our newly-created materials. 
However, networking at the conference served to help us to connect with existing materials in 
Portuguese on the Japanese Lesson Study Approach, which may hold a potential key to our needed 
feedback mechanism. (Conferences, by their nature, facilitate open-source sharing.) 
As we push ahead with our project in the face of a turbulent economic and political environment in 
Brazil, our open-source approach is also intended to make a space for others to contribute and to 
help us carry forward the work of devising better mathematics textbooks as they can. 
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AN APPROACH TO THE HYPERBOLE CONCEPT BASED ON 
THE ANALYSIS OF HIGH SCHOOL TEXTBOOKS  

NORA OLINDA CABRERA ZÚÑIGA, MARIANA LIMA VILELA AND NAYARA 
KATHERINE DUARTE PINTO 
 
The proposal of this workshop for teachers was an unfolding of an experience realized with the 
third year of high school classes in the Technical College of the Federal University of Minas Gerais 
(Coltec-UFMG), in the year 2015. One of the authors, who is a Mathematics teacher in this 
institution, together with three trainees from the undergraduate programme in mathematics at the 
UFMG, currently teachers, have planned and developed a dialogued expository class to introduce 
and explore the concept of hyperbole in the classroom. 
For this class, one of the aspects initially considered was the analysis of the proposed content in the 
textbook adopted by Coltec. This analysis led us to perceive the need to adapt and complement this 
content, aiming to introduce the concept of hyperbole comprehensively to high school students. We 
emphasised that the textbook was a support for teachers to prepare and perform the teaching, and a 
reference for the students. 
Considering the positive returns we had from the students and teachers who experienced the report 
of Pinto et al. (2016), we developed this workshop at the II International Conference on 
Mathematics Textbook Research and Development (ICMT-2). The workshop sought to familiarise 
high school teachers with an approach that prioritised the comprehension of the concept of 
hyperbole, little explored in textbooks of this level of education. 

First, we dialogued with the participating teachers about the learning of conic sections during high 
school and graduation, and about teaching in the secondary school. The participants remembered 
that the content of hyperbole was taught them predominantly by direct application of formulas and 
some sketches, but there was no memory of any approach that explored the concept of hyperbole in 
itself. 

After this dialogue, we described and analysed approaches of the concept of hyperbole proposed in 
different textbooks, in an attempt to indicate the possibilities suggested in the student's book and in 
the methodological guidelines in the teacher's manual. Next, we had an activity to introduce the 
concept of hyperbole using manipulative material, taking as reference the work of Pinto et al. 
(2016, pp. 6-8). Finally, we held a plenary discussion. 

The participation of teachers throughout this workshop in the ICMT-2 and the evaluation of it by 
the teachers indicated that this activity gave them an experience in which the concept of hyperbole 
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was carefully developed using manipulative material. In this sense, we present below three of the 
statements that were part of the final evaluation by the teachers. 

Participant A: “I loved the workshop. It was very didactic, with good ideas for classroom and 
reflections on textbooks. I am going to do the string activity with my students.” 

Participant B: “The workshop was excellent; it highlights the importance of concrete material in 
building concepts, helping the educational process together with the concept from the textbook.” 

Participant C: “The workshop is very good to apply in hyperbole teaching because it allows the 
student to see how the hyperbole and its concept are built. It is the manipulation of the material 
what facilitates students to understand the concept of hyperbole.” 

We hope this workshop had motivated the teachers to think about their pedagogical practices and 
the importance to analyse the textbooks used in the educational institution, moreover to inspire 
them to adapt approaches of mathematical concepts proposed in the educational materials. 
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TEACHING PROBABILITY IN EARLY SCHOOL YEARS: THE 
APPROACH IN BRAZILIAN TEXTBOOKS 

MICHAELLE SANTANA and RUTE BORBA 

Introduction 
Teaching probability concepts in school is highly essential for today´s citizen that has to constantly 
deal with certainties and uncertainties. Therefore, it is critical for teachers to promote the 
development of a wide range of probability concepts through experiences, enabling students to 
observe and then draw conclusions, awakening scientific thinking critical to their education. In this 
sense, textbooks are very important because they can direct teachers to contents to be taught in each 
school level and year and show how to broaden the understanding of each concept, in particular 
those concerning probability. 
Literature Review 
According to Carvalho and Lima (2010), textbooks contain choices on: the contents to be studied; 
the methods to be used for students’ better understanding; and the curriculum organization to be 
adopted throughout schooling years. Care on choices, concerning probability, is, thus, necessary in 
order to address appropriate probabilistic concepts in the classroom. 
According to Novaes and Coutinho (2009), when introducing probability, it is necessary to explore 
some indispensable concepts, namely: randomness, random experiment, sample space, event and 
distinction between the different approaches in determining probability. Teachers of early years 
need to know and understand, and also to be aware of ways in which these notions can be worked 
on – not necessarily using formal terms, but in activities appropriate to children in early schooling. 
These activities may be suggested in textbooks from early years and may also be sought from other 
sources. Researchers (such as Santana 2011) point out that the various basic notions – such as 
randomness, chance, determinism, possibility, prediction, trial, sample space, event, 
equiprobability, frequency, conditionality – have not been adequately addressed by teachers, 
students and the resources available, such as textbooks. In this way, probability teaching is limited 
and, as a consequence, students' understanding in this content may be impaired. 
Aims 
The research question of the study was: How do Brazilian elementary school mathematics 
textbooks approach the concept of probability? In this sense, the specific aims were: a) Observe 
how the concept of probability is constructed in 5th grade textbooks and in the respective teacher 
manuals;    b) Check the notions addressed (perception of chance, idea of random experience, 
notion of chance, concept of possibility, among others); and c) Identify what types of activities 
(interpretation and construction of tables, bar charts, tree diagrams, among others) are suggested by 
the authors to work with students. 
Procedures 
The present study aimed to analyse how Brazilian elementary school mathematics textbooks 
approach the concept of probability and how authors consider the dimensions pointed out by 
Vergnaud (1986) in his Theory of Conceptual Fields: situations that bring meanings to a concept; 
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properties and relationships (invariants) of the concept; and symbolic representations used to 
represent and work on the concept. With this aim, 11 5th grade textbooks of the Brazilian National 
Textbook Program were analysed. Analyses considered the way the concept of probability was 
introduced; notions dealt with; the types of activities provided and symbolic representations used. 
Analysis and Results 
It was observed that the commonly used ways to introduce probability, such as shown in Figure 1, 
are linked with the ideas of percentage, fractions or combinations. In this example is requested the 
chance, in fractions, of obtaining heads and tails when tossing a coin. 

 
Figure 1. Example of the introduction, in Collection F, of the concept of probability associated with the idea 

of chance and fractional representation 

Furthermore, it was noticed that five notions, namely chance, probability, experiment, randomness, 
prediction and trial, were largely covered, with chance the most frequent, although no textbook 
dealt with all these notions. Regarding the types of activities, word problems were the most 
frequent with 50% of them only with instructions and no type of auxiliary symbolic representation. 
Other problems, such as the one in Figure 2, used other forms of symbolism to represent the 
situation posed – in this case the tossing of dice. 

 
Figure 2. Example of activities, in Collection B, which uses a graph as a symbolic representation 

In general, the textbooks analysed do not deeply explore the concept of probability and the 
proposed teaching in the teachers’ manuals is fragmented. Thus, improvement is necessary to better motivate early 
school students in their development of probabilistic thinking.  
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THE PRESCRIBED CURRICULUM FOR COMBINATORICS AND 
WHAT IS PRESENTED IN 5TH GRADE BRAZILIAN TEXTBOOKS 
GLAUCE VILELA and RUTE BORBA  

 
Faced with all the variety of material offered to the teacher, the textbook still occupies a prominent 
place in teaching and learning processes in the school context. In the last decades in Brazil, this 
resource is becoming more and more the target of research, especially in what concerns the 
approach of specific contents from the official curricular guidelines. For Sacristán (2000), the 
official curricular guidelines, defined by him as prescribed curriculum, acts as a starting point in 
ordering the curricular system, and becomes a reference in the elaboration of didactic materials.  
In this sense, Sacristán (2000) defines textbooks as presented curriculum that translate and interpret 
the meaning and contents presented in the prescribed curriculum.  
The present study aims to analyze the guidelines given concerning combinatorics in the official 
documents for elementary mathematics education, the relations of these orientations with the 
approach to the problems involving combinatorial reasoning in 5th year textbooks and the 
guidelines presented in teachers’ manuals, taking into account varieties in the three dimensions of 
concepts proposed by Vergnaud (1986) (meanings, invariants and symbolic representations). For 
the analysis, we used as official documents the national curricular parameters - PCN (Brasil 1997), 
eight 5th grade mathematics textbooks and their respective manuals. These textbooks were chosen 
randomly and the 5th grade was chosen because previous studies (Borba, Rocha & Azevedo 2015) 
showed that, in elementary school, more combinatorial situations are presented in this school year. 
The prescribed curriculum analysed presented indications of paths to be followed for the teaching 
of combinatorics. This approach becomes explicit when the document emphasizes the need of 
activities with different meanings of multiplication, dealing explicitly with one of the combinatorial 
situations, that is the Cartesian product, and pointing out possible symbolic representations such as 
drawings and tree diagrams. The national curricular parameters (PCN) states: “Having two skirts - 
one black (B) and one white (W) and three blouses - one pink (P), one blue (B) and one grey (G) - 
in how many different ways can I dress? Analyzing this problems, it is seen that the answer to the 
question asked depends on the possible combinations. Students can obtain the answer, in a first 
moment, by making drawings and tree diagrams, until exhausting the possibilities” (Brasil 1997, 
p.69)”. 
According to the PCN: “With respect to combinatorics, the objective is to lead the student to deal 
with problem situations involving combinations, arrangements, permutations, and especially the 
multiplicative principle of counting” (Brasil 1997, p.36). However, in this prescribed curriculum we 
observed the absence of specific orientations for the teaching in the first school years with different 
combinatorics situations, their meanings, their invariants and varied forms of symbolic 
representation. 
Regarding the results obtained in textbooks, we observed that the meanings with the highest total 
percentages of presentation were combination (such as the example presented in Figure 1) and 
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Cartesian product (such as the example presented in Figure 2). There was little variation of the 
symbolic representations used in the presentation and in the request for solving the problems.  

 
Figure 1 - Example of a combination problem:                                                                                                    

“Four people meet and shake each other’s hands. What is the total of greetings?” 

 
Figure 2 - Example of a Cartesian product problem concerning the choice of a meal with the options between 

2 types of salad, 2 types of meat and 1 type of desert. 

The results show little orientation in textbooks to the approach of combinatorics in the early years 
of schooling and that the books attend, only to some extent, to what is pointed out in the prescribed 
curriculum. 
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