


Editors
Sebastian Rezat
Paderborn University, Germany

Lianghuo Fan
East China Normal University, China
University of Southampton, UK

Mathias Hattermann
Paderborn University, Germany

Jan Schumacher
Paderborn University, Germany

Holger Wuschke
Leipzig University, Germany

cite as:
Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019). Proceedings
of the Third International Conference on Mathematics Textbook Research and Development.
16–19 September 2019, Paderborn, Germany. Paderborn: Universitätsbibliothek Paderborn.

The Third International Conference on Mathematics Text-
book Research and Development is funded by the Deutsche
Foschungsgemeinschaft (DFG, German Research Founda-
tion) – 423366778

c© 2019
Designer of the logo: Wiebke J. Cramer

Publisher: Universitätsbibliothek Paderborn
Published in the Digitale Sammlungen der Universitätsbib-
liothek Paderborn

ISBN: 978-3-945437-06-3
DOI: 10.17619/UNIPB/1-768

This work is licensed under the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 Inter-
national License. To view a copy of this license, visit
http://creativecommons.org/licenses/by-nc-nd/4.0/ or send a
letter to Creative Commons, PO Box 1866, Mountain View,
CA 94042, USA.







 

PREFACE 
 
Textbooks are vital curriculum resources for teaching and learning mathematics in 
classrooms around the world. They play an integral role in defining mathematics as a 
school subject, shaping the learning opportunities for students, and supporting 
teachers’ work, learning and professional development. Textbook content, 
development, and use have been important themes in mathematics education 
research. Recent years have seen an increasing international interest in textbook 
research as well as theoretically driven and empirically grounded textbook 
development. Increasing the understanding of textbooks and their development and 
of how they are incorporated into teachers’ professional work, how they may 
promote curricular reforms, and how they support students’ learning have become 
important endeavors in the field. Furthermore, the increased availability of digital 
textbooks entails deep changes in textbook design, content, and use and thus even 
amplifies the need of understanding the role of textbooks in teaching and learning 
mathematics. 
This volume documents recent issues and the latest development of research on 
mathematics textbooks presented at the Third International Conference on 
Mathematics Textbook Research and Development (ICMT3), held at Paderborn 
University (Germany) from 16 to 19 September 2019. The conference is about all 
issues related to the development, content and use of mathematics textbooks from 
kindergarten to university level, in and out of school settings, in paper or digital 
format. The programme of the conference is structured according to seven themes, 
which relate to historical perspectives, recent developments as well as future 
directions:  

• Development of (digital-)textbooks (e.g. concepts, task design, 
learning-teaching-trajectories, methodological approaches, quality, 
design-based research) 

• Content and its presentation in (digital-)textbooks 
• Use of (digital-)textbooks (by students, teachers, parents, ...) and related 

issues (e.g. student achievement, teacher professional development, 
interaction with other resources) 

• Historical perspectives on textbooks 
• Comparative studies of (digital-)textbooks 
• Textbook and policy (e.g. governmental educational policy, distribution 

and market strategies) 
• Research on (digital-)textbooks (e.g. issues, methods, future directions) 
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4 plenary lectures, 4 symposia, 2 workshops, 40 oral communications, and 13 posters 
with participants from all the five continents reflect the richness and large scope of 
research on mathematics textbooks related to these themes. The international 
programme of the conference was complemented by 2 plenary lectures, 8 lectures 
and workshops, and 2 round-tables especially for German teachers.  
ICMT3 continues the way that has been paved by the International Conference on 
School Mathematics Textbooks (ICSMT), held in Shanghai (China), in 2011, and 
proceeded by the (First) International Conference of Mathematics Textbook Research 
and Development (ICMT-2014), in Southampton (UK) in 2014, and the Second 
International Conference on Mathematics Textbook Research and Development, that 
took place in Rio de Janeiro (Brazil) in 2017. The conference-series is going to be 
continued by the Fourth ICMT in Beijing (China) in 2021.  
 
ICMT3 was organized by an International Programme Committee: 

• Sebastian Rezat (Paderborn University, Germany) — Chair 
• Lianghuo Fan (East China Normal University, China; University of 

Southampton, UK) — Co-Chair 
• Mathias Hattermann (Paderborn University, Germany) — Chair of LOC 
• Marcelo C. Borba (São Paulo State University, UNESP, Brazil) 
• Victor Giraldo (Universidade Federal do Rio de Janeiro, Brazil) 
• Marja van den Heuvel-Panhuizen (Utrecht University, The Netherlands; 

Nord University, Norway) 
• Gabriele Kaiser (University of Hamburg, Germany; Australian Catholic 

University, Brisbane) 
• Moneoang Leshota (University of the Witwatersrand, South Africa) 
• Vilma Mesa (University of Michigan, USA) 
• Kay O’Halloran (Curtin University, Australia) 
• Magnus Österholm (Umeå University, Sweden; Mid Sweden University, 

Sweden) 
• Birgit Pepin (Eindhoven University of Technology, The Netherlands) 
• Johan Prytz (Uppsala University, Sweden) 
• Chunxia Qi (Beijing Normal University, China) 
• Janine Remillard (University of Pennsylvania, USA) 
• Rudolf Sträßer (University of Giessen, Germany) 
• Luc Trouche (Ecole Normale Supérieure de Lyon, France) 
• Michal Yerushalmy (University of Haifa, Israel) 
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And the Local Organizing Committee from Paderborn University—except Holger 
Wuschke: 
 

• Mathias Hattermann — Chair  
• Sebastian Rezat  
• Dorothea Backe-Neuwald 
• Roland Bender 
• Kordula Knapstein 
• Sara Malik 
• Marcel Sackarendt 
• Jan Schumacher 
• Kira Starke 
• Gerda Werth 
• Holger Wuschke (University of Leipzig, Germany) 

 
The proceedings are published prior to the conference. Therefore, the contributions 
reflect the work that was done in preparation for the conference based on a 
peer-review process among the contributors of the conference. We would like to 
thank all reviewers for their valuable work that helped to improve the quality of all 
papers in this volume.   
We further thank the Deutsche Forschungsgemeinschaft (DFG, German Research 
Foundation), East China Normal University Press, Klett Publishing Company, and 
Paderborn University for supporting and funding the conference.  
 
August 2019 
 
Sebastian Rezat 
Lianghuo Fan 
Mathias Hattermann 
Jan Schumacher 
Holger Wuschke 
 

ICMT3 – 2019 5





Contents

I. Plenaries

Adler, Jill
REVISITING RESOURCES AS A THEME IN MATHEMATICS (TEACHER)
EDUCATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

Cai, Jinfa
MATHEMATICAL PROBLEM POSING, CURRICULUM DEVELOPMENT, AND
PROFESSIONAL LEARNING . . . . . . . . . . . . . . . . . . . . . . . . . 21

Pepin, Birgit
MATHEMATICS (E-)TEXTBOOKS: HELP OR HINDRANCE FOR INNOVATION? . 25

Prediger, Susanne
ENHANCING AND UNDERSTANDING STUDENTS’ PROCESSES OF
MATHEMATIZATION AND ACTIVE KNOWLEDGE ORGANIZATION —
DIDACTICAL DESIGN RESEARCH FOR AND WITH TEXTBOOKS IN THE
KOSIMA-PROJECT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

II. Symposia

Symposium A: Research potential of interactive textbooks: New
perspectives for research in mathematics education 35

Reinhold, Frank; Hoch, Stefan; & Reiss, Kristina
RESEARCH POTENTIAL OF INTERACTIVE TEXTBOOKS: NEW
PERSPECTIVES FOR RESEARCH IN MATHEMATICS EDUCATION . . . . . . . 37

Pohl, Maximilian; & Schacht, Florian
HOW DO STUDENTS USE DIGITAL TEXTBOOKS? . . . . . . . . . . . . . . 39

Reinhold, Frank; Strohmaier, Anselm; Hoch, Stefan; & Reiss, Kristina
INVESTIGATING STUDENTS’ ENGAGEMENT DURING MATHEMATICS
INSTRUCTION: ANALYZING INTERACTIVE TEXTBOOK WORK WHILE
LEARNING FRACTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

7



Rezat, Sebastian
ANALYSING THE EFFECTIVENESS OF A COMBINATION OF DIFFERENT
TYPES OF FEEDBACK IN A DIGITAL TEXTBOOK FOR PRIMARY LEVEL . . . 51

Symposium B: Cross-cultural research on teachers’ use of
resources 57

Van Steenbrugge, Hendrik; Krzywacki, Heidi; & Hemmi, Kirsti
CROSS-CULTURAL RESEARCH ON TEACHERS’ USE OF RESOURCES . . . . 59

Koljonen, Tuula
FINNISH AND SWEDISH ELEMENTARY SCHOOL TEACHERS’ INTERPLAY
WITH FINNISH CURRICULUM RESOURCES: AN ATTEMPT AT UNRAVELING
TACIT CULTURAL PRACTICES . . . . . . . . . . . . . . . . . . . . . . . . 61

Miyakawa, Takeshi; & Clivaz, Stéphane
PRE-SERVICE TEACHERS’ RESOURCES IN THE CROSS-CULTURAL
COLLABORATIVE DESIGN OF A MATHEMATICS LESSON . . . . . . . . . . 67

Remillard, Janine; Van Steenbrugge, Hendrik; Krzywacki, Heidi; Hemmi, Kirsti;
Machalow, Rowan; Koljonen, Tuula; & Yu, Yanning
A CROSS-CULTURAL STUDY ON TEACHERS’ USE OF PRINT AND DIGITAL
RESOURCES IN SWEDEN, FINLAND, THE USA, AND FLANDERS: SOME
METHODOLOGICAL CHALLENGES . . . . . . . . . . . . . . . . . . . . . 73

Visnovska, Jana
NOTES FROM DESIGNING ONE RESOURCE FOR TEACHERS’ USE ACROSS
THE CONTEXTS OF MEXICO, AUSTRALIA, AND SOUTH AFRICA . . . . . . . 79

Symposium C: Assessment tools in support of teachers’
curricular decision making 85

Olsher, Shai; Remillard, Janine; & Yerushalmy, Michal
ASSESSMENT TOOLS IN SUPPORT OF TEACHERS’ CURRICULAR DECISION
MAKING . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

Symposium D: Digital platforms and mathematics teachers’
documentation work 89

Gueudet, Ghislaine; & Pepin, Birgit
DIGITAL PLATFORMS AND MATHEMATICS TEACHERS’ DOCUMENTATION
WORK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

Courtney, Scott
DIGITAL SHARING AND LEARNING SPACES: THE OHIO MATHEMATICS
TEACHER HUBS PROJECT . . . . . . . . . . . . . . . . . . . . . . . . . . 93

8 ICMT3 – 2019



Gueudet, Ghislaine
DIGITAL PLATFORMS FOR TEACHERS’ DOCUMENTATION WORK:
EXAMPLES IN FRANCE . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

Lindenskov Tamborg, Andreas; & Misfeldt, Morten
PLATFORMS AS INFRASTRUCTURES FOR TEACHERS’ WORK WITH
RESOURCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

Pepin, Birgit; & Kock, Zeger-Jan
FROM PLATFORM ACCESS TO TEACHER DESIGN WORK: CONSTRAINTS
AND AFFORDANCES OF PLATFORMS — THE DUTCH CASE OF WIKIWIJS . . 111

III. Workshops

Beezer, Robert A.
PRETEXT AUTHORING WORKSHOP . . . . . . . . . . . . . . . . . . . . . 119

Qi, Chunxia; Chen, Cao; & He, Shengqing
THE DEVELOPMENT OF PROJECT-BASED LEARNING TEXTBOOK IN
MATHEMATICS: THEORY AND PRACTICE . . . . . . . . . . . . . . . . . . 121

IV. Oral Communications

Andrade-Molina, Melissa; & Montecino, Alex
ON THE MARKETING AND DISTRIBUTION OF SCHOOL MATHEMATICS
TEXTBOOKS IN A NEOLIBERAL CONTEXT . . . . . . . . . . . . . . . . . 125

Cavedon Ripoll, Cydara; & Garcia de Souza, Roseane
EQUIVALENCE OF FRACTIONS IN THE 6TH GRADE BRAZILIAN TEXTBOOKS 131

Chen, Yuelan; & He, Xiaoyan
A COMPARATIVE ANALYSIS ON TRIGONOMETRY TEXTBOOKS FROM
THREE COUNTRIES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

Cho, Hyoungmi; & Bao, Jiansheng
AN ANALYSIS OF TEACHING METHODS OF DIVISION OF FRACTIONS IN
SOUTH KOREA ELEMENTARY MATHEMATICS TEXTBOOKS . . . . . . . . . 143

De Almeida, Lourdes M. W.; & da Silva, Karina A. P.
THE LEARNING OF DOUBLE INTEGRAL CONCEPT USING A TEXTBOOK . . 149

Dilling, Frederik
REPRESENTATION OF VECTORS IN GERMAN MATHEMATICS AND PHYSICS
TEXTBOOKS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

ICMT3 – 2019 9



Dröse, Jennifer
MATHEMATICAL AND LINGUISTIC FEATURES OF WORD PROBLEMS IN
GRADE 4 AND 5 GERMAN TEXTBOOKS — A COMPARATIVE
CORPUSLINGUISTIC APPROACH . . . . . . . . . . . . . . . . . . . . . . . 161

Edson, Alden J.; Phillips, Elizabeth D.; & Bieda, Kristen
TRANSITIONING FROM PRINT TO DIGITAL CURRICULUM MATERIALS:
PROMOTING MATHEMATICAL ENGAGEMENT AND LEARNING . . . . . . . 167
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REVISITING RESOURCES AS A THEME IN MATHEMATICS 
(TEACHER) EDUCATION 

Jill Adler 
University of the Witwatersrand, Johannesburg, South Africa 

 
Almost twenty years ago, I offered a reconceptualization of resources as a theme in 
mathematics teacher education (Adler, 1998, 2000). The reconceptualization had 
three dimensions to it. First was the suggestion that we needed to shift from viewing 
‘resource’ only as a noun, and consider it also as a verb. This shift brings into view 
teachers-working-with-resources, or simply resources-in-use; and more openness in 
understanding how teachers re-sourced their practice as they enacted, for example, 
curriculum or pedagogic change. Secondly, the conceptualization of the notion of 
resources extended beyond the material and physical (e.g. textbooks, texts, 
chalkboards, artefacts) to include socio-cultural resources like language and time. As 
less visible, but nevertheless means to enabling teaching and learning, these too 
should be considered as further resources (or obstacles?) in school mathematics 
practices. Third was a theoretical orientation, discussed below, to resources-in-use 
informed by an understanding of school mathematics as a ‘hybrid’ practice, and of 
the accessibility of resources being a function of their ‘transparency’.  
This reconceptualization emerged from a research and development teacher 
professional development project in post-apartheid South Africa, with participating 
teachers coming from schools serving learners in low income communities. In this 
context, the availability of and access to resources, while being addressed by the 
post-apartheid state, was still severely limited. In addition, curriculum reform was 
underway, with advocacy for learner centered pedagogic practices. This entailed, on 
the one hand, devolving autonomy for learning to learners’ activity; and on the other, 
in mathematics, connecting mathematical activity to learners’ everyday realities, 
resulting in what I referred to as “hybridization” – enacted practices emerging across 
these continua.  I argued then that texts (e.g. worksheets with activities) and artefacts 
(e.g. geoboards) while produced with mathematical intentions, did not have 
mathematics “shining through” them. In Lave & Wenger’s (1991) terms, these 
resources needed to be “transparent”, visible so that they could be used, and 
simultaneously invisible, enabling access to mathematics. School mathematics 
required mediation, and critically so if meaning-making was to be through learner 
activity with ‘new’ material resources, and contextualized in practices other than 
mathematics. 
At the same time – and as a multilingual country – there was focused work shifting 
the discourse away from learner’s main languages being considered “a problem”, to 
their languages being “a resource” for learning and teaching (e.g. Adler, 2001; Setati, 
2005). Here too were arguments for the importance of ‘transparency’, where 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 17–19). Paderborn: Universitätsbibliothek Paderborn.
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deliberate attention to language (making language visible) was in tension with 
language simultaneously needing to be invisible, providing access to mathematics 
(Adler, 1999).  
In the past two decades there has been extensive research and development on 
resources in mathematics education, focused, for example, on teachers’ use of 
curriculum materials (Remillard, Eisenmann, & Lloyd, 2009) their documentation 
practices and on resources as “lived” (Gueudet, Pepin, & Trouche, 2012) . Renewed 
interest in research textbooks in mathematics education was manifest in two special 
issues of ZDM (2013 and 2018), and studies of the teacher-textbook relation (e.g. 
Leshota & Adler, 2018). In addition, there are a number of reviews of this 
accumulating work on resources and textbooks in edited book volumes (Fan, 
Trouche, Chunxia, Rezat, & Visnovska, 2018; Styilianides, 2016; Trouche, Gueudet, 
& Pepin, forthcoming). And as Fan & Schubring (2018) show, research related to 
mathematics textbooks has a far longer history.  
In this presentation I will draw from this extensive literature and reviews of the field 
to ask: 
What have been the developments related to resources in mathematics education, 
empirically, methodologically and theoretically since the early 2000s? How does this 
wider range of research on resources relate to focused work on textbooks, particularly 
in the current era of proliferating electronic resources? Where and how have these 
developments emerged and evolved? This retrospective will provide the landscape 
for revisiting the conceptualisation of resources previously offered and for critical 
reflection on its current salience, and with textbooks in view. My initial work 
suggests a number of issues come to the fore. These will form the substance of my 
presentation at the ICMT-3 conference.  
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Problem posing, the process of formulating and expressing problems based on a given 

situation, is an essential practice in mathematics and other disciplines (Cai & Hwang, 

2019; Cai et al., 2015; Silver, 1994; Singer, Ellerton, & Cai, 2015). This is 

acknowledged in policy documents for school mathematics.  For example, thirty years 

ago, the National Council of Teachers of Mathematics (NCTM) published what was to 

become a widely influential standards document, the Curriculum and Evaluation 

Standards for School Mathematics (NCTM, 1989). This document contained NCTM’s 

first formal recommendation that students should “have some experience recognizing 

and formulating their own problems, an activity that is at the heart of doing 

mathematics” (p. 138). 

Similarly, in China, one of the objectives of the curriculum reforms for 9-year 

compulsory education is for students to learn how to pose problems from mathematical 

perspectives, learn how to understand problems, and learn how to apply their 

knowledge and skills to solve problems so as to increase their awareness of 

mathematical applications (Chinese Ministry of Education, 2011). The secondary 

school mathematics curriculum is intended to enhance students’ abilities to pose, 

analyze, and solve problems from mathematical perspectives. 

Yet, curriculum materials widely used in China and the United States fail to 

incorporate problem posing in a substantial and consistent way. For example, Cai and 

Jiang (2017) compared the inclusion of mathematical problem posing in popular 

Chinese and U.S. elementary mathematics textbooks (specifically, the textbook series 

published by People’s Education Press in China and Investigations in Number, Data, 

and Space and Everyday Mathematics in the United States). 

Table 1 shows both the total number of tasks Cai and Jiang identified in each of the 

Chinese and U.S. elementary mathematics textbooks as well as the percentage of those 

tasks that could be classified as problem-posing tasks. They found only a small 

proportion of problem-posing activities in any of the curricula, and the proportion 

fluctuated across grade levels.  Cai and Jiang (2017) also examined the mathematical 

content areas in which the problem-posing tasks were found.  For all three curricula, 

the vast majority of the problem-posing activities (over 90% for the U.S. textbooks and 

nearly 80% for the Chinese textbooks) were related to number and operations. Only a 

few problem-posing activities were situated in the content areas of algebra, geometry, 

measurement, and data analysis. Even though the number and operations content area 

tends to occupy the most space in elementary mathematics textbooks, this distribution 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 21–24). Paderborn: Universitätsbibliothek Paderborn.
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of problem-posing tasks remains disproportional, and it reflects a haphazard approach 

to including problem posing in the mathematics curriculum. 

Grade 

Chinese U.S. 

People’s Education 

Press 
Investigations 

Everyday 

Mathematics 

n % PP n % PP n % PP 

1 669 3.74 490 0 -- 2 -- 

2 711 5.06 741 1.62 1,651 1.03 

3 694 5.62 832 0.72 1,322 1.06 

4 699 1.57 760 1.97 1,565 1.28 

5 821 2.80 726 2.62 1,896 1.16 

6 745 2.01 -- 1 -- 1,673 0.42 

Total 4,339 3.43 3,549 1.47 8,107 0.99 

1 Investigations does not have a Grade 6 textbook.  

2 The data for Everyday Mathematics Grades 1 and 2 was combined because there is only one combined Student 

Reference Book for those the two grades. 

Table 1.  Total Number of Tasks and Percentages of Problem-Posing (PP) Tasks in the 

Chinese and U.S. Mathematics Textbooks Series from Grades 1 to 6 

Because current curriculum materials do not incorporate significant and consistent 

experiences with problem posing for students, it is unreasonable to expect that problem 

posing will spontaneously be given much attention in classrooms (Lloyd et al., 2017). 

Teachers already face multiple demands on their time and attention. On any given day, 

they cannot devote large amounts of time preparing for significant changes in their 

upcoming lessons.  Thus, to gain buy-in from teachers (and students), any strategy to 

integrate problem posing more effectively in mathematics classrooms should avoid 

being burdensome or perceived as a radical change in practice that would require a lot 

of time to adapt to. Instead, integrating problem posing should build on existing, 

common practices. 

In that vein, I propose three recommendations to better integrate problem posing into 

the school mathematics curriculum: 1) empowering teachers as curriculum redesigners 

to reshape existing curriculum materials in simple ways that create learning 

opportunities for mathematical problem posing; 2) enhancing existing curricula with 

additional problem-posing tasks that include support in the form of sample posed 

problems; and 3) encouraging students to pose problems at different levels of 

complexity. These three recommendations are practical and feasible based on evidence 

from teacher professional development focused on problem posing to teach 

mathematics (Cai et al., 2019).  In fact, we are conducting a longitudinal study to 
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investigate how teachers learn to teach mathematics using problem posing, and then 

their teaching impact on students’ learning (Cai et al., 2019). 

Through teacher learning, teachers increase their knowledge and change their beliefs, 

and then change their classroom instruction aiming to improve students’ learning.  In 

the research project, the problem-posing workshops have been designed and focused 

on changing teachers’ beliefs and increasing their knowledge of problem posing and 

teaching mathematics through problem posing. The problem-posing workshop was 

designed and framed in the context of effective teacher professional development. 

Although the field of mathematics education knows little about how to support 

teachers to become better problem posers and teach mathematics through problem 

posing, substantial evidence has emerged concerning the features of PD that have a 

positive impact on teachers’ instructional practice and students’ learning (e.g., Vescio 

et al., 2008). These features include: (a) a focus on content, (b) building on student 

learning and thinking, (c) close alignment with practice, (d) building a learning 

community, and (e) PD that is ongoing. 

We found that although many teachers may have little experience with using problem 

posing activities in the mathematics classroom, problem posing offers enticing benefits 

in the potential for deepening students’ engagement with mathematics and gaining a 

better understanding of students’ mathematical thinking. The relatively minimal 

investment in professional development that would be needed to help teachers gain 

confidence in using problem posing in mathematics instruction would be well spent 

and can see effect (Cai et al., 2019). 
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Textbooks may help education innovation as they can support teachers to enact 

renewed curriculum intentions in classroom processes. At the same time textbooks 

may also hinder real innovation as they limit teachers’ opportunities to (re)design the 

curriculum and develop curriculum design capacity (e.g., Pepin, Gueudet, & Trouche, 

2017), by an overdose of detailed scripts that reduce teachers to ‘technical slaves’. 

E-textbooks are heralded to be interactive and to support teachers in their everyday 

classroom practices, as well as in their curriculum (re-)design, through innovative and 

collaborative work with colleagues. However, access to useful subject-didactical 

resources does not always lead to curriculum renewal and innovative practices.  

In this presentation I use the theoretical notion of connectivity (e.g., Pepin et al., 2016; 

Gueudet et al., 2018) in association with Documentational Approach to Didactics 

(e.g., Trouche, Gueudet, & Pepin, 2019), and selected concepts from the field of 

curriculum theory, to propose in which ways e-textbooks can be used, and what needs 

to be considered for their use, to further mathematics teacher professional 

development, to lead to curriculum renewal by teachers and innovative practices.  

In our current 21st century environment we are surrounded by technology; we cannot 

disconnect from technology, and this is true for textbooks too (e.g., Pepin, Choppin, 

Ruthven, & Sinclair, 2017). Textbooks still play a vital role, albeit they are nowadays 

often of a different nature – they are e-textbooks. In earlier works (e.g., Pepin et al., 

2016) we have defined e-textbooks as “an evolving structured set of digital resources, 

dedicated to teaching, initially designed by different types of authors, but open for 

re-design by teachers, both individually and collectively” (p.644). These changes and 

developments, from static books to “dynamic” e-textbook, call for different teacher 

competences, and these are related to the design of teaching, and of the curriculum, 

with digital resources. With the change of the nature of textbooks, we need new ways 

of supporting teachers with their work, and this is likely to include different ways of 

studying their work: how can we support teachers in their endeavour of developing a 

coherent curriculum for their students? How can we help teachers to select suitable 

resources for teaching and learning the mathematics at hand?  

I have chosen to introduce and use the notion of connectivity as a critical feature of 

curriculum coherence, which can be used -beyond the case of e-textbooks analysis- for 

helping mathematics teachers to connect the different components of the mathematics 

curriculum in time of digitalization. This choice allows me to develop a frame for 

developing learning/teaching trajectories (with the help of e-textbooks) for innovative 

teaching in a digital age. Considering the mathematics curriculum in different 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
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representations:  intended, enacted, attained; and at different curriculum levels: nano - 

student, micro - classroom, meso - school, macro - national level (Thijs & Van den 

Akker, 2009), mathematics teachers can be supported/guided by the e-textbook to 

align their goals with the affordances of the connected resources. 

What I argue in this presentation is that this kind of support needs to be deliberately 

and systematically addressed, in order to help teachers to develop a more coherent 

overview of the mathematics curriculum and its didactically sensitive/suitable tools 

and resources, in order to realize their mathematical and pedagogical goals in the 

classroom. Teachers need support to make such connections across the different 

components of the curriculum (for internal coherence) and between the different 

curriculum levels (for overall coherence). Educative curriculum materials (Krajcik & 

Delen, 2017), in digital format (Pepin, 2018), are likely to be helpful to provide such 

support. Such materials, connected to e-textbooks, may focus on a limited number of 

essential characteristics for curriculum renewal. They may 

- help teachers to orientate on and practice with new elements in their teaching 

repertoire; 

- guide teachers in role taking experiences that exemplify new pedagogical 

approaches; 

- create opportunities for shared reflection by teachers that may challenge also 

their beliefs about appropriate teaching. 

Based on such collaborative, specific experiences, teams of teachers are likely to be 

stimulated and supported to redesign their overall mathematics education approaches. 

Such educative materials are best designed and piloted by small teams of mixed 

composition: teachers, teacher educators, curriculum designers, and researchers. The 

development process is said to be iterative, with gradually shifting emphasis in quality 

criteria: from relevance, to consistency, practicality, and effectiveness.  

The concluding argument is that beside appropriate (e-)resources teachers need 

support in professional development collectives, to develop an awareness of 

connectivity and a capacity to increase internal and external curriculum coherence.    
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INTRODUCTION 

In the Kosima Project, 16 years were spent on enhancing and understanding students’ 

learning processes, with a specific focus on constructing meanings by mathematization 

and active knowledge organization. Initiating rich processes of mathematization is a 

central aim for all mathematics education. However, many obstacles appear for these 

processes to generate solid and sustainable mathematical knowledge. For overcoming 

these obstacles, our textbook research was conducted as Didactical Design Research, 

which systematically combined two aims: (a) research-based design of 

teaching-learning arrangements and (b) topic-specific design-based research for a 

deeper understanding of the initiated learning processes. Finally, a field trial could 

prove effectiveness of the design. 

PROJECT ARCHITECTURE: DESIGN RESEARCH  

The talk will report on the long-term design research project KOSIMA (2005-2020, cf. 

Hußmann et al., 2011; Barzel et al., 2013). It follows the methodology of Didactical 

Design Research (Gravemeijer & Cobb, 2006) with its dual aim of designing 

teaching-learning-arrangements for a complete middle school curriculum (Grades 5 to 

10) and empirically researching the teaching-learning-processes and their conditions. 

The developed curriculum has been published as the textbook Mathewerkstatt (Barzel 

et al., 2012-2017) and a comprehensive teachers’ manual.  

The collaborative project involved the design team (including 22 experienced 

reflective practitioners and the 4 project leaders), researchers (4 project leaders and 13 

PhD students), the commercial publisher (with 2-4 copy editors), and project teachers 

(experimenting with the designs in their mathematics classrooms).  

All teaching-learning-arrangements of the curriculum were developed in iterative 

cycles of design, evaluation (by expert discussions and classroom experiments), and 

redesign. Whereas the design and evaluation steps of the project referred to the entire 

textbook, the deeper research was organized in several smaller design research studies 

that necessarily had to address more narrow research questions for topic-specific 

aspects. These studies used different concrete research methods and designs (e.g., 

quasi-experimental controlled trials or design experiments in laboratory settings with 

up to four cycles, e.g., Leuders & Philipp, 2012; Prediger & Schnell, 2014). Empirical 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
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evidence of summative effectiveness was provided in a quasi-experimental field trial 

with pre-post-test and control group.  

DESIGN PRINCIPLES FOR THE CURRICULUM AND MATERIALS 

The design of the Kosima curriculum followed design principles which were partly 

borrowed from Realistic Mathematics Education (Freudenthal, 1991) and elaborated 

with respect to developing conceptual understanding (Hiebert & Carpenter, 1992, 

Prediger & Schnell, 2014) and active knowledge organization (Barzel et al., 2013): 

 support students’ sense-making processes 

 conceptual understanding before procedures by collaborative meaning construction 

 guided reinvention and mathematizations in cognitively demanding explorations 

 support active knowledge organization in scaffolded vertical mathematization 

 connect multiple representations and diverse mathematical approaches  

For realizing these design principles for different mathematical topics, specifying and 

structuring the learning contents turned out to be a crucial working area. This involves 

epistemological as well as empirical analysis in order to best align students’ realized 

learning pathways to the intended learning trajectories (Hußmann & Prediger, 2016). 

Initiating rich processes of mathematization is a central aim for all mathematics 

education. However, many obstacles appear for these processes to generate solid and 

sustainable mathematical knowledge. So, the iterative design cycles led to elaborating 

task formats which can scaffold teachers’ teaching as well as students’ learning. 
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Interactive textbooks as digital curriculum resources (Pepin et al., 2017) offer unique 

ways of implementing digital media into mathematics classrooms. This symposium is 

looking out to frame questions arising from these rich possibilities for research in 

mathematics education, regarding questions about students’ use of interactive 

features, the effect of those features on students’ outcome, as well as the utilization of 

process data or log data as unobtrusive measurements of students’ behaviour. 

PURPOSE AND STRUCTURE OF THE SYMPOSIUM 

There is an ongoing discussion about how and whether digital media should be used in 

schools to teach mathematics. Typically, questions asked concern the motivational or 

cognitive development of students when educational technology is used. However, the 

digital devices may also be used to gain information on students’ learning. In this 

symposium, we want to discuss the research potential of digital media with a focus on 

interactive textbooks. 

Interactive Textbooks Offering New Modes of Instruction 

The use of digital and interactive textbooks allows for other modes of instruction than 

paper-based material (e.g., Pepin, Choppin, Ruthven, & Sinclair, 2017). For example, 

different ways of adaptive choice of task difficulties (e.g., Leutner, 2004) and various 

types of feedback (e.g., Hattie & Timperley, 2007) can be investigated to see what suits 

students the most—and whether one way fits all. Moreover, hands-on activities which 

can be implemented in digital textbooks on touchscreen devices can be thought of as 

holistic ways of interaction between students and textbooks, opening up new questions 

about dynamic explorations, the role of semiotic mediation (Mariotti, 2009). 

Within this symposium, Maximilian Pohl and Florian Schacht will give a structural 

analysis of features implemented in interactive textbooks (e.g., options for dynamic 

explorations), guided by a qualitative study of how fifth-grade students use those 

features to learn mathematics. Furthermore, Sebastian Rezat will present findings from 

a quantitative analysis on the effect of feedback on primary students’ answers during 

classroom instruction, leading to the result that the implementation of different kinds 

of feedback does not seem to be beneficial for primary school students’ math 

achievement. 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
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Interactive Textbooks as Research Tools 

We want to discuss newly developed methods to use digital textbooks as a research 

tool (e.g., Hoch, Reinhold, Werner, Richter-Gebert, & Reiss, 2018). Capturing 

students’ interactions with an interactive textbook opens up new ways to assess 

students’ mathematical knowledge—not only at the end of the development of 

mathematical concepts in standardized tests, but during the development of 

mathematical concepts in real classroom scenarios. For example, process data from 

interactive textbooks in form of log files (e.g., Goldhammer, Naumann, Rölke, Stelter, 

& Tóth, 2017) allow to gain insights into students thinking and the comfortable 

assessment of variables like time on task. 

Within this symposium, Frank Reinhold, Anselm Strohmaier, Stefan Hoch, and 

Kristina Reiss will present findings of a quantitative analysis of six-graders 

engagement during mathematics instruction, showing that process data can be utilized 

as an unobtrusive measure of engagement. 

Addressees of this Symposium 

This symposium reaches out to both researchers and educators who either develop 

interactive mathematics textbooks, use interactive textbooks to alter the cognitive or 

motivational development of students during mathematics education, or use interactive 

textbooks to assess mathematics utilizing students’ log data. 
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HOW DO STUDENTS USE DIGITAL TEXTBOOKS? 

Maximilian Pohl & Florian Schacht 

University of Duisburg-Essen, Germany 

 

With the transition from printed to digital textbooks the hope of new forms of textbook 

concepts is coexistent. On the one hand, this means that due to the digital nature new 

structural features of textbooks can be realised, but on the other hand, the effects on 

the learning of mathematics and on the use of textbook elements by the learner is of 

great research importance. Therefore, this contribution addresses a structural 

analysis of digital mathematics textbooks as well as an empirical study of student uses 

of textbook elements with the aim of identifying usages of textbook elements for the 

learning of mathematics. 

INTRODUCTION 

Textbooks are generally considered to play a dominant role in the teaching and 

learning of any subject, but especially in mathematics (cf. Fan et al., 2013, p. 

635–636). This is due to their unique role as a “conveyor of the curriculum (…) where 

they “serve as resources which introduce readers to worlds which are not immediately 

obvious or cannot be experienced directly. In particular, textbooks have their power in 

providing an ‘organized sequence of ideas and information’ to structured teaching and 

learning” (Fan et al., 2013, p. 635). Therefore, the dominant role of the resource 

textbook is constituted by the (mathematical) content structured in sequences 

(age-group levels, chapters, learning units). Regarding digital textbooks, technological 

potentialities may affect both content and structure of textbooks as well as the 

relationships between textbook authors, teachers and learners due to the possibility for 

teachers on collectively working together and for students on communicating with 

each other as well as with teachers during their textbook work (cf. Pepin et al., 2016, p. 

639).  

In Germany, first digital textbooks have been published in the last years demonstrating 

the broad variety of digital textbook concepts varying from simple adaptations of the 

printed versions – very often with the same structure and look but only in a digitalised 

format – to new textbook concepts ranging from online platforms to electronic 

textbook versions. On the one hand, this broad variety of digital mathematics 

textbooks goes along with structural changes as the idea of ‘textbook’ as a book is 

loosened and, therefore, creates new textbook concepts. But although the effects on the 

structure of mathematics textbooks are a decisive research focus, targeting the 

ramifications of the content and the actual use of digital textbooks by students is of 

equivalent importance. Thus, this paper focuses both on the structural changes as well 

as on the actual student use of digital textbooks. 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 39–44). Paderborn: Universitätsbibliothek Paderborn.
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THEORETICAL BACKGROUND 

When working with textbooks, the user interacts with the textbook as well as with the 

content, i.e. the mathematics. Hereby, the textbook acts as a mediator of the 

mathematical content. All three aspects interact, correlate and influence each other; 

thus, we conceptualize the use of (digital) textbooks within the socio-didactical 

triangle (cf. Rezat, 2009, p. 24) as the interaction between textbook – student – 

mathematics. In this way, we can not only draw inferences about the textbook, the 

individual student or the mathematical content, but especially about the correlation of 

all three aspects. 

In order to discuss the textbook elements within the student use of digital textbooks, a 

qualitative content analysis (cf. Mayring, 2008) of the digital textbook on the micro 

level was carried out in advance, i.e. concerning the "structure of individual thematic 

sections" (Rezat, 2008, p. 48). The textbook elements determined during this process 

and, therefore, construct the textbook’s learning unit will be referred to (based on 

Rezat, 2009) as ‘structural elements’ in the following.  At the descriptive level, we first 

identified the structural elements of digital textbooks according to their characteristics. 

In contrast to the structural elements for traditional printed textbooks, the structural 

elements for digital textbooks were analysed for their digital or analogue nature in the 

first place meaning that they were examined regarding their underlying digital 

characteristics (e.g. drag and drop mode, dynamic visualisations, possibility of direct 

feedback, etc.). Overall, it can be shown that, in addition to the structural elements 

from traditional textbooks (e.g. boxes containing basic knowledge, texts, etc.), 

exercises are realized in different dynamic formats (exercises with a drag and drop 

mode, calculation or note character as well as animations and explorations) and that 

several possibilities for checking your results are given (displaying the solution, 

showing the solution path, dynamic verification of the results) (cf. Pohl & Schacht, 

2018). Due to that, we also speak of 'digital' structural elements when referring to the 

‘new’ structural elements.  

Concerning research results on student uses of traditional textbooks, Rezat (2011) 

ascertained that students mostly engage in the activities of practicing and solving tasks 

and problems and that they usually work with exercises and boxes containing basic 

knowledge (cf. Rezat, 2011, p. 171). For digital textbook uses, it will be relevant to see 

how students actually use the determined ‘digital’ structural elements, which is the 

focus for the empirical research. In order to approach this research question, looking at 

signs (i.e. language as well as gestures) the users produce when working with the 

textbook provides access to the students’ textbook practices. This is described by the 

theory of semiotic mediation:  

“[W]ithin the social use of artifacts in the accomplishment of a task (…) shared signs are 

generated. On the one hand, these signs are related (…) to the artifact used, and, on the 

other hand, they may be related to the content that is to be mediated” (Bartolini Bussi & 

Mariotti, 2008, p. 752).  
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Accordingly, this theory helps to differentiate between signs directed towards the 

artifact (artifact signs) and the mathematical content (mathematics signs) and, 

therefore, provides a basis for the analysis of the student textbook uses. Besides the 

two categories of signs, a third category (pivot signs) addresses “both (…) the activity 

with the artifact (…) and to the mathematical domain” (Bartolini Bussi & Mariotti, 

2008, p. 757) as their “meaning is related to the context of the artifact but assumes a 

generality through its use in the natural language” (757). In this contribution, the 

theory of semiotic mediation serves as an evaluation method in order to identify 

student uses and to illustrate the process of using the textbook for the learning of 

mathematics. Hereby, we focus on the production of signs by the students when 

working with the digital textbook in the context of learning mathematics. By doing 

that, the research question “How do students use structural elements of digital 

textbooks?” will be discussed. 

RESEARCH DESIGN  

For the identification of structural elements, the chapters "Area and Perimeter" as well 

as "Negative Numbers" of the digital textbook "Brockhaus Lehrwerke: Mathematik 5. 

Klasse" (Hornisch et al., 2017) were first examined for their technological 

characteristics. On the empirical level, against the background of the descriptive 

analysis of textbooks, it will then be examined in more detail how learners explicitly 

work with 'digital' structural elements. 

In order to investigate this research question, six pupils from the fifth grade of a 

secondary school worked in groups of three on a total of five sessions (60–90 minutes) 

on school-internal iPads on the above-mentioned topics with the digital textbook. 

Clinical interviews were conducted and the students’ textbook work was videotaped on 

two video cameras; in addition, the screens of the iPads were recorded with the screen 

recording function of the iPad. The students worked in different situational conditions 

(i.e. individual, partner and group work) and on given as well as individual 

assignments. In addition, they could make notes, calculations, etc. with pen and paper 

at any time and move freely within the digital textbook. 

RESEARCH RESULTS 

In order to address and answer the empirical research question above, we will show the 

use of structural elements by two examples. The first transcript (table 1) focuses on the 

selection of different structural elements by a student for justifying a mathematical 

proposition while the second transcript (table 2) shows how the student discovers new 

solutions and ways of performing the task through the explorative use or rather due to 

the digital nature of the structural element.  

The student in the first example was asked to find a way to calculate the area of 

squares. Prior, the student had worked with the textbook on several structural elements 

(texts, boxes containing basic knowledge, calculation exercises and dynamic 
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explorations) on finding the area of rectangles. He then was asked to write down his 

idea of how to calculate the area of squares in the exercise (cf. figure 1): 

1 

2 

3 

4 

5 

6 

Actually, exactly the same. (...) Actually the same, because here [scrolls in the textbook 

to the structural element "exploration"] at this exercise with the rectangles you could 

also ... here! It was even a square at the beginning. (...) a times b = A. That was exactly 

the same formula as here with the rectangle [scrolls in the textbook to the structural 

element "box containing basic knowledge"]. (...) I'll take a look at the solution. It also 

states that this is exactly the same. 

Table 1. Transcript showing the student’s selection of different structural elements for 

reasoning his previously made proposition 

Using the theory of semiotic mediation and, therefore, having a look at the artifact 

signs first, we can see that the student refers to the artifact every time he selects specific 

structural elements (T. 1–2: “here [scrolls in the textbook to the structural element 

"exploration"] at this exercise”, T. 3: “here!”, T. 4–5: “here with the rectangle [scrolls 

in the textbook to the structural element "box containing basic knowledge"], T. 5: “I'll 

take a look at the solution.”). As a second step, the student does not only refer solely to 

the artifact itself, but also indicates an interpretation of the mathematical content at the 

same time (pivot signs). This can be seen in turns 2–4 where he does not only point to 

structural elements within the textbook (T. 2: “at this exercise with the rectangles”, T. 

4: “here with the rectangle”), but also explains the representation of the mathematical 

content given by the textbook (T. 3: “It was even a square at the beginning.”, T. 3–4: “a 

times b = A. That was exactly the same formula.”). Having a look at the mathematics 

signs, the student argues altogether that calculating the area of squares and rectangles 

is “exactly the same” (T. 6). Here, the student does not refer to the textbook anymore 

but concludes that the area of squares and rectangles is calculated in the same way and, 

therefore, argues on a mathematical basis. Altogether, this example illustrates how the 

student uses the textbook in the context of learning mathematics as he justifies his 

statement from the beginning (T. 1) by deliberately selecting specific structural 

elements supporting his mathematical assertion. 

In contrast to the first example, the second transcript demonstrates a learning process 

where different usage-related levels can be identified in the student’s examination of 

the structural element. The task was to find places of the point A where the area of the 

dotted and shaded rectangles is the same. When working on the task, the student 

initially did not realize that the position of point A could be changed dynamically and 

thus counted by reference to the static image how many boxes point A had to be moved 

to the right so that the two rectangles have the same area. By doing that, he found one 

solution (10x15 or 15x10). 

When using the interactive graphic (table 2), the student thus verifies his previously 

assumed solution with the help of the dynamic visualization in order to obtain a 

solution by the digital textbook (T. 3–4: “Ehm ... [moves point A in the interactive 

graphic] So ... fifteen. So that's the same with both.”) (artefact sign). His action, 

42 ICMT3 – 2019



Pohl & Schacht 

 

 

Table 2. Textbook task (cf. Hornisch et al., 2017) and the transcript of the student 

showing the use of a ‘digital’ structural element 

 

therefore, relates particularly to the dynamic advantage of the structural element of the 

digital textbook and thus can be categorized as ‘structure element-related usage’ (1). 

As a second step and mainly through the interactive graphic and the dynamic dragging 

of the point A does the student succeed in finding a new hypothesis and following it (T. 

4–8: “But you can also change the [drags point A vertically] ehm depth (...) [moves 

point A now vertically and horizontally] (...) So I think that there is also a point where 

both they do not look the same.”). He, therefore, formulates a content-related 

assumption that mainly constitutes through the use of the interactive graphic (pivot 

sign), and, thus, can be categorized as “content-related reasoning triggered by the use 

of the structural element " (2a). As a result, he notes – triggered by the interactive 

graphic – that "you cannot see at first glance that they [two rectangles] are the same 

size, but that the number of boxes inside is the same" (T. 9–12). Here, the student no 

longer argues on a level that deals with the activity with the interactive graphic, but on 

a content-related level (mathematics signs) – triggered by the exploratory nature of the 

task. Thus, the student no longer argues referring to the structural element, but on a 

mathematical level and, accordingly, his statement be categorized as content-related 

reasoning (2b). 

SUMMARY AND OUTLOOK 

Overall, this contribution revealed two effects regarding digital mathematics textbooks 

and their uses by students: first, the analysis of the digital textbooks pointed out that 

structural elements different to the structural elements for traditional mathematics 

textbooks could be identified. On the one hand, the technological realization of 

exercises resulted in a broader categorization of exercises (drag and drop mode, 

calculation exercises, interactive exercises etc.); on the other hand, and also more 

Task: Are there positions of the point A 

where the areas of the two highlighted 

rectangles are the same size? 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

I cannot find any more [solutions] (...) Here you 

can do that too [sees the interactive graphic]. (...) 

Ehm ... [moves point A in the interactive graphic] 

So ... fifteen. So that's the same with both. (...) But 

you can also change the [drags point A vertically] 

ehm depth (...) [moves point A now vertically and 

horizontally] (...) So I think that there is also a 

point where they both do not look the same. (...) 

[W]ould look something like that, where you 

cannot see at first glance that they are the same 

size, but that the number of boxes inside is the 

same. 
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importantly, the analysis displayed structural elements (animation, exploration) that do 

not conform to the structural elements for traditional mathematics textbooks as they 

originate only due to the digital nature of the textbook and, therefore, had not been 

realized before in an analogue textbook. As a result, this research project contributes to 

the diversification of the structural elements for mathematics textbooks. Secondly, on 

the empirical level, we highlighted different learner usages of the textbook. On the one 

hand, different structural elements were selected by the student in the context of 

reasoning indicating that the categories describing student activities with traditional 

textbooks need to be extended. The second example illustrated the process of 

reasoning by the user on different usage-related levels during the examination of the 

structural element highlighting the influence of digital structural elements on the 

generation of mathematical hypotheses. These first findings must be validated with 

further empirical data. In this respect, a detailed look at the use of the various options 

for controlling one’s own results (displaying the solution, showing the solution path, 

dynamic verification of the results) might be interesting. 
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Electronic textbooks in mathematics lessons offer new ways to assess and analyze 

students’ engagement in natural school contexts. In this study we validate a combined 

quantitative (i.e., time on task) and qualitative (i.e., on topic, mathematically correct) 

analysis of students’ electronic textbook-use as a measure for their engagement during 

mathematics instruction. Cluster analysis based on logfile data of 253 

six-graders—who worked on three writing-to-learn activities during fraction 

instruction—revealed four different Engagement Types. Analyses showed that 

achievement in a fraction post-test differed between these four groups with more 

engaged students reaching higher outcomes. Our innovative approach offers a viable 

way to measure students’ engagement during mathematics instruction. 

INTRODUCTION 

Students’ engagement is a pivotal factor in explaining the link between classroom 

instruction and learning (e.g., Seidel, 2014). Studies regarding learning mathematics 

have shown that better engagement is associated with higher mathematics achievement 

(Barkatsas, Kasimatis, & Gialamas, 2009; Singh, Granville, & Dika, 2002). Yet, 

assessing engagement is challenging, since it requires an observation not only of the 

final results—e.g., test scores—but should also refer to the process of learning. One 

viable way to operationalize students’ engagement during mathematics instruction is 

their textbook-use, which has shown to be a reliable predictor for course outcomes 

(Junco & Clem, 2015), regardless of whether traditional textbooks or electronic 

textbooks are used (Daniel & Woody, 2013). 

Electronic textbooks presented on tablet PCs offer the possibility to observe the 

learning process of every single child through logfile data or process data, which is 

individualized and is gathered throughout all work with the electronic textbooks 

(Goldhammer, Naumann, Rölke, Stelter, & Tóth, 2017). Firstly, this data allows for 

assessing students’ engagement quantitatively, e.g., through the numbers of pages read 

or the number of bookmarks placed (Junco & Clem, 2015), as well as through 

measuring the time spent on exercises or instructional content (Hoch, Reinhold, 

Werner, Richter-Gebert, & Reiss, 2018). In addition, students’ input can be rated 

regarding its quality. While recent research focused on quantitative indicators of 

students’ textbook use (Daniel & Woody, 2013; Junco & Clem, 2015), combining both 

quantitative and qualitative data can offer a broader measure of engagement. 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 45–50). Paderborn: Universitätsbibliothek Paderborn.
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In mathematics education, one way to measure the quality of students’ engagement is 

the analysis of written statements to questions asked in textbooks: On the one hand, the 

written outcome can be used to assess the knowledge of students. On the other hand, 

the writing process can be analyzed to gain additional indicators for the quality of 

students’ engagement, since this process itself can be beneficial for learning. This 

knowledge-constituting function of writing is referred to as writing-to-learn (Keys, 

1999). The main idea behind writing-to-learn is that writing can help students to 

construct, elaborate and structure knowledge, which can be especially beneficial in 

learning mathematics (Strohmaier, Vogel, & Reiss, 2018). Thus, writing can be 

considered a learning activity in mathematics education which can be easily 

implemented in electronic textbooks. This implementation offers the possibility to get 

insights into students’ learning processes, since the writing process itself can logged by 

the device (Hoch, Reinhold, Werner, Richter-Gebert, et al., 2018). Compared to other 

forms of learning based on oral communication, reading or mental activities, the data 

gathered during writing is easily assessible, can be unambiguously assigned to single 

students and can be analyzed afterwards. 

THE PRESENT STUDY 

We assume that both the quantity and quality of writing activities are indicators for 

students’ engagement in learning mathematics with electronic textbooks within real 

classroom situations: successful writing-to-learn can be characterized not only by 

quantitative measures (e.g., time spent on the activity), but also on the quality of the 

written text (Strohmaier et al., 2018). Here, we judge text quality in mathematics 

learning from three basic perspectives: (1) Context: Is the written text about 

mathematics? (2) Correctness: Is the written statement mathematically valid? and (3) 

Corpus: Does the written text make use of a mathematical language? Even though the 

focus on writing-to-learn tasks only sheds light on one particular kind of learning 

activity, it offers a unique possibility to be observed in learning mathematics with 

electronic textbooks. 

In the present study, we focus on the following explorative research questions to 

validate a combined quantitative and qualitative analysis of students’ textbook-use as a 

measure for their engagement during mathematics instruction: 

1. Which different groups of students can be identified based on their engagement in 

writing-to-learn activities during mathematics instruction? 

2. To what extent can those engagement-types explain mathematical achievement after 

classroom instruction? 

METHOD AND SAMPLE 

We used data from our research project ALICE:fractions in which we conducted a 

four-week intervention (15 lessons) on fractions in grade six classrooms in German 

public schools. Here, we focus on 253 students from the “Tablet PC group” who 

worked with our interactive environment on iPads (see Hoch, Reinhold, Werner, Reiss, 
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& Richter-Gebert, 2018, for a detailed view of the project). This digital learning 

environment was developed as an electronic textbook with interactive content. It 

allows for hands-on activities and includes adaptive exercises which focus on 

transitions between various non-symbolic and symbolic representations of fractions 

and provide intuitive pathways to core fraction concepts. 

Here, we focus on students’ process data from three writing-to-learn activities during 

the development of fraction concepts: Part of the whole (“How did she divide the 

pizza?”), Expanding and reducing (“How can you easily get fractions with the same 

value?”), and Mixed fractions (“How do you know whether a fraction is more or less 

than one?”). Students were asked to write down their ideas and to discuss their notes 

with their neighbor after finishing the writing process. They were presented these 

questions in full screen exercises on a 12.9” iPad during regular classroom work. In 

these exercises, students could enter their ideas into a text field using the operating 

system’s on-screen keyboard. 

DATA 

Data were logged whenever students exited an exercise or requested erasure of their 

input. The interactive exercises recorded the contents of the text fields and the time 

spans between the time of logging and the last action (logging of data or opening of the 

exercise) as process data. Process data were saved on the iPad for the duration of the 

intervention. Afterwards, they were transmitted to a university server and then parsed 

into a table-like structure for the use with statistics software. 

Students’ data was coded in five categories: Three qualitative categories CONTEXT 

(answer is on topic; 0 or 1; inter-rater reliability: Cohen’s κ = .85), CORRECTNESS 

(answer is correct, 0 or 1, κ = .80), CORPUS (mathematical language is used; 0 or 1; 

κ = .75), as well as two quantitative categories WORDS (number of words on topic; 

counted via spaces; machine coded), and TIME (time on task; as measured by the 

interactive exercise; machine coded). Standardized values of these categories were 

used for an explorative k-means clustering, using Calinski-Harabasz stopping rule to 

determine the appropriate number of clusters (see Backhaus, Erichson, Plinke, & 

Weiber, 2018, for a broad overview of common methods for cluster analysis). 

To assess students’ mathematical achievement, we used a paper-based pre-test 

covering prior knowledge of fractions (10 items, reliability: McDonald’s ω = .82) and 

a paper-based post-test covering both procedural and conceptual knowledge for basic 

fraction concepts (21 items, ω = .82). 

RESULTS 

On average, students worked about 168 seconds on a writing-to-learn activity 

(SD = 132), and wrote about 9.86 words per item (SD = 9.62). A total of 75.4% of 

students’ statements were on topic (SD = 29.3), 16.1% were mathematically correct 
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(SD = 24.2), and in 16.2% of students’ statements mathematical language was used 

(SD = 24.5). 

We asked which different groups of students could be identified based on their 

engagement in writing-to-learn activities during mathematics instruction. Cluster 

analysis revealed four Engagement Types which we describe in comparison to the 

whole sample (Figure 1): Industrious Solvers (n = 28; red dots) worked on topic, gave 

correct answers and used mathematical language. They wrote down the most detailed 

answers and also spent the most time on the tasks. Efficient (n = 64; blue squares) also 

worked on topic, gave correct answers and used mathematical language while they 

wrote less words and spent less time on the tasks. Non-Solvers (n = 82; green triangles) 

still worked on topic, but gave less correct answers using less mathematical language. 

They also wrote short answers and worked rather briefly on the tasks. Distracted 

(n = 79; purple diamonds) did not work on topic, gave mostly wrong answers with very 

few mathematical vocabulary, only few words and they spent the least time on the 

tasks. 
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Figure 1. Cluster centers of the four Engagement Types, resulting from the cluster 

analysis of 253 students based on three qualitative measures (CONTEXT, 

CORRECTNESS, & CORPUS) and two quantitative measures (WORDS, TIME) for 

students’ responses in writing-to-learn activities. 

 

Furthermore, we asked to what extent these Engagement Types can explain 

mathematical achievement after instruction. If textbook-use is a valid indicator for 

engagement during classroom instruction, students from different Engagement Types 

should differ in their outcomes measured after tuition. As can be seen in Table 1, 
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post-test scores differed between the Engagement Types, with the Industrious Solvers 

reaching the highest scores and the Non-Solvers reaching the lowest scores. 

 

    Pre-Test Post-Test 

Engagement Type   N M SD M SD 

Industrious Solvers 28 .48 .28 .74 .18 

Efficient 64 .47 .29 .61 .21 

Non-Solvers 82 .33 .28 .40 .25 

Distracted   79 .40 .29 .46 .26 

Table 1. Achievement in pre-test and post-test for each Engagement Type. 

 

There is a significant large effect of Engagement Type on the post-test score after 

controlling for the pre-test score, F(3, 248) = 18.4, p < .001, η2 = .182. Post-hoc Tukey 

contrasts showed that all but two Engagement Types differed pairwise significantly, 

ps < .05, while no significant difference between the Non-Solvers and the Distracted 

was found, p = .849. 

DISCUSSION 

Our results support the assumption that quantitative and qualitative process data 

reflecting students’ mathematic textbook-use in real classroom scenarios can be used 

as an indicator for students’ engagement during mathematics instruction. We could 

identify four different Engagement Types based on five theoretically described 

categories: Industrious Solvers (highest engagement), Efficient, Non-Solvers, and 

Distracted (lowest engagement). We conclude that students in these clusters show 

different levels of engagement in a descending order. This conclusion is supported by 

the results of the achievement test conducted after working with the electronic 

textbook. Here, students from higher engaged clusters reach better outcomes than 

students from lower engaged clusters. 

Our results are in line with other studies regarding quantitative measures of students’ 

textbook-use and course outcomes in mathematics (e.g., Daniel & Woody, 2013; Junco 

& Clem, 2015): Even though the Industrious Solvers and the Efficient showed 

comparable prior knowledge and differed only in the number of words written and the 

time spent on task, the Industrious Solvers outperformed the Efficient in the post-test. 

In contrast to past studies, we also used qualitative indicators for students’ engagement, 

regarding the context, the correctness and the corpus of their answers to specific 

mathematical writing-to-learn activities. This approach made distinctions between 

students showing comparable quantitative engagement possible: Despite a comparable 
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number of words written during the exercises and a comparable time spent on task, the 

Efficient outperformed the Non-Solvers in the post-test. 

We conclude that our approach—i.e., using interactive textbooks as a measurement 

device and considering both quantitative and qualitative process data gathered during 

electronic textbook-use—offers a new and viable way of assessing students’ 

engagement in mathematics education. This offers rich possibilities to measure 

students’ engagement in natural school contexts, its relation to learning processes, and 

its role in digitally-supported learning environments. It therefore can support both 

research and practice in mathematics education. 
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ANALYSING THE EFFECTIVENESS OF A COMBINATION OF 
DIFFERENT TYPES OF FEEDBACK IN A DIGITAL TEXTBOOK 

FOR PRIMARY LEVEL 
Sebastian Rezat 

Paderborn University, Germany 
 
Feedback is widely acknowledged as an important influential factor on learning and 
achievement. The fact that interactive digital learning tools constantly provide 
feedback to learners’ actions with the contents is indeed one of the most emphasized 
advantages of learning with digital tools. While there is a growing body of research 
related to adaptive feedback based on artificial intelligence in education, there still is 
the need to understand less sophisticated ways of implementing feedback into 
educational technologies like digital textbooks, which promise to be implementable at 
a large scale. The study presented in this paper, analyses the effectiveness of a 
particular combination of different feedback types that are offered in a digital 
mathematics textbook for the elementary level. The results show a low effectiveness of 
the different types of feedback. Based on this result, possibilities of developing and 
evaluating more effective feedback in digital textbooks are outlined. 

INTRODUCTION 
Feedback is widely acknowledged as an important influential factor on learning and 
achievement (Hattie & Timperley, 2007). According to Hattie and Timperley (2007, 
p. 81) feedback is understood as “information provided by an agent (e.g., teacher, 
peer, book, parent, self, experience) regarding aspects of one’s performance or 
understanding“. The goal of feedback is to support understanding and/or 
performance. In line with this, Shute (2008, p. 154) defines formative feedback as 
“information communicated to the learner that is intended to modify his or her 
thinking or behavior for the purpose of improving learning“. According to Hattie and 
Timperley (2007, p. 87) effective feedback has to address three questions: “Where 
am I going? How am I going? Where to next?”.  
The fact that interactive digital learning tools constantly provide feedback to learners’ 
actions with the contents is indeed one of the most emphasized advantages of 
learning with digital tools (e.g. Mason & Bruning, 2001). In fact, by definition 
interactivity means that users get immediate feedback to their actions with the tool.  
Research related to feedback aims at identifying features of feedback that increase its 
efficiency. Two aspects seem to be important for effective feedback: 1) the forms of 
feedback and 2) the timing of feedback. Research has shown that both, the wrong 
form of feedback and the wrong timing might even have negative effects on learning 
and achievement (Fyfe & Rittle-Johnson, 2016a; Hattie & Timperley, 2007). The 
majority of studies in this context quantitatively measure and compare effect sizes of 
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different forms or timings of feedback in order to draw conclusions regarding its 
effectiveness. The underlying assumption in these settings is that students react 
consistently to the respective form or timing of feedback. Another research area has 
been to identify further influences on the effectiveness of feedback, e.g. prior 
knowledge (Fyfe & Rittle-Johnson, 2016b) or feedback specificity (c.f. Shute, 2008). 
This research shows that individual factors influence the effectiveness of feedback. 
Acknowledging that learning processes are individual and might differ among 
learners leads to the question if different learners need different kinds of feedback in 
order to receive support for their learning processes. A research focus in this context 
has been adapting digital learning environments to learner characteristics by artificial 
intelligence in terms of adaptive learning trajectories, adaptive feedback, intelligent 
tutors, and pedagogical agents. While there is a growing body of research related to 
artificial intelligence in education (Grandbastien, Luckin, Mizoguchi, & Aleven, 
2016), the majority of digital learning tools and textbooks offered on the market and 
on the web differs substantially from the state of the art of research in this area. There 
still is the need to understand less sophisticated ways of implementing feedback into 
educational technologies like digital textbooks, which promise to be implementable 
at a large scale. In the context, the effects of combining different kinds of feedback in 
a digital tool and thus confronting learners with multiple kinds of feedback while 
working on tasks from the digital textbook have rarely been investigated.   
The aim of this paper is to analyse the effectiveness of a particular combination of 
different feedback types that are offered in a digital mathematics textbook for the 
elementary level published by a German textbook publisher. The research question is: 
What is the effect of the different types of feedback offered in a digital textbook on 
learners’ behaviour? 

THEORETICAL FRAMEWORK 
Hattie and Timperley (2007) provide a model of feedback in which they differentiate 
between four levels of feedback: the task level, the process level, the self-regulation 
level, and the self level. Feedback at the task level informs about how well the task is 
understood or performed. At the process level, feedback refers to the main processes 
needed in order to understand or perform the task. Feedback at the self-regulation 
level relates to self-monitoring and the direction and regulations of actions, whereas 
feedback at the self level conveys personal evaluations and affect about the learner. 
The study presented in this paper refers to feedback on the task level.  
In order to differentiate different forms of feedback, which are offered by a digital 
tool, the study presented in this paper refers to a classification of feedback according 
to Shute (2008). She distinguishes different types of feedback according to their 
complexity. For the study presented in this paper, the following types are relevant:  

1. Knowledge of results feedback (KR) informs the learner about the correctness 
of an answer; 
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2. Knowledge of correct response (KCR) feedback informs the learner about the 
correct response; 

3. Repeat-until-correct (RUC) feedback informs the learner about an incorrect 
response and offers the possibility of new try to answer the task; 

4. Location of mistakes (LOM) feedback informs the learner about the location of 
an error in the solution without giving the correct response; 

5. Elaborated feedback (EF), which offers further information regarding the 
solution of the task or the solution of the learner. For the study presented in 
this paper hints/cues/prompts are the relevant type of EF, which contain 
information guiding the learner in the right direction. 

METHODOLOGY 
The textbook 
In the study, the textbook “Denken und Rechnen interaktiv” was used. Currently, it is 
one of the very few mathematics textbooks for the elementary grades on the German 
market that offers feedback and interactive answer formats like multiple choice or 
drag and drop. It is developed by a German publisher for textbooks, which also offers 
a printed version of the book. The structure and the contents of the printed and the 
digital version are analogous.  
The digital version of the textbooks offers different kinds of feedback:  

1. After entering an answer, KR-feedback is presented combined with 
RUC-feedback. Regularly, the student has three tries for each task. If there is 
only one answer to enter the textbooks shows a green field with a positive or a 
red field with a negative feedback message. If there are multiple entries to 
make, the textbook provides error flagging feedback in that it highlights the 
corrects answers in green and the wrong answers in red. The wrong answers 
disappear before the next try, the corrects answers stay. 

2. If the student has not succeeded after the second try, a symbol with a lightbulb 
appears on the screen. A click on the symbol provides a standard EF message 
for students, which contains a hint, cue or prompt for solving the task.  

3. If the student has not succeeded to answer the task correctly after the third try, 
KCR-feedback is provided.  

4. After solving a set of tasks, a summative feedback is provided, which provides 
information about the time needed for working on the task and a summary of 
the number of tasks that were solved after the first, the second, and the third 
try, respectively, or not at all. This type of feedback is not included in the 
study, since it is not on the task level. 

5. The textbook offers a lexicon of mathematical terms and procedures, which is 
accessible all throughout the whole process of working on a task. 
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Mathematical terms in the wording of the task are directly linked with the 
lexicon. This is also regarded as EF. 

Data collection and analysis 
Data was collected by videotaping third grade students from different German 
primary schools working with the digital textbook. Students were working 
individually with the digital textbook either in experimental settings or in a whole 
class setting. Data was analysed using MAXQDA by coding the success of the 
following try after the students got feedback from the textbook or used a scaffold. In 
order to analyse the effect of the feedback on students’ behaviour, only students, 
which answered the task incorrectly in the first try were included in the analysis. 
Altogether, the data of 27 students with 362 tries was analysed. This procedure was 
chosen, because the log-files from the digital textbook were not accessible.  

RESULTS 
Table 1 shows the number of correct and incorrect tries that followed different kinds 
of feedback.  
Feedback  Following try 

Correct Incorrect ∑ Correct (%) Incorrect (%) 

KCR 10 26 36 28 72 

KR 49 87 136 36 64 

EF 13 43 56 23 77 

Sum   72 156 228 32 68 

Table 1. Number of correct and incorrect tries following feedback 
Table 1 shows that on the average the different kinds of feedback only yielded a 
correct result in approx. one third of the cases. After KCR and EF it was even only 
approx. one fourth of the following tries that were solved correctly. Since EF is 
presented after the second unsuccessful try, students who received EF- or KCR- 
feedback had already received KR-feedback before. Therefore, the results for KCR 
and EF in fact relate to the combinations of KR with EF and KCR. In sum, these 
results question the effectiveness of the feedback combination in the digital textbook 
and give rise to the question of reasons for these results.  

DISCUSSION 
Previous research on the effectiveness of feedback has shown that KR- and 
KCR-feedback are not very effective and that EF is more effective than the other two 
types. However, the combination of different kinds of feedback in one digital tool has 
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rarely been a matter of study. The results of this exploratory study give rise to the 
hypothesis that the combination of different kinds of feedback as implemented in the 
digital textbook “Denken und Rechnen interaktiv” does not increase the 
effectiveness. Nevertheless, the fact that digital textbooks and tools usually combine 
different kinds of feedback point to a research potential related to digital textbooks 
and tools. The task of this research could be developing a combination of different 
kinds of feedback that is effective for learners when working with the digital 
textbook. Developing a better understanding of the processes when students are 
working with digital textbooks might yield to feedback that better adjusts to problems 
students encounter within these processes.  
Furthermore, the low effectiveness of EF in the digital textbook in the present study 
gives rise to a second research potential related to digital textbooks. In a previous 
exploratory qualitative study (Rezat, 2017) it was shown that the feedback message is 
subject to interpretation by the students and requires the activation of relevant 
concepts in order to be effective. Because of the low effectiveness of the EF in the 
digital textbook, it is likely that the information presented in EF does not meet the 
problems of the learners with the tasks. Therefore, it is important first, to analyse the 
problems that students show with particular tasks, second, developing feedback that 
relates to the problems identified in the first step, and third, evaluating the 
effectiveness of the feedback that is presented to students. 
In both cases, the possibility to control the conditions of the provision of feedback 
and to trace students’ behaviour following the feedback in the log-data of digital tools 
point to the research potential that is related to digital textbooks (Hoch, Reinhold, 
Werner, Richter-Gebert, & Reiss, 2018).  
Acknowledgment 
This research was supported by Westermann.  
References 
Fyfe, E. R., & Rittle-Johnson, B. (2016a). The benefits of computer-generated feedback for 

mathematics problem solving. Journal of Experimental Child Psychology, 147, 140–151. 
http://dx.doi.org/10.1016/j.jecp.2016.03.009 

Fyfe, E. R., & Rittle-Johnson, B. (2016b). Feedback both helps and hinders learning: The 
causal role of prior knowledge. Journal of Educational Psychology, 108(1), 82–97. 
Retrieved from http://psycnet.apa.org/index.cfm?fa=buy.optionToBuy&uid=2015- 
25422-001 

Grandbastien, M., Luckin, R., Mizoguchi, R., & Aleven, V. (2016). Preface to the IJAIED 
25th Anniversary Issue. International Journal of Artificial Intelligence in Education, 
26(1), 1–3. https://doi.org/10.1007/s40593-015-0092-6 

Hattie, J., & Timperley, H. (2007). The power of feedback. Review of Educational 
Research, 77(1), 81–112. https://doi.org/10.3102/003465430298487 

ICMT3 – 2019 55



Rezat 

 

Hoch, S., Reinhold, F., Werner, B., Richter-Gebert, J., & Reiss, K. (2018). Design and 
research potential of interactive textbooks: the case of fractions. ZDM Mathematics 
Education, 50(5), 839–848. doi:10.1007/s11858-018-0971-z 

Mason, B. J., & Bruning, R. H. (2001). Providing feedback in computer-based instruction: 
what the research tells us. In Class research report no. 9. Lincoln: Center for 
Instrnctional Innovation, University of Nebraska-Lincoln. 

Rezat, S. (2017). Students’ utilizations of feedback provided by an interactive mathematics 
e-textbook for primary level. In T. r. s. Dooley & G. Gueudet (Eds.), Proceedings of the 
Tenth Congress of the European Society for Research in Mathematics Education 
(CERME10, February 1–5, 2017) (pp. 3724–3731). Dublin, Ireland: Dublin City 
University, Institute of Education, and ERME. 

Shute, V. J. (2008). Focus on Formative Feedback. Review of Educational Research, 78(1), 
153–189. doi:10.3102/0034654307313795 

 

56 ICMT3 – 2019



Symposium B: Cross-cultural
research on teachers’ use of
resources

57





 

CROSS-CULTURAL RESEARCH ON TEACHERS’ USE OF 
RESOURCES 
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PURPOSE 
This symposium brings together researchers who work across cultural contexts to 
understand teachers’ use of resources in mathematics teaching. The goal of the 
symposium is to illustrate and learn from different approaches to conceptualizing and 
examining this phenomenon and the role that cultural traditions and practices play in 
both the work of resource use and research on it. For this reason, contributions to the 
symposium examine more than one cultural context. The focus of the symposium is 
relevant, given contemporary tendencies toward globalization in educational practice 
and policy and increased interest in learning from research across cultural boundaries.  
The following questions guide the symposium: 

1. What can cross-cultural studies on resource use offer the field? 
2. How are different approaches to conceptualizing and examining teachers’ use 

of resources to teach mathematics illuminated through cross-cultural analysis?  
3. What methodological challenges emerge when undertaking cross-cultural 

research on teachers’ resource use? 

ORGANIZATION 
The symposium consists of four invited contributions (see below) and is structured in 
the following way: 10 minutes introduction, 15 minutes presentation and 5 minutes 
discussion for each contribution, 25 minutes broader discussion addressing the three 
research questions, and 5 minutes closing down.  

INVITED CONTRIBUTIONS 
The following invited contributions are part of the symposium: 
Takeshi Miyakawa & Stéphane Clivaz  
Japanese and Swiss pre-service teachers' resources in the cross-cultural collaborative 
design of a mathematics lesson 
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Tuula Koljonen 
Finnish and Swedish elementary school teachers’ interplay with Finnish curriculum 
resources: an attempt at unraveling tacit cultural practices 
 
Janine Remillard, Hendrik Van Steenbrugge, Heidi Krzywacki, Kirsti Hemmi, Rowan 
Machalow, Tuula Koljonen, & Yanning Yu 
A cross-cultural study on teachers’ use of digital resources in Sweden, Finland, the 
USA, and Flanders 
 
Jana Višňovská 
Notes from designing one resource for teachers’ use across the contexts of Mexico, 
Australia, and South Africa 
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Mälardalen University, Sweden   

 
This study investigates tacit cultural practices in Finland and Sweden by studying the 
lesson structure and questioning strategies teachers use in mathematics lessons. The 
data consists of four teacher cases of both region, each based on three video-recorded 
mathematics lessons and a complementary interview with each teacher. The teachers 
in both countries use an originated Finnish curriculum program which have a potential 
to influence the lesson realization. The initial analysis reveals that although teachers 
in both countries were using Finnish programs, the Swedish lessons display versions 
of individualized learning pedagogy while the Finnish lessons display a form of 
differentiated teaching pedagogy. The results add to knowledge from two different 
educational contexts about tacit cultural practices that may otherwise be unnoticed. 

INTRODUCTION  
Research raises the importance of curriculum resources, such as curriculum programs 
(commercially produced textbooks and teacher guides), as they largely shape what, and 
how, mathematics is to be taught and learned (e.g. Fan, Zhu, & Miao, 2013) in ways 
that reflect cultural values (e.g. Haggarty & Pepin, 2002). In our previous studies, we  
found a pattern of altogether six recurrent activities within each lesson: (1) teacher-led 
classroom instruction; (2) mental calculation; (3) problem-solving; (4) games and 
playing activities; (5) homework; and (6) students working in the textbook when we 
examined the structure and content of Finnish teacher guides and, the idea in the guides 
are that the recurring lesson elements comprise a collection of ideas that teachers can 
choose to use or not in the classes and, no lesson script is offered that a teacher could 
follow as such (Hemmi, Krzywacki, & Koljonen, 2017). We have further, examined 
what kind of constructed mathematics classroom practice they may potentially 
construe and we identified three norms embedded in them: (1) creating opportunities 
for learning through a variety of activities and communication; (2) keeping the class 
gathered around a specific mathematical topic; and (3) concurrent active involvement 
of teachers and students (Koljonen, Ryve, & Hemmi, 2018). However, these potential 
classroom characteristics suggested by the teacher guides were not visible in the case 
study of one Swedish teacher’s interaction with a Finnish teacher guide (Koljonen, 
2017). Finnish curriculum programs are being used in other countries such as Sweden 
and Italy. Few, if any studies have investigated how curriculum programs created in 
one country are used by teachers in another country and how that interaction influence 
classroom practice. I anticipate that a study on the use of curriculum programs from 
one culture by teachers from another culture will advance our understanding of the 
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cultural practices in both cultures, and of the interplay between teacher and curriculum 
programs. Finland and Sweden provide valuable cases because they have many 
similarities, including geographic proximity, an inclusive free and compulsory basic 
education starting at age seven, an absence of tracking students by performance level, 
and teachers in both countries choose freely what program and which components 
within and outside the program to use.  
It is impossible to find two teachers who teach in exactly the same way. Yet, in a given 
school, community, or country, there are patterns in the social activity of teaching that 
are characteristic for them. The theoretical approach in this study rests on cultural 
norms. Cultural norms are the regularities of the practice and the social interaction 
established by a group, regarding what is acceptable or desirable. The values of that 
cultural practice shape norms, and involve a taken-as-shared idea of what constitutes 
an appropriate and desirable mathematics classroom (cf. Hiebert et al., 2003). Teachers 
are a part of those embedded social practices together with the curriculum programs 
which are presumed to legitimise and reflect the different cultural specific educational 
values of countries (cf. Haggarty & Pepin, 2002) and thus reflect the specific character 
of the teaching and learning activities potentially realised in classrooms. Curriculum 
programs serve as an important tool for teachers in both enabling and constraining their 
thoughts and actions (Stein, Remillard, & Smith, 2007) in implementing ideas about 
teaching. Both how teachers structure their lessons and how they enable student’s 
participation through usage of questioning strategies reflects the specific educational 
and cultural norms valued within a country. Several researchers claim e.g., that 
providing opportunities for participation in subject-related situations is among the most 
important aspects of teaching and teachers’ elaboration of students’ ideas play an 
important role e.g. in high-quality teaching (Klette et al., 2018). To deepen our 
understanding of how cultural norms may or may not influence teacher-curriculum 
interplay and the enacted classroom, it is of interest to investigate Finnish and Swedish 
teachers’ practices when using a same kind of (i.e., a Finnish) program while teaching. 
The research question guiding this study is: what tacit cultural practices do Finnish 
and Swedish mathematics lessons display when teachers are using an originally 
Finnish teacher’s guide?  

METHODOLOGY  
The research design entails a multiple case study (Yin, 2009) of 4 Finnish and 4 
Swedish teachers where each teacher forms a case. The data consist of 24 videotaped 
mathematics lessons: three consecutive mathematics lessons per teacher (40-60 
minutes/lesson) and 1 audio-recorded semi-structured teacher interview (50-110 
minutes). All the 8 participating primary school teachers: 1) held formal education as 
mathematics teachers, 2) were regarded as locally competent (i.e., nominated by the 
school principal and the municipality as local subject specialists), 3) worked at practice 
schools (schools collaboration with universities), and 4) used the same originally 
Finnish teaching materials. The analysis focuses on the lesson structure and students’ 
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participation through interaction opportunities during teachers questioning strategies 
during whole-class teaching episodes.  
I approached the data first by investigating mathematics classrooms of the transcribed 
videotaped lessons by identifying the structure of the lessons. Two common lesson 
organisation formats in classrooms around the world (O’Keefe, Xu, & Clark, 2006) 
were used in this analysis: 1) classwork (CW), the time when teachers are working 
with all students and usually orchestrating discussions and 2) seatwork (SW), the time 
when students’ work individually or in small groups on assigned tasks and where the 
talk is mostly private. This provided me a first framing, within which teachers were 
engaging students in two very different classroom practices. To understand more of 
what happens in those videotaped classrooms, I needed to go beyond structural patterns 
of lessons and look at the features of classroom talk in which the teachers implicitly 
realize their roll in not just teaching of mathematics but also in engaging students to 
learn. I therefore, focused on the interaction patterns through teachers’ questioning 
strategies during the periods of classwork. For that analysis I used Boaler and Brodies 
(2004) Teacher Questions Coding Scheme as it provides a compilation and descriptions 
of various question types that teachers could ask students. This helped me to identify 
the use of lesson time for the different types of activities and interactions in the 
classroom environment. In this study, the interviews were used as supplementary data 
for triangulation of the analysis of the classroom practices by confirming or not 
confirming what were displayed on the videotaped lessons. 

RESULTS  
When categorizing the videotaped mathematics lessons as either classwork (CW) or 
seatwork (SW), there were substantial difference between how the Finnish and 
Swedish lessons were organized. CW was the dominating style (10/12) in the Finnish 
videotaped lessons while only one of the lessons involved mostly SW (see Table 1). 
Whereas SW (9/12) was dominant in the Swedish videotaped lessons while two of the 
lessons were mostly spent as CW (see Table 2). 

 Teacher grade1 Teacher grade 3 Teacher grad 4 Teacher grad 5 
 L1 L2 L3 L1 L2 L3 L1 L2 L3 L1 L2 L3 
 CW 100 85 60 100 67  69 74 65 58 29 62 51 
 SW  0   15   40  0  33  31  26  35  42  71  38  49  
Table 1. Percentage of classwork and seatwork of the Finnish teachers’ lessons 
 Teacher grade 1 Teacher grade 3 Teacher grade 4 Teacher grade 5 
 L1 L2 L3 L1 L2 L3 L1 L2 L3 L1 L2 L3 

CW 32  71  29  28  31  78  46  32  38  35  28  37  
SW  68  29  71  72  69  22  54  68  62  65  72  63  

Table 2. Percentage of classwork and seatwork of the Swedish teachers’ lessons 
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All the Finnish lessons were 45 minutes in length. The analyzed Finnish lessons did 
not portray one typical coherent lesson type. Instead, teachers and students were 
simultaneously involved in several loops of instruction and practice sessions during 
each lesson, which may explain the larger proportion of CW (see table 1). The teacher 
guides’ six recurrent lesson activities (teacher-led classroom instruction; mental 
calculation; problem-solving; games and play activities; homework; and students 
working in the textbook) were visible during these sessions and the lessons often ended 
with a game or other whole-class activity. All students were working with the same 
mathematical topic and all the Finnish teachers used a document camera during whole 
CW sessions, so that the students could participate and be at the front when solving 
tasks and problems during these sessions. The Swedish lessons varied in lesson length 
(40-60 minutes). All the videotaped Swedish lessons were divided into two distinctive 
episodes: 1) a teaching session where the teacher leads a Genomgång (instruction: 
going through something) and 2) a practicing session where students work in their 
workbook. All the Swedish teachers had students working with other curriculum 
programs and within other mathematical areas than the focus of the observed lessons. 
They further used SmartBoards or projectors in combination with whiteboards when 
conducting the genomgång, and for that they used the ready-made material (teacher-
led classroom instruction) from the guides. The length of the Swedish SW episodes 
was much longer than the CW length (see table 2) and the Swedish teachers always 
ended their lessons with SW.  

Table 3: Teacher Questions Coding Scheme from Boaler and Brodie (2004): 
Occurrence of the question types to categories 1-9. xx occurred regularly, x occurred 

sporadically, - were absent and, 1occured once in three lessons. 
When analysing how teachers enable students’ participation and interaction during the 
whole-class teaching episodes, substantial similarities as well as differences among the 
Finnish and Swedish teachers’ usage of questions emerged. I categorized these 
questions according to Boaler and Brodie’s (2004) nine types. Both the Finnish and the 
Swedish teacher use question type 1 (Gathering information, leading students through 
a method) and 4 (Probing, getting students to explain their thinking) largely (see table 
3). However, Finnish teachers also use question type 2 (Inserting terminology), 3 

Teachers                                   Questioning types 
1. 2. 3. 4. 5. 6. 7. 8. 9. 

 
FIN 

T1 xx x x x xx x x x xx 
T3 xx xx xx x x xx - - - 
T4 xx xx - xx xx - - - - 
T5 xx xx xx xx x xx xx xx x 

 
SWE 

T1 xx - - xx - - - 1 - 
T3 xx 1 - 1 - - - - - 
T4 xx 1 x xx - - - - - 
T5 xx x - x x - 1 - - 
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(Exploring mathematical meanings and/or relationships), 5 (Generating discussion) 
and 6 (Linking and applying), which were almost absent among the Swedish teachers. 
Two of the Finnish teachers used all the nine question types including 7 (Extending 
thinking), 8 (Orienting and focusing), and 9 (Establishing context) during the 
videotaped lessons. None of the Swedish teachers used all of the nine question types. 

DISCUSSION AND CONCLUDING THOUGHTS 
This investigation aimed to reveal tacit cultural practices of Swedish and Finnish 
mathematics classrooms. Teacher guides are, in this study regarded as artefacts used 
by teachers when designing and enacting teaching, as well as reflecting native cultural 
values (cf. Haggary & Pepin, 2002). The originally Finnish programs, in this study, are 
used by teachers both in the original, Finnish context and, in a new, Swedish 
educational context.  
The analysis reveal that the Finnish lessons display a form of differentiated teaching 
pedagogy in which teachers adjust the learning needs for a group of students by having 
student concurrently participate during teacher-led activities. The classrooms contain 
a substantial variation of activities from the guides, which enables students to 
participate as contributing actors (cf. Klette et al., 2018), supported by teachers’ usage 
and variation of different question types (cf. Boaler & Brodie, 2004). This is in contrast 
with the Swedish lessons, displaying versions of the individualized learning pedagogy, 
in which the teachers accommodate learning needs to individual students by having a 
short introduction, students then work at their own pace in their workbooks and where 
the participation in the whole class activity, genomgången relate to low inference 
interaction since minimal variations of other activities or teacher question strategies 
are offered in the Swedish lessons.  
Despite the usage of the same curriculum program it is difficult to see similar elements 
recurring in both the Finnish and Swedish mathematics classrooms and thus, 
curriculum program influence on the new cultural practice. This may not be of a 
surprise, since the Finnish teachers are using a curriculum program developed within 
the Finnish cultural norms and in line with the teaching traditions and social practices 
norms. Whereas the Swedish teachers use a Finnish program which is developed in 
another culture. Even so, based on these findings, I conclude that there are cultural 
similarities between teachers as well as differences within teacher’s classroom 
practices in relation to countries (cf. Haggarty & Pepin, 2002; Hiebert et al., 2003; 
O’Keefe et al., 2006). I further conclude, that the use of the originally Finnish 
curriculum program in a new context has not had the intended impact on the practices 
as promoted by the embedded cultural values of Finnish teacher guides. This 
challenges the idea of reforming or changing mathematics teaching via launching new 
curriculum programs. Yet without targeted support for how to use a new material it is 
hard, even if a teacher is regarded as competent, to independently conduct changed or 
improved teaching and simultaneously maintain or gain pedagogical autonomy. 
Further investigations are needed to better understand, more in depth how cultural 
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norms influence teacher-curriculum interplay and the enacted classroom. I will thus 
investigate how teachers organize the activities from the teachers’ guides within each 
lesson and what kind of teaching strategies teachers apply. 
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This paper investigates the resources the student-teachers used to design and 

implement grade 4 mathematics lessons in the context of a project-based international 

exchange programme between Switzerland and Japan. The lesson, initially planned 

together by nine student-teachers of the two countries, was implemented separately in 

each country. In spite of the collaborative design of a lesson, its enactment was quite 

different. The analysis of the resources (namely lesson plan, curricula, and textbooks) 

allows us to identify the elements that yield the differences between the two lessons.  

INTRODUCTION 

Since a decade, researchers try to understand mathematics teachers’ work and their 

evolution through the analysis of resources the teachers use or develop for their 

teaching practices. This approach, called documentational approach to didactics 

(Gueudet & Trouche, 2009), focuses on the use of resources. Resources and their use, 

or the document should be very different according to the educational contexts or the 

institutions because they are culturally rooted. As teaching practices differ across 

contexts, the roles of resources, such as a textbook, are also different. We consider that 

some resources for teachers constitute a didactic infrastructure (Chevallard, 2009) that 

strongly supports and shapes the lesson design. 

In this paper, we carry out a comparative analysis of the resources or of the didactic 

infrastructure for the student-teachers used in the design and implementation of 

mathematics lessons in two countries, Switzerland and Japan, and investigate related 

cultural factors that yield the differences of teaching practices identified in our 

previous comparative study of lessons. The resources we will analyse are, in particular, 

the lesson plans developed during a project-based student and teacher exchange 

programme (called PEERS project), as well as the mathematics textbooks and the 

national or regional curricula which are principal references for the student-teachers. 

In what follows, we first present, as a context, the PEERS project and the differences 

we have identified in a comparative analysis of lessons, and then carry out an analysis 

of resources, in order to identify the cultural elements that yield such differences. 

COLLABORATIVE DESIGN OF A LESSON 

We briefly describe our project of the collaborative design of a mathematical lesson, 

which allows us to mention the collected data, and the results of comparative analysis 

in our previous study (Clivaz & Miyakawa, to appear). 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 67–72). Paderborn: Universitätsbibliothek Paderborn.
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PEERS Project 

PEERS project is a student and professor exchange program carried out by Lausanne 

University of Teacher Education (HEP Vaud). It consists of student exchanges around 

a jointly defined research project by a group of students from HEP Vaud in association 

with a group of students from the partner university. Each PEERS is supervised by a 

teacher-researcher of each institution, combining face-to-face (one week in fall and 

another week in spring) with distance online collaborative work phases. PEERS with 

Joetsu University of Education (the previous affiliation of the first author) was 

supervised by the two authors of this paper. 

In our PEERS, the group of students and professors first met through Skype meetings 

in fall 2017, and decided on the general theme of PEERS and the mathematical theme: 

the collaborative development of a problem solving geometry lesson for grade 4 pupils 

following a lesson study process (Hart, Alston, & Murata, 2011). The group spent one 

week in Joetsu in October 2017 to design a task, to study the topic and to plan the 

lesson together. At the end of the week, a first draft of the lesson plan was ready. 

During the winter, the two groups developed their lessons separately and taught them 

several times in each country. The Japanese group spent one week in Lausanne in 

February 2018. During this week, the group observed the last Swiss lesson, watched 

the video of the last Japanese lesson, and discussed the differences and commonalities. 

The problem the group selected for designing a lesson was the one in the Swiss 

textbook (Danalet, Dumas, Studer, & Villars-Kneubühler, 1999). The question is: 

“Divide a square into several squares, but not more than 20. Find as many solutions as 

possible”. The lesson plan by the Swiss students is available on the websites of 

Lausanne Laboratory Lesson Study (www.hepl.ch/3LS). 

       

Figure 1. Some of the possible solutions for 4, 6 and 7 

Differences between two “same” lessons 

In our previous study, we carried out a comparative analysis of the lessons 

implemented in each country. Even though the task was initially designed 

collaboratively in the face-to-face workshops in Japan, its implementations in 

Switzerland and Japan were very different. We found explicit differences, in particular, 

in the structures of lesson described with the phases (see Figure 2) and in the teacher’s 

way of validating pupil’s answers found in each of the corresponding phases.  

Concerning the structure, one big difference is that the sharing phase in the Japanese 

lesson, which is often called neriage, is longer than in the Swiss lesson, and includes 

not only the collective work that the teacher manages in the whole classroom setting, 

but also the group work, that is to say, the sharing or neriage in the Japanese lesson 
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aims not only to share pupil’s answers in the classroom but also to develop 

mathematical ideas in the collective setting. Another difference is that there was no 

phase for synthesis (or matome) in the Swiss lesson.  
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Figure 2. Structure of the two lessons 

The teacher’s validation of pupil’s answers was also one of the biggest differences 

between the lessons from the two countries. It was the principal and recurring 

difficulties for Swiss students as well as Japanese students when designing, teaching 

and discussing the lesson. In the Swiss lesson, the main concern of the Swiss team was 

to deal with many pupils coming to the teacher during the group research phase (the 

orange part in Figure 2) to ask him/her: “is this correct?” During this phase, the Swiss 

teacher takes care of pupils one by one in front of the board and tells the pupils whether 

or not the solution is correct. The way of validation of the solutions by the Swiss team 

is an evaluation rather than a validation. In comparison, the Japanese teacher moves 

from one group to another and asks questions such as “are they really all squares? 

Could you think about it?”, and leaves pupils to make decisions by themselves. This 

characteristic can be found also in the sharing phase (in bronze colour in Figure 2). 

A COMPARATIVE ANALYSIS OF RESOURCES  

We carried out a comparative analysis of the resources developed during collaborative 

design and used while teaching by the two groups of student-teachers, and investigated 

the cultural factors that yield the differences in teaching practices. 

Lesson plans 

The lesson plan was a principal resource that the Swiss and Japanese student-teachers 

developed when designing and implementing a lesson. At the first phase of 

collaborative design of a lesson, they wrote a draft of lesson plan together; then they 

finished writing a lesson plan separately in each side and revised it according to the 

implemented lessons.  

In the final versions of lesson plan, one may find some similarities and differences. 

Both lesson plans include the goals of the lesson, the table showing the chronological 

progression of classroom teaching, as well as the plan of board writing for which the 

Swiss team followed the Japanese style lesson plan. Both lesson consists of different 
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phases or moments including introduction, research, sharing, and synthesis. However, 

one may find several differences in the detail. The Japanese lesson plan, which follows 

more or less the ordinary format of Japanese lesson plan (e.g. Fernandez & Yoshida, 

2001; Miyakawa & Winsløw, 2013), provides a much more precise explanation, not 

only on the goal and idea of the designed lesson, but also on the objective of the 

experimentation itself, saying “through the teaching practices with the Swiss task in 

Japanese school and the analysis of possibilities of the lesson, we also aim to gain a 

new insight into the development of teaching material”. On the contrary, the table 

showing the chronological progression of classroom teaching is much more precise in 

the Swiss lesson plan and provides a precise list of teacher’s actions and pupil’s 

actions.  

One of the critical aspects that yield the differences between the two implemented 

lessons was the collectivity in the classroom activity. The collective dimension is more 

often referred to in the Japanese lesson plan than in the Swiss lesson plan. While the 

description of the chronological teaching progression in Japanese lesson plan is short, 

several remarks are given to promote the collective development of problem solving in 

the whole classroom setting, for example, in the column of “Teacher’s supports”:  

 “When a wrong answer is given, (the teacher) takes it to the whole class, and 

check why it is wrong, accordingly”; 

 “In order to share the succeeded cases in the whole class, make pupils stick the 

origami on the blackboard”; 

 “In order to share pupil’s idea with the whole class, project the origami by the 

video projector”. 

The sense of collectivity in the mathematics classroom, as one may see it in the 

“structured problem solving lesson” in Japan (Stigler & Hiebert, 1999), is a principal 

factor that shapes the structure of the Japanese lesson, which explains the relative long 

time spent on neriage or sharing, compared to Swiss lessons (see Figure 2), as well as 

the teacher’s way of validating pupil’s answer, not individually but rather collectively.  

National or regional curricula 

When writing the lesson plan, both teams referred to the national or regional curricula. 

The goals of the lesson in the Swiss lesson plan were cited from the regional 

curriculum (Table 1). MSN in the table means “Mathématique et Science de la nature” 

(Mathematics and natural sciences), and the numbers show the cycle (first digit) and 

the domain (second digit; 1: space; 5: modelling). Table 1 includes the goals related to 

solving geometric problems.  

 elements for problems solving (MSN21 in connection with MSN25): solving geometric 

problems 

o ... by imagining and by using visual representations (codes, diagrams, graphics, 

tables, ...) 

o ... by sorting and organizing data 

o ... by communicating its results and interpretations 

o ... by asking questions and by defining a framework of study 
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o ... by mobilizing ... mathematical tools 

 MSN 21 

o Pose and solve problems to structure the plan 

 ... by representing plane figures ... using sketch ... 

o Decomposition of a plan surface into elementary surfaces, and recomposition 

Table 1. The goals of lesson given in the Swiss lesson plan  

In contrast, the Japanese team situated this lesson not in the domain of geometry, but in 

the domain of function (relation of numerical quantities), in which pupils are required 

to identify the pattern behind quantity changes. The goal given in the Japanese lesson 

plan was “Be able to discover different ways to divide a square, identify their pattern, 

and apply it”. 

This choice of goal is due to the goals of mathematics teaching given in the national 

curriculum. The goal of Grade 4 geometry in the Japanese national curriculum is more 

specific to some geometrical concepts and does not conform to the problem chosen in 

the project. In fact, the Japanese national curriculum published in 2009 says:  

“Through the analysis of geometrical figures by focusing on their components and their 

positions, be able to understand the plane figures such as the parallelogram and the 

rhombus, as well as the solid figures such as the rectangular parallelepiped.” 

This difference of teaching goal would be another reason why the Japanese lesson had 

the synthesis phase (matome), while the Swiss lesson did not. The Japanese 

student-teachers are always required to teach specific mathematical concepts or 

methods, through the problem solving activities. They therefore could not attain their 

goal without having synthesis phase wherein the pattern of increase of the number of 

squares is summarized and discussed. In contrast, the Swiss team could arrive at their 

goal without having it, since their objective is mainly to experience the problem 

solving activities mentioned in Table 1, and not necessarily to learn a specific concept 

or method.  

Textbooks  

Another resource the student-teachers used for the collaborative design of a lesson was 

the textbooks. The activity of the division of squares was taken from a Swiss textbook. 

One characteristic of this Swiss mathematics textbook (Danalet et al., 1999) is that it 

consists of a collection of different problems, often without explicit mathematical 

knowledge to learn (at least for pupils) and without any suggested order to build a 

teaching sequence. The problem solving activity for the Swiss team is built on the 

notion of focusing on the process of resolution, not so much on the acquisition of a 

specific mathematical knowledge. This would be one of the reasons why the lesson 

implemented by the Swiss student-teacher did not allocate time for the synthesis.  

In contrast, a chapter of the Japanese textbook consists of an amalgam of different 

elements such as problem-situations, summaries of specific mathematical knowledge 

to learn, and exercises. The Japanese student-teachers tried to make explicit in the 

lesson plan specific mathematical knowledge as an objective, although they adopted, 
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as a problem-situation of the designed lesson, the one from the Swiss textbook. This is 

also due to the structure of Japanese problem solving lesson (Stigler & Hiebert, 1999), 

including summary of mathematical content (synthesis phase), which the Japanese 

team tried to follow in their lesson. The idea of problem solving for Japanese team 

remains in the structure of lesson instead of the objective of mathematics teaching. 

DISCUSSION AND CONCLUSION  

The cross-cultural comparative analysis of resources in addition to the analysis of 

lessons allow us to elucidate the characteristics of classroom teaching practices (e.g., 

lesson structure, teacher’s instruction) as well as the “theory” (or the cultural factors) 

that shapes such practices. Such a “theory” is difficult to identify, because it is often 

shared within the teachers’ community without asking its validity. In our case, the 

curricular documents (the national or regional curricula and the textbooks) highlighted 

the perspective of mathematics teaching of each country, emphasizing either the 

mathematical contents (Japan) or the problem solving skills (Switzerland). The lesson 

plans allowed us to identify the idea of problem solving with respect to the collective, 

which yields the differences of implemented lessons between the two countries.  
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Cross-cultural studies have inherent challenges as researchers from different cultural 
backgrounds attempt to make sense of similar-seeming material in unfamiliar contexts 
and communicate seemingly-obvious aspects of their own culture to outsiders (Clarke, 
2013; Osborn, 2004). This contribution explores some of the methodological 
challenges in a cross-cultural study on teachers’ use of print and digital resources in 
four regions: Sweden, Finland, the USA, and Flanders (Belgium). All but one of the 
seven team members are insiders to one of the four contexts and to different extents 
outsiders to the other contexts. In order to benefit from insider-outsider perspectives, 
we designed five tools to develop alignment of insider and outsider lenses. We describe 
these tools in this contribution.  

INTRODUCTION 
This contribution relates to a cross-cultural study on elementary teachers’ use of print 
and digital resources to design and enact mathematics instruction in Sweden, Finland, 
the USA, and Flanders (Belgium). We are interested in how teachers access and have 
access to various resources, how they use them, the factors that influence their use, and 
variation within and across cultural context. Toward that end, we have interviewed ten 
teachers per context and, as a team, we are currently going through a process of making 
sense of the interviews applying insider and outsider lenses. 
We focus here on developing the seven team members’ prerequisite understanding, a 
term used by Andrews (2007) to relate to the alignment of insider and outsider lenses 
to facilitate a cross-cultural team’s growing intersubjectivity. Our expanding process 
of developing prerequisite understanding required us to step back and develop 
processes and instruments including addressing language issues, creating case 
descriptions of individual participants as an early introduction to teachers within 
contexts, writing  descriptions of contexts and curriculum programs, and developing 
common understandings of teacher interviews through lengthy conversations between 
insider-outsider pairs. Through these steps, we aim to build a foundation for analysing 
resource use with the perspective of insiders taking on outsider views and vice versa. 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 73–78). Paderborn: Universitätsbibliothek Paderborn.
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CROSS-CULTURAL RESEARCH CONDUCTED BY A CROSS-CULTURAL 
RESEARCH TEAM 
Challenges of cross-cultural research can be both obvious and subtle, as there is a need 
to establish both insider and outsider lenses with sufficient understanding to both value 
unique aspects of each cultural context and agree on a comprehensive analytical frame 
for comparison (Clarke, 2013). We have been grappling with challenges inherent to 
cross-cultural research, and to undertake such a study in a cross-cultural team. 
Challenges inherent to cross-cultural research 
Our work has been guided by Osborn’s (2004) framework of equivalence building and 
a set of validity-comparability dilemmas outlined by Clarke (2013). These – at times 
overlapping – challenges are summarized in Table 1.  
 

Osborn’s (2004) equivalences based on Warwick and Osherson (1973)  
Conceptual equivalence: identifying/developing concepts with equivalent 
meanings at a deeply contextual level. 
Equivalence of measurement: identifying whether concepts have equivalent 
salience in each context and developing equivalent indicators for the concepts. 
Linguistic equivalence: identifying terms that have equivalent meanings to 
participants and researchers. 
Clarke’s (2013) validity – comparability dilemma’s 
Cultural-specificity of cross-cultural codes. 
Deciding between inclusive categories to maximize applicability across cultures 
vs. distinctive categories that capture explanatory detail. 
Cultural specificity of cross-cultural evaluation criteria. 
Form vs. Function: confusion with forms that appear equivalent but serve 
different functions in different cultures.  
Linguistic preclusion: linguistic norms influence aspects of discourse that go 
beyond immediate responses. 
Omission: Researchers who lack appropriate cultural terms or concepts may 
omit notice of critical phenomena. 
Disconnection: activities and terms are separated from their local meaning. 

Table 1. Challenges inherent to cross-cultural research.  
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Challenges pertinent to the conduct of cross-cultural research by a cross-
cultural research team 
One primary approach to addressing the abovementioned challenges is the 
collaboration between knowledgeable members of each cultural context, as well as 
defined procedures for building intersubjectivity (Andrews, 2007; Duijker & Rokkan, 
1954; Osborn, 2004). We understand the researchers on the Math 3C team as each 
holding culturally formed backgrounds in studying resource use in one or more 
contexts. Crucial, however, is a sense of prerequisite intersubjectivity among team 
members (Andrews, 2007). Andrew’s (2007) reflection on the functioning of a cross-
cultural team of researchers analysing mathematics teaching in five European 
countries, reveals that although at the beginning of the project their team assumed a 
shared understanding on central concepts, it took several months to develop 
prerequisite intersubjectivity and to make significant progress. We were faced with 
similar challenges and will describe in the following section how we address them. 

DEVELOPING THE TEAM’S PREREQUISITE UNDERSTANDING: A 
NECESSITY FOR GROWING INTERSUBJECTIVITY 
We interviewed ten teachers in Finland, the U.S., Flanders, and Sweden in fall 2017 
and again in spring 2018 on their use of resources when planning and teaching 
mathematics (Note: In Sweden and the U.S., one teacher was unavailable for the 
second interview; in Finland, nine instead of ten teachers have been interviewed). The 
first interview was more general and addressed teacher and school backgrounds, what 
resources teachers used, teachers’ views on the curriculum resources being used, and 
teachers’ general beliefs on teaching and learning mathematics. The second interview 
focused in more detail on teachers’ actual use of both print and digital resources, 
centred around a walk-through of planning, decisions, and enactment of a lesson that 
the teacher taught recently.  
Our first step in analysing the interviews was transcribing the audio files in their native 
languages. Next, we created a summary table for analytical comparison, summarizing 
in English language teachers’ responses to each question of interview 1. We have also 
developed a low-inference set of codes that arose largely from the structure of the 
interviews. Throughout this process and related group conversations, it appeared that 
outsiders lacked knowledge of the other educational contexts and that insiders took 
aspects of their context for granted, which hindered the team to apply outsider and 
insider lenses in a useful way. To enable the team to develop its intersubjectivity, we 
gradually came to develop five tools (See Figure 1). Each of these tools is described 
below. Some of this work is still ongoing. 
 

ICMT3 – 2019 75



Remillard, Van Steenbrugge, Krzywacki, Hemmi, Machalow, Koljonen, & Yu 

 

Figure 1. Five tools to develop the research team’s prerequisite understanding. 
 
Development of cases 
We have developed a set of four descriptive cases of individual teachers, one from each 
context. Each case was prepared by a team member who is a cultural insider and native 
speaker of the language (usually the interviewer), but written in English for shared use. 
We made analytical statements about the teacher’s use of resources, checking for 
confirming and disconfirming evidence in both interviews. Each case also 
includes images of the print and digital curriculum resources and illustrative 
quotes, with the intent of providing a full picture of the teacher’s decisions.     
An important step in the process of developing the cases was full-team review and 
discussion of them. In fact, we arrived at a common structure and approach through 
incremental development, review, and discussion, similar to the advocated “joint-
development-concurrent” approach by Duijker and Rokkan (1954) and Osborn (2004). 
The common case structure includes: 1) Teacher education and teaching background, 
2) Information about school and class, 3) Information about the selection process of 
resources, 4) Use of resources and the purposes for use, 5) Teacher beliefs and 
conceptions, 6) Reported changes in resource use.  
The development and discussion of cases played several important roles in our cross-
cultural analytical process. It allowed us to undertake initial, low-inference analysis by 
a cultural insider and make it available to the entire research team. Reading and 
discussing one another’s cases allowed us to ask clarifying questions about the context, 
the resources, and the teachers’ uses of them and consider similar or comparable 
elements in our own cases. This process allowed us to identify missing elements and 
uncover additional insider assumptions (Andrews, 2007).  
Going through this process surfaced the necessity of composing context descriptions 
for each of the four contexts and to embark on an approach to handle linguistic 
challenges (Clarke, 2013; Osborn, 2004). We describe these approaches below. 
Context descriptions 
The process of writing and reading cases made us aware that significant insider 
knowledge was necessary to make sense of them. We began writing prefaces to the 
cases to explain the general educational context of each culture, but then realized that 
these contextual descriptions were so valuable that they deserved their own focus, 
methods, and structure in the research process. The list of categories and types of 

Prerequisite understanding

Whole group discussion
Insider – outsider pairs’ 
discussion of 4 teacher 

interviews
1 Case description 

per context 
Curriculum resource 

descriptions
Handling of 

language issues
Description of 

contexts 
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information included underwent several rounds of elaboration as we read each other’s 
drafts, which prompted us to return to our own documents and add more information.   
This process led to the discovery of many insider assumptions that we had been 
unintentionally assuming were universal, a step toward prerequisite intersubjectivity. 
For example, we did not realize until this process that teachers in some regions 
typically teach the same grade every year with new students, while in other regions 
they teach the same students for two or three years with content that proceeds through 
several grades. Other important differences include teacher autonomy with respect to 
curricular decision making, and policy decisions.    
We eventually settled on the following seven categories: 1) school system-structure, 2) 
pathways into teaching elementary mathematics, 3) school environment, 4) financial 
resources for organizing education, 5) decision-making mechanisms in schools in 
relation to mathematics education (including the selection of instructional resources), 
6) student assessment, and 7) monitoring and quality assurance of education.  Once we 
have completed the context descriptions to follow the above categories, we will share 
them with expert insiders outside of the research team for a final review.  
Handling of language issues 
The team communicates in English, as all team members have mastery of English. That 
said, we are learning that commonly used terms have different meanings. For instance, 
words that are seemingly straightforward in their translation, such as, “instruction,” 
have different meanings when translated into different languages or within the same 
lanuague used in different contexts. One U.S. team member used the term instruction 
to refer to what was happening throughout a lesson under the teacher’s guidance and 
orchestration. A Swedish member of the team translated this term into the Swedish as 
Genomgång, which refers to the part of a lesson when the teacher goes over or reviews 
material. We have discovered through our discussions that the English tendency to 
create nouns out of the gerund forms of verbs (e.g. teaching from teach), is not common 
to other languages, especially Swedish and Finnish, which may use words with 
separate roots and meanings for the noun and verb forms of a practice. In general, we 
have found that terms like teaching and learning do not always translate with similar 
meanings. 
To address this challenge, we have begun a multilingual glossary of key terms used by 
the research team. Each member will identify central terms related to teaching 
mathematics in their own language and describe their meaning using English 
languages. We will continue to add to this document and engage in ongoing discussion 
about their meanings. We have also agreed that we will not limit ourselves to English 
terms. It is possible, even likely, that some meanings we wish to express cannot be 
captured in the English language. For instance, the Russian term, obuchenie does not 
have an accurate English translation. The Finnish term opetus and Swedish term 
undervisning have similar meanings to the Russian term. Both refer to an activity or 
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interaction in which teachers and students are joint participants and are sometimes 
translated to English as learning and other times as instruction. 
Descriptions of curriculum resources 
We are developing a framework for analysing the printed curriculum resources used 
by teachers in the study. The development of this framework is ongoing and has been 
tried out for one Finnish curriculum resource. The framework includes a background 
and development section, addressing issues such as when, how, and by whom the 
resource is developed; to what extent it is designed to follow standards; and the stated 
philosophy. A curriculum resource description section describes the resource’s 
student-facing and teacher-facing components, as well as related digital resources. We 
also include one complete original lesson from the teacher’s guide, which we added 
with English descriptions of specific lesson components to allow outsiders developing 
a concrete picture of one sample lesson. 
Insider-outsider pairs’ discussions of four interviews 
Cross-cultural pairs, comprised of a team member who is a clear cultural insider and 
another who, in all but one case, speaks the language are well in the process of coding 
four interviews of two teachers (two interviews per teacher). Based on the coding, each 
pair composes assertions on the teachers’ use of resources (a description of the process 
of creating these assertions goes beyond the purposes of this contribution).  
For the first teacher, the cultural outsider for each pair takes a lead on the analysis and 
creates a set of assertions – an approach also undertaken in Osborn (2004) –, which is 
reviewed by the insider and discussed by both. These roles change for the analysis of 
the interview with the second teacher. This process helps toward a better alignment of 
insider-outsider lenses and we are currently exploring how to share developed 
understandings across cross-cultural pairs. 
Additional information 
This study is funded by the Swedish Research Council (2016-04616). 
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I reflect on design research work with a resource—an instructional sequence on 

‘Fraction as Measure’—across small-scale studies conducted with teachers and 

teacher-researchers in Mexico, Australia, and South Africa. The resource at the center 

of this reflection was designed to support teacher learning and classroom practice, 

and it has been initially developed and trialled in multiple classroom design 

experiments in Mexico. By making adaptations to the resource as it is used in different 

cultural contexts, the collaborating researchers aim to make visible the functions that 

various design features of the resource serve. I also note how institutional contexts in 

which participating teachers work profoundly shape studies that can (and those that 

cannot) be conducted in these contexts. 

Teachers’ use of resources in planning and teaching varies greatly from classroom to 

classroom and from country to country. Comparing and contrasting teachers’ work 

across different contexts tends to yield useful theoretical and pragmatic insights. The 

TIMSS classroom video studies brought attention to the different purposes that can be 

pursued in teaching of the same mathematical topics and the differences the specific 

choices and traditions in teaching can have on what students learn (e.g., Stigler, 

Fernandez, & Yoshida, 1996). Rather than pursuing comparative or observational 

studies myself, I have been involved in interventionist, design research studies. In 

those, in order to understand how learning processes can occur in classrooms (e.g., 

how can a classroom of students learn fractions well), or for teachers (e.g., how can 

teachers learn to use innovative resources productively), part of researchers’ job is to 

generate the conditions under which such learning will occur.  

The nature of the research I pursue is highly collaborative. It also uses comparing and 

contrasting different enactments of the ‘same’ learning situation in different settings as 

one of the basic heuristics in uncovering which parts of learning processes (and thus 

ways to support them) are largely invariant across learning contexts, and which differ 

(and thus require different—or additional—means of support). Given that publishers 

and policy makers often act on the assumption that resources developed in one type of 

social and cultural context will be suitable and seamlessly adaptable for purposes of 

another, it may be important to understand which resources, and under what 

conditions, are adaptable across contexts in ways that result in ambitious and equitable 

mathematical teaching and learning. 

My reflections on instructional resources relate to two types of design research studies 

through which the resources we design get constituted. First, they relate to explorations 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
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of student classroom learning, where the resources (i.e., means of supporting that 

learning) are developed, tested, and revised. Second, they relate to explorations of the 

learning of teachers who adapt the novel resources to the needs of their classrooms, and 

in the process help us understand how to refine the resources so that they better support 

teahcers’ use. This paper is my attempt at addressing (variations of) the questions that 

were proposed as a guidance for this symposium, and, inevitably, it is a patchwork of 

topics some of which could be useful to pursue in future. These are the variations of 

questions that guided my reflections: 

• What can cross-cultural studies on resource development and use offer the 

field, in relation to the viability of the products of design research? 

• How are design research methodology and the resulting designed 

mathematics teaching resources illuminated when design research is 

undertaken and tested in different cultural settings? 

• What methodological challenges emerge when undertaking design research 

related to resource use across different cultural contexts? 

WHY DESIGN RESEARCH? 

My commitment—and that of my close collaborators—to design research as a way of 

knowing stems from the power of classroom learning that it makes possible. Such 

learning is often beyond belief to those who had spent some years teaching children 

mathematics. Once, as a teacher with four years of classroom experience, I too 

remained very sceptical when I was told that the aim as well as the result of statistics 

classroom design experiments (Cobb, 1999) was that all students in the classroom 

learned to reason, in rather sophisticated ways, with measures of centre and spread as 

they compared statistical distributions. Data convinced me that this was the case.  

In spite of the ambitious learning the classroom design experiments can produce, the 

complexity of the resources by which that learning is usually supported attracts its 

share of criticism: “Which teachers will be able to use such resources? How will the 

teachers come to learn to use them? Which teachers will have the conditions set up for 

required learning? These kinds of conditions simply do not occur in most schools.” We 

have argued elsewhere (Visnovska & Cobb, 2019) that it is not helpful to view the 

complexity of conditions and means of support, required for reproduction of ambitious 

learning and teaching in new settings, as a limitation of learning resources. Doing so is 

similar to stating that the need for non-flamable materials is a limitation of rocket 

flight. It turns out to be much more useful to consider the missing materials to be a 

design problem for which we need to find a solution. In a similar manner, how to 

establish the (currently missing) conditions under which ambitious teacher learning 

and teaching can occur should be considerd a design problem well worth addressing.  

Addressing this problem would require that we understand a range of suitable 

conditions for teacher learning and their productive resource use, especially if such 

conditions are not currently occurring in situ. Here is where the differences in 

institutional and policy environments in different countries (which shape greatly the 
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conditions of teachers’ work and their learning) would need to be taken in 

consideration when designing the ‘existence proof’ cases of teacher learning.  

‘FRACTION AS MEASURE’ STORY: CULTURAL CONTEXTS IN 

DESIGNING FOR STUDENT LEARNING 

The impetus for our research program on fraction learning (Cortina, Višňovská, & 

Zúñiga, 2014) can be traced back to early 2000’s when, working on his dissertation on 

instructional design in ratio in a seventh grade US classroom (Cortina, 2006), Jose 

noticed that the only student who was not progressing in his learning had not 

previously developed even the basic quantitative sense of fractions. While this student 

was an exception in his US classroom, his mathematical background—Jose was 

aware—was typical in many classrooms in Mexico. It was indeed typical of 

classrooms where most of the world children get to learn mathematics. In order to 

understand how to support students in any classroom in learning to reason with ratios, 

the instructional sequence would have to first attend to supporting their development 

of a quantitative notion of fraction.  

If we tried to develop the fraction precursor to the ratio sequence in a US classroom 

similar to one in the ratio experiment, we would likely have struggled to negotiate 

meaning between the majority of the students who already had the precursor fraction 

insights, and the few of those who did not. This would especially be the case because 

we were, at that point, not clear about how the development of quantitative meaning of 

fraction can be proactively supported at a classroom level.  

As instructional designers, we were keenly aware that if most students had already 

developed a substantial mathematical idea outside of the classroom design experiment 

situations, they contribute this idea ‘for free’, even when the designed resources are 

insufficient for supporting their reasoning about it. In such situations, even though the 

students learn successfully, we do not learn about what made it possible for this 

mathematical idea to emerge in classroom discussions, or what would be essential for 

the teacher to understand and do when supporting such development in another 

classroom. We thus conducted the initial fractions classroom design experiments in 

Mexico (and in lower grades), aiming to reduce the chance that the insufficiencies of 

the design would be masked by students’ insights developed elsewhere. This illustrates 

one of the ways in which purposeful selection of socio-cultural context can play an 

important role in design research studies.  

Reseaching across socio-cultural context also plays a role in allowing to demonstrate 

the robustness of developed means of supporting student learning. In 2017, researchers 

in the South African Numeracy Chair Project (SANCP) adopted our ‘fraction as 

measure’ resources for purposes of (1) trialling whether these would adequately 

support initial fraction learning in their context, and if so, for (2) supporting the 

learning of teachers in grades 4-7, in the research and development approach to local 

improvement and capacity-building efforts. To gauge the viability of fraction 
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resources for the local teaching needs, SANCP researchers first conducted small-scale 

trials where they used our resources in working with students in an after school Maths 

Club. They followed this by a one-week implementation study in three grade 3 

classrooms, with 105 students, taught by Pam– a researcher-teacher who was herself 

learning to use the resources (Vale & Graven, 2018). In Mexico, Guadalupe, a teacher 

completing her Masters degree, acted as a researcher in her grade 5 classroom, 

conducting a classroom design experiment, in weekly 35 min lessons, for 18 weeks 

duration. The differences in how these studies were organised, and in adaptations 

made, were developed in response to the specific affordances and constraints of each 

setting (Cortina, Visnovska, Graven, & Vale, 2019). However, in both contexts, 

documented learning was beyond what is typically expected. While the biggest gains 

were in terms of students’ reasoning, the crude pre/post correctness on tasks measures 

showed improvement from 8% to 71% success rate on 3 unit fraction comparison tasks 

in South Africa (N = 83), and from 20% on the same 3 tasks to 100% on 9 more 

complex unit fraction comparison tasks in Mexico (N = 20). These results were also 

consistent with learning in Australian grade 3 and 4 classrooms, where data on student 

learning were collected and analysed for purposes of teachers’ learning. In this context, 

we did not seek permisions for reporting student data as a means of increasing our 

chances of gaining access to schools and teachers. 

With regards to the methodological challenges we encountered while working across 

cultural settings, a number of these were related to ‘translation’ of the designed 

resources, both between languages, and in adjusting for differences in student 

competence in the language of instruction. These translation challenges typically led to 

enhanced understanding of the instructional sequence, in addition to its improved local 

design. They also provided opportunities for clarification of specific ideas that form 

the design rationale, among the different researchers and teachers involved. 

Specifically, in South African classrooms, year 3 students are for the first time 

studying in English or Afrikaans, while over 90% of them speak different language at 

home. Fraction as Measure sequence is presented through a story of how a group of 

ancient peoples measured length. The South African adaptations included using props, 

miming the actions of the main characters, and including a student to act as the child 

character in the story. While we used these techniques in storytelling in both Mexico 

and in Australia previously, South African collaboration highlighted these as key 

components in supporting equitable learning in linguistically diverse classrooms.  

We have also collaborated on developing a picture storybook version of the story (Vale, 

Graven, Visnovska, & Ford, 2019) for classroom uses where spoken word would be 

additionally complemented with both images and written text. Once the storybook was 

developed (in English), its translations to different languages in which we taught 

(Spanish, Afrikaans, and isiXhosa) was followed by additional translations (to 

Indonesian and Slovak) as the storybook became a useful tool for introducing some of 

the key means of supporting learning upon which the instructional sequence was built. 

One of such means of support is an avoidance of use of standard fraction language (e.g., 
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one half) and notation (1/2), as the meanings that typically accompany these do not 

involve quantitative comparisons (e.g., half is when something is broken into two 

pieces). For this reason, the sequence uses made up terminology (e.g., small of two) 

while students develop quantitative meanings of fractions. This terminology is 

replaced with standard mathematical vocabulary at a  later point.    

The languages of our translations happen to represent distinct language families and 

branches, with some of them ‘missing’ the grammar features we tend to take for 

granted. The ways in which language adaptations needed to be made to maintain the 

conceptual focus of the resource—and clarifications of the purposes of different 

resource features, such as why do we need to make up new terminology for unit 

fractions—served as a learning resource for involved teachers and researchers. It is 

notable that English speakers tend to undervalue the support that the made up 

terminology can provide in classrooms, as fewer opportunities typically arise for 

directly discussing and clarifying purposes of terminology. The context of 

collaborating on translations both provided such opportunities, and made us aware of 

their importance in learning about the resources. Developing specific professional 

development activities that would engage the teachers in clarifying the role of 

language within the resource is of quite some importance.   

DESIGNING TEACHERS’ RESOURCES 

While it is possible for classroom design research to produce resources for supporting 

students’ learning directly, our goal is to instead design teachers’ resources. As such, 

we aim to understand the features of the resource design that (1) facilitate teachers’ 

access to and familiarisation with the rationales that underpin the resource, and those 

that (2) support the deliberate adaptation of the resource to the specific circumstance of 

the classroom, and thus support teacher’s in-class use. Here, too, cross-cultural 

differences play an important role, both in whether different types of studies can be 

conducted in different institutional contexts, and in the types of support the teachers 

would need in order to develop increasing competence in use of the new resources.  

In Mexico, Master students like Guadalupe, who also work as classroom teachers, can 

conduct slow paced classroom design experiments in their own classrooms, spanning 

many weeks. In contrast, similar freedom to depart from the structure and timing of the 

designated curriculum (Remillard & Heck, 2014) is rarely (if ever) possible in 

Queensland schools. Teachers can only trial fraction resources in the weeks when 

fractions are officially the focus in the curriculum, which requires fast pacing through 

the sequence (changes happen daily), exaggerated support from the researcher 

(researcher-taught and teacher-observed lessons or co-teaching, with a short debrief or 

planning meeting), and does not provide the teachers with enough time to trial, reflect, 

rethink, or to come to terms with the mathematical ideas, why they matter, and how to 

support their emergence in the classroom.  
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To conclude, I aimed to outline some ways in which design research on and with 

resources generates useful insights when conducted across different cultural settings 

and national borders, and which I hope will contribute to the symposium discussions.  
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The interactions of teachers and learning resources has been widely studied in the last 

decades. As assessment resources are evolving alongside with technological 

developments, they are now included either as supplements or as an integral part of 

the corpus of learning resources. This symposium will demonstrate interaction with 

student work from two different projects from the USA and Israel: On Going 

Assessment Project (OGAP) and Seeing the Entire Picture (STEP). Each one of the 

teams will present its own perspective on teachers' curricular decision making focusing 

on the incorporation of assessment materials into the regular mathematics program 

taught in class.  

RATIONALE 

Textbooks and other learning resources, and the ways teachers interact with them, have 

been the focus of many studies in the past decades. Assessment resources, while at 

times not part of the core learning resources, play a major role in the teaching and 

learning process. Nowadays, assessment resources are often included either as 

supplements or as an integral part of the corpus of learning resources. Given the pace 

at which technology evolves, there is increasing potential for technological tools to 

further enhance the process of assessment.  

This symposium focuses on two different projects from the USA and Israel: Ongoing 

Assessment Project (OGAP) and Seeing the Entire Picture (STEP). Both of these 

projects are supplemental to the primary curriculum resources and provide 

opportunities for teachers to analyze and interact with student work, which in turn 

inform their instructional decisions. Using these resources requires teachers to integrate 

two types of resources in relation to curricular goals. The two different projects provide 

two perspectives on different and complimenting aspects of teachers' curricular 

decision making when using assessment resources. We focus on the common challenge 

of making assessment materials work alongside a regular math program taught in class.  

ASSESSMENT PROJECTS 

Ongoing Assessment Project 

The Ongoing Assessment Project (OGAP) originated in 2003 by mathematics 

educators from Vermont, USA. Based on research on student learning, OGAP offers 

teachers a set of formative assessment tools, resources, and routines to help them 

systematically and continuously respond to student understanding in relation to 

learning trajectories in core mathematics domains (Petit, Hulbert and Laird, 2017). The 
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assessment process is based on an assess-analyze-respond cycle. OGAP Frameworks 

synthesize problem contexts, structures, and learning trajectories, which teachers use 

to analyze student work and determine instructional next steps. Evidence from recent 

research indicates that use of OGAP leads to significant gains in students’ problem-

solving accuracy and strategy use and teachers’ understanding of student thinking 

(Supovitz, Ebby, Remillard, & Nathenson, 2018).  

Seeing the entire picture project 

Seeing The Entire Picture (STEP) is an online mathematics formative assessment 

platform (Olsher, Yerushalmy, & Chazan, 2016). STEP provides automatic assessment 

of student answers, typically to open ended rich tasks that require the student to 

construct an example related to different mathematical claims, which are referred to as 

Example Eliciting Tasks (EET). STEP EET are designed to have many possible correct 

answers, which could be automatically analyzed for different characteristics. Along 

with characteristics related to research or practice based mistakes, the answers could 

also be analyzed according to different characteristics of the mathematical objects 

comprising the answer, and the methods used in constructing these objects (heuristics). 

STEP provides the teacher with real-time domain specific learning analytics on a 

student and classroom level (Olsher & Aby-Raya, Accepted). 

Assessment tools in support of curricular decision making 

The two above described projects focus on using student work as evidence, and 

different ways to connect it to the mathematics program taught in class. The main goal 

of this symposium is to elicit the challenges teachers face in the process of using these 

assessment tools in support of curricular decision making, and the lessons that we can 

learn about design of assessment tools and resources. 
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ANALYSING DIGITAL PLATFORMS AND THEIR USE 
In many countries nowadays, different kinds of digital platforms are available for 
mathematics teachers. Some of these platforms are proposed and promoted by the 
“official” institution (ministry of education, for example); they often offer a highly 
structured content that is expected to support teaching practices aligned with the 
official expectations. Others are designed as open repositories, where teachers can 
build their own collections of teaching resources, and share contents with colleagues 
and with their students.  
In this symposium we retain the framework of the documentational approach 
(Gueudet, Pepin, & Trouche, 2012, Trouche, Gueudet, & Pepin, 2019) to study the 
consequences, actual and potential, of the use of digital platforms on mathematics 
teachers’ work. Mathematics teachers look for resources (Adler, 2000), choose 
resources, modify them and use them in class. These resources can be traditional 
textbooks, digital resources but also students’ productions. Along this documentation 
work, teachers develop documents associating resources and a scheme of use for 
these resources. The features of the resources influence this development, in an 
instrumentation process; at the same time, teachers modify the resources they use 
according to their professional knowledge, in an instrumentalisation process. 
Teachers develop structured document and resource systems (Trouche, Gueudet, & 
Pepin, 2019). Communities of teachers working together can also develop collective 
resource systems (Gueudet, Pepin, & Trouche, 2013). 
The concepts of documentation work, documents and resource systems can inform 
how digital platforms potentially can (or actually do) transform teachers’ work. More 
generally, we claim that a ‘resource’ approach in mathematics education is needed, in 
a context where digital resources, including platforms, are widely available. 
In previous works (e.g. Gueudet, Pepin, Sabra, Restrepo, & Trouche, 2018; Pepin, 
Gueudet, Yerushalmy, Trouche, & Chazan, 2016) we have suggested to analyse 
e-textbooks in terms of their interactivity and ‘connectivity’, and we have 
emphasized the need to consider how these e-textbooks are, or can be, connected 
with teachers’ resource systems. These notions are also relevant for analysing digital 
platforms, and for understanding how digital platforms link to and are likely to 
modify teachers’ work. Is it possible for teachers to import elements of their own 
resource system into the platform? Or to import resources from the platform into their 
resource system? To share resources with colleagues, or with students on the 
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platform? What are the features of such platforms, and do they influence teachers’ 
documentation work, in particular platforms proposed by the institution, and do they 
foster instrumentation processes? In Gueudet, Pepin, Courtney, Kock, Misfeldt, and 
Tamborg (to appear) we compared three digital platforms (in Denmark, France and 
The Netherlands). We discussed their affordances and constraints; the reasons 
explaining the differences observed, and the effects in terms of teachers’ 
documentation work.  
In this symposium we further study and discuss these issues, by drawing on four 
contrasting national cases. [Case 1] In Denmark digital platforms are compulsory and 
propose a particular interpretation of the curriculum. Nevertheless, the teachers 
interpret the mathematics content in their own documentation work. [Case 2] In 
France, we study how different kinds of platforms offering individual resources, and 
also tools to associate these resources, can interact with the development of teachers’ 
resources system. [Case 3] In the Netherlands we analyse the affordances and 
constraints of the most commonly used not-for-profit platforms for mathematics 
teachers (primary and secondary teachers) in terms of their documentation work. 
[Case 4] In the US, the Ohio Mathematics Teacher Hubs Project promotes collective 
work for mathematics teachers and mathematics intervention specialists, who can 
discuss and share resources.  
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In the U.S., professional learning and sharing opportunities that are flexible, free, 

meaningful, and focused on mathematics teaching and learning are particularly 

difficult to find for mathematics teachers working in rural school districts. In this 

report, I share results from the first seven months of a project designed to provide a 

digital space for grades 6 to 12 mathematics teachers and math intervention 

specialists from rural schools to discuss issues and share ideas with colleagues from 

other schools and districts and university mathematics education faculty. Specific 

factors contributing to an extended recruitment period for participating teachers are 

discussed, along with details of the project’s next phase. 

INTRODUCTION 

Digital platforms permeate grades K-12 and post-secondary education, supporting 
both mathematics learners, through video tutorials and online adaptive math activities 
and games, and teachers as they prepare lessons, select tasks, assess student 
understandings and skills, and collaborate with colleagues. Digital education platforms 
not only play a role in teaching and student learning, but also teachers’ professional 
learning through MOOCs and online communities. For example, the Math MOOC 

UniTo project provides professional learning for Italian mathematics teachers through 
MOOCs delivered on a Moodle platform (Taranto, Arzarello, & Robutti, 2018). The 
National Centre for Excellence in the Teaching of Mathematics (NCETM) is an online 
platform funded by the ministerial Department for Education in England that provides 
professional development courses for mathematics teachers, innovative resources and 
tools, hands-on research projects, and various online communities (NCETM, 
Community section, n.d.). In the U.S., professional learning and sharing opportunities 
that are flexible, free, meaningful, and focused on mathematics teaching and learning 
are difficult to find. For mathematics teachers working in rural school districts, such 
collaborative professional learning opportunities are particularly limited. The Ohio 

Mathematics Teacher Hubs Project provides a digital space for grades 6 to12 (student 
ages 11 to 18 years) mathematics teachers and math intervention specialists (special 
education teachers) from rural schools in Ohio (a midwestern U.S. state) to discuss 
issues and share ideas with colleagues from other schools and districts and university 
mathematics education faculty. In this report, I share results from the first seven 
months of the project. The project uses a design-based approach (Brown, 1992; Cobb, 
Confrey, diSessa, Lehrer, & Schauble, 2003) to design and explore the question: How 
can grades 6 to 12 mathematics teachers, math intervention specialists, and university 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
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mathematics education researchers work collaboratively online to support rural 
students’ college and career readiness in mathematics? 

BACKGROUND 

The rationale for focusing on rural school districts derives from several factors. Rural 
schools make up a significant proportion of all public elementary and secondary 
schools by typology in the U.S., but rural districts receive a small percent of state 
education funding (Glander, 2017). In addition, rural schools and communities face 
considerable challenges with high poverty rates, students with special needs, and 
recruiting and retaining highly qualified teachers, particularly in high-needs areas such 
as mathematics (Monk, 2007). The midwestern state of Ohio has the fourth largest 
rural student population in the U.S. and reflects several national rural characteristics. 
Although 37.7% of public school districts in Ohio are rural, only 18.7% of state funds 
are appropriated to rural districts (Ohio Department of Education, 2019). In addition, 
rural districts have a high average percent of inexperienced (i.e. first- or second-year) 
teachers (12.7%) and a low average percent of teachers with 10 or more years of 
experience (55.9%) compared to suburban districts (7.9% and 60.5%, respectively) 
(Ohio Department of Education, 2019). Rural districts in Ohio face academic 
challenges as well. The average percent of students scoring at or above ‘Proficient’ on 
the state 2017-2018 mathematics achievement tests decreased at each grade level or 
course for rural districts from grade 6 through grade 8 and again from Algebra 1 to 
Geometry. Finally, mathematics teachers in rural districts frequently work in buildings 
where they are the sole grade-level or course teacher in that building, and, possibly, the 
entire district. As such, opportunities to collaborate, co-plan, and connect with peers 
who teach the same grade level or course are rare.  

METHODOLOGY 

The project takes as foundational the assertion that teachers learn when choosing, 
transforming, discussing, implementing, and revising resources (Gueudet, Pepin, & 
Trouche, 2012). Furthermore, the project utilizes the documentational approach of 
didactics (Gueudet, Pepin, & Trouche, 2012) to study the consequences, actual and 
potential, of the use of digital platforms on teachers’ work. Central to the 
documentational approach is documentational genesis, with its dialectical processes 
involving both a teacher’s shaping of the resource and her teaching practice being 
shaped by the resource (Gueudet, Pepin, & Trouche, 2012). Documentational genesis 
plays a significant role due to the project’s focus on teachers’ work on and with 
resources, both individually and collectively. By ‘resources’, I refer to curriculum 
resources, defined by Pepin and Gueudet (2018) as “all the material resources that are 
developed and used by teachers and students in their interaction with mathematics 
in/for teaching and learning, inside and outside the classroom” (p. 132). Such resources 
include: text resources (e.g. textbooks, teacher curricular guidelines, websites, 
worksheets, syllabi, tests); other material resources (e.g. manipulatives, calculators); 
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digital-/ICT-based curriculum resources (e.g. interactive e-textbooks) (Pepin & 
Gueudet, 2018, p. 132).  

From its inception, the project has utilized a cyclical design that follows a process 
similar to that described by Reeves (2006, p. 59): 1) analysis of practical problems by 
researchers and practitioners in collaboration, 2) development of solutions informed by 
existing design principles, 3) iterative cycles of testing and refinement of solutions in 
practice, and 4) reflection to produce ‘design principles’ and enhance solution 
implementation. To date, only the initial step in the four step design process has been 
realized.  The initial seven months of the project (i.e. Phase 1) were slowed down with 
participant recruitment and attempts to generate and compile areas of research interest 
for anticipated inquiry communities. Specifically, Phase 1 consisted of five online 
sharing and learning experiences (involving nine teachers and one district curriculum 
director), and 10 face-to-face (on-site) learning, sharing, and recruitment sessions 
(involving a total of 83 teachers, four curriculum directors, six building principals, and 
two district superintendents).  

Throughout Phase 1, the project employed webinars (i.e. web-based video conferences 
that use the internet to connect multiple individuals) through a free web hosting 
platform (i.e. Google Hangout) concurrent with a free file storage and sharing service 
(i.e. Google Drive) to interact with participants. Such webinars were free to teachers 
and avoided requiring teachers register as university students (with a 66 euro general 
fee) and sign up through the university learning management system for an additional 
fee. In addition, eight school districts received on-site recruitment meetings (requiring 
personal travel by researchers up to 4.17 hours and 388 km one-way) with five such 
meetings involving professional learning sessions requested by the district. Finally, a 
free web hosting service (i.e. Weebly) made the project website accessible and allowed 
for the promotion of project webinars, project news and updates, contact information, 
and an online catalogue of materials for loan (e.g. books, physical manipulatives)—for 
free—to Ohio public school mathematics teachers and math intervention specialists.  

RESULTS 

Online and face-to-face discussions emphasized the reality that some teachers working 
in rural districts and living in small towns or rural areas were unable to access project 
activities via digital platforms due to broadband availability or affordability issues. 
Such concerns necessitated flexibility in webinar sessions—ranging from after school 
sessions, so teachers could use their school’s internet, to evening sessions that allowed 
for at-home participation. The project anticipates that some future activities will 
demand additional on-site sessions that allow teachers with significant internet 
connectivity issues to participate locally. The necessity for an extended recruitment 
period can be accounted for by several factors: district mandated teacher policies, 
initiatives, and perceptions; potential participant expectations and perceptions of 
university researcher-teacher partnerships; and university expectations of faculty 
researchers. 
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District mandated teacher policies, initiatives, and perceptions 

In general, university researchers are dissuaded from contacting teachers directly about 
their potential participation in projects; rather, schools and districts desire researchers 
initiate contact through district administration (e.g. superintendent, building 
principals). Such filters had the potential to limit the number of mathematics teachers 
and math intervention specialists that received any information about the project. For 
example, many districts were already committed to time-intensive mandates or 
initiatives across all grade levels and content areas (e.g. writing across the curriculum, 
social justice programs). As such, some administrators indicated a weariness to invite 
their faculty to participate in additional time-intensive projects. Furthermore, when 
considering projects that focus on supporting students’ content-specific (e.g. 
mathematics) college and career readiness, administrators desire participation from all 
high school (grades 9-12) and/or middle grades (grades 6-8) content teachers—to 
potentially impact the most students in the shortest amount of time. Unfortunately, 
such expectations may require participation from teachers who may not fully believe in 
or support a project or have time to fully engage in project activities. Therefore, the 
Ohio Mathematics Teacher Hubs Project was designed so that individual 6th to 12th 
grade teachers could participate—not the entire district. Such flexibility was not 
always found to be favourable by district administrators. Finally, approaching district 
administration involved overcoming an additional perception—the belief that district 
(or teacher) participation was going to be an expense to the district. It was not 
uncommon for administrators to promptly ask, “How much will this cost the district 
[financially]?” In order for the project to coalesce into communities of inquiry, 
outreach to district administrators will need to be clearer and more concise as to district 
expenses (there are none) and teacher commitments. 

Potential participant expectations and perceptions of university 

researcher-teacher partnerships 

In the U.S., participation in research projects is typically something teachers engage in 
on their own time, without receiving an additional stipend through or time- or 
instructional (course)-release by their district. Many rural mathematics teachers 
already have demanding teaching schedules. For example, one Phase 1 discussant 
indicated she taught Algebra 1 (twice), Applied Mathematics, Pre-Calculus, and 
Calculus every day (Monday through Friday) and each of her classes except Calculus 
was inclusive (i.e. general education setting in which students with and without 
disabilities learn together). Project participation would add another commitment to her 
overburdened teaching schedule and responsibilities from district initiatives. 
Pragmatically speaking, this is a lot to ask from teachers with lives of their own. Aside 
from time constraints, three perceptions became apparent when speaking with teachers 
during face-to-face recruiting sessions—each suggest that teachers’ prior interactions 
with university faculty (any university, not specifically the university at which I am 
employed) resulted in one-sided relationships. Firstly, several teachers asked whether 
the project intended to place pre-service teachers with project participants. Eight 
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teachers explicitly indicated that prior teacher-university faculty interactions resulted 
in the university requesting placement of a student teacher (for which teachers received 
little to no compensation). Secondly, several teachers asked if there were courses 
(which range in cost from 472-1,415 euros) or workshops (range in cost from 270-808 
euros) the university required they take as part of their project participation—which 
teachers typically pay for themselves without district reimbursement. Twelve teachers 
indicated that prior teacher-university faculty interactions (from various universities) 
resulted in requests for teachers to register for courses or workshops. Lastly, four 
teachers indicated a lack of interest in the project due to their own or a colleague’s prior 
experiences, in which teachers did not feel they were an actual partner in the research; 
rather, the researcher was only interested in using the teacher and/or students as 
experimental subjects. 

University expectation of faculty researchers 

Since the state of Ohio eliminated the master’s degree requirement for teachers, the 
percent of full time teachers with at least a master’s degree has dropped from 68.2% in 
2012-2013 to 64.9% in 2017-2018 (a decrease of over 4,700 teachers). At the 
university where I am employed, the number of teachers enrolled in master’s level 
mathematics education courses has decreased to the point where courses regularly get 
cancelled or scarcely make enrolment minimums. As such, the university is cautious of 
faculty taking time to work with teachers that are not registered students (i.e. paying 
tuition), unless such work is grant-funded. Therefore, it is a challenge to get research 
that does not generate tuition or grant funds approved by university administrators, 
unless such research results in prompt and reliable journal publications. 

CONCLUSION 

What became clear during Phase 1 is the need for the project to find an external 
funding source. External funding would: a) allow university researchers to promote the 
project to districts and teachers as vetted and significant; b) reassure districts that there 
will be no cost for teachers’ professional learning, c) allow for a stipend to be paid to 
participating teachers, and d) pay faculty researcher and graduate student salaries and 
benefits. Therefore, the project applied for a three-year $327,000 research education 
foundation grant involving 24 mathematics teachers and two math intervention 
specialists (from 20 different rural school districts), one curriculum director (grades 6 
to 12), one university mathematics education researcher, and one PhD-level graduate 
student. Potential participants were self-selected and met the following requirements: 
a) mathematics teacher or math intervention specialist in any of grades 6 to 12; b) teach 
in a rural school district in Ohio; c) have an interest in exploring how grade 6 to 12 
mathematics teachers, math intervention specialists, and university mathematics 
education researchers can collaborate in an online community of inquiry to support 
rural students’ college and career readiness in mathematics; and d) available to spend 
approximately 36 hours of online collaboration over the course of 12 months, with a 
subset of teachers allocating an additional 10 hours of face-to-face time (onsite at 
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teacher’s school). Phase 2 of the project will involve the creation of inquiry 
communities between researchers and teachers to explore ways of improving learning 
environments for students in mathematics classrooms. Online and face-to-face 
interactions with teachers (during Phase 1) generated the following Phase 2 research 
ideas: 1) effective ways to meet the needs of all students in inclusive mathematics 
classrooms (in rural schools)—from students with learning challenges to gifted 
learners; 2) effective ways to assign and evaluate homework in rural mathematics 
classrooms; 3) effective note taking strategies that support students’ mathematical 
development and promote and support productive homework and assessment study 
habits in rural mathematics classrooms; 4) effective ways to cover 100% of the content 
in 80-85% of the academic year (due to timing of state achievement assessments); e) 
effective ways to incorporate instruction and assessments that focus on the 
mathematical practices of modelling and reasoning. 
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In a context of curriculum reforms, two digital platforms have been opened in France 

(around 2017). CARTOUN allows teachers to share lesson plans; DRSB offers 

different kinds of resources and tools to design lessons. I analyse and compare these 

two platforms using a documentational approach perspective, and in particular the 

concept of connectivity introduced to study e-textbooks. This analysis uncovers 

intentions of the institution: fostering teachers’ agency and collective work, but also 

shaping their documentation work through instrumentation processes.  

In this paper I analyse and compare two digital platforms opened in France around 

2017, in a context of curriculum reform. I firstly present the theoretical frame of this 

study: the documentational approach to didactics, and in particular the concept of 

connectivity. Then I briefly describe the French context, before analysing and 

comparing the two platforms.  

THEORETICAL PERSPECTIVE 

This study refers to the documentational approach to didactics (DAD, Gueudet, Pepin, 

& Trouche, 2012). This approach focuses on the interactions between teachers and 

resources, and on the consequences of these interactions. A teacher selects resources, 

modifies them, uses them in class; this is called the teacher’s documentation work. 

Along this work, the teacher develops what is called a document: recombined 

resources, and a scheme of use (Vergnaud 1998) of these resources, for a given aim of 

the teacher’s professional activity. This process is called a documentational genesis, it 

has two strongly linked components. The features of the resources influence the 

schemes developed by the teacher: this is the instrumentation process. The professional 

knowledge of the teacher influences his/her choices (modifications of the resource, of 

its intended use): this is the instrumentalisation process. Hence the affordances and 

constraints of the resources (here, the platform) contribute to shape the teacher’s 

documentation work, and the teacher’s resource systems (developed along their 

professional activity, Trouche, Pepin, & Gueudet, 2019). For a more precise analysis 

of the platforms affordances and constraints, I refer to the concept of connectivity 

(Gueudet, Pepin, Sabra, Restrepo, & Trouche, 2018), introduced in the context of the 

study of e-textbooks. We defined the connectivity of an e-textbook as its potential in 

terms of connections: cognitive and also practical for a teacher (or a student) using it. 

We distinguished between macro-level connectivity, which concern connections 

between the e-textbook and external content: other websites, resource system of the 

user, between users etc. This macro-level connectivity does not depend on the 
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mathematics content. Micro-level connectivity concerns a particular mathematical 

theme and connections within the e-textbook: between different representations, with 

other disciplines or real-life situations, with a given software, etc. 

The research question we study here could be presented as:  

“For two selected platforms in France, what is their connectivity, and how does this 

inform us about their affordances and constraints for teachers’ documentation work?” 

CONTEXT: DIGITAL PLAFTORMS AND EDUCATIONAL POLICY 

In France a new curriculum for primary and lower secondary school (from grades 1 to 

9) has been introduced since September 2016 (Gueudet, Bueno-Ravel, Modeste, & 

Trouche, 2017). This curriculum reform coincided with the so-called “Digital Plan for 

School”, introducing different means to support the use of technology in schools, and 

led in particular to the design of the two digital platforms studied here.  

The first one is called “CARTOUN”, meaning “Map of technology use”. The 

CARTOUN platform offers to teachers the possibility to share their lesson plans 

(initially concerning lessons using technology, but now open to any kind of lesson). 

The author indicates his/her location, which appears on a dynamic map. Any teacher 

from primary school to upper secondary can upload a lesson plan. Amongst the 

different fields to fill when uploading a lesson plan, the teacher gives his/her contact 

e-mail, and can even invite colleagues to visit his/her class. Indeed the intention of the 

institution with this platform (opened in 2016) was not only to create a repository of 

resources designed by teachers, but to foster the development of teachers’ networks.  

The second one is called the “Digital Resources for School Database” (DRSB in what 

follows, for more details see Gueudet et al. to appear). In the frame of the “Digital Plan 

for Schools”, the intention of the ministry of Education was to start replacing 

traditional textbooks on paper by e-textbooks. This led to the design (by private 

publishers) of the DRSB platform, opened in September 2017. Its use is not 

compulsory for teachers (a direct use by students is not intended). It is the only 

“official” platform in France offering resources which cover the whole mathematics 

curriculum from grades 7 to 9 (called “cycle 4”, in the new curriculum). 

CONNECTIVITY, AFFORDANCES AND CONSTRAINTS  

The CARTOUN platform 

The CARTOUN platform offers lesson plans designed by individual teachers, by 

groups of teachers or groups associating teachers and inspectors. The resources can be 

found by using a browser, or on the platform dynamic map, where the authors of 

resources appear (Figure 1). For mathematics at cycle 4, 80 lessons are available.  
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Figure 1. The CARTOUN Platform.  

The platform has been designed with a clear instrumentation intention, to foster the use 

of digital tools in class. In terms of macro-level connectivity, the CARTOUN platform 

is clearly designed to create connections between authors and users. The content 

offered can be downloaded, and inserted in the teachers’ resources system. On the 

opposite, any teacher can upload a lesson plan, but this requires filling different fields, 

it is not an immediate process, so the connections between the platform’s content and 

the user’s resources system are constrained. In the lesson plans, many external links are 

offered: to websites proposing to download software, or presenting a more detailed 

version of the lesson.  

On the micro-level, I have chosen the theme of “First degree equations”. Two lesson 

plans correspond to this theme. The first one focuses on solving such equations; 

students have access to computers and can use a software called “Thot” to help them. 

They have a list of equations to solve and they can work at their own pace. The second 

one is an activity in geometry (with Geoboard, a tool to construct figures on grids) 

using equations. I observe in these resources connections with software; between 

different kinds of representations; with the official competencies of the official 

curriculum, and for the second resource connections between equations and geometry, 

and between different possible solutions.  

The Digital Resources for School Database 

The DRSB platform for mathematics at cycle 4 is called “BAREM ” (meaning Bank of 

Resources for Mathematics). The platform offers resources of different kinds. Some 

resources are called “bricks” (3056 bricks are available); others are called “modules” 

(394 modules), and associate several bricks. Twenty kinds of bricks are offered, for 

example: exercise, ICT exercise (involving software), interactive exercise, 

differentiated exercise, mind map, video, starter (short activity to start a lesson), 
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teacher’s sheet etc. The teacher can find resources on BAREM using several criteria: 

level, kind of resource, competencies, difficulty, theme, plus any kind of freely chosen 

keyword. Figure 2 below displays a BAREM screen, after the choice of the keyword 

“equations”. The resources can be proposed to students working on the platform, or 

downloaded by the teacher; most of them can be modified. On BAREM the teacher can 

also upload his/her own resources, and can create his/her own modules or “paths” 

associating several bricks. The teacher can share resources with colleagues from 

his/her school and with other colleagues. 

 

Figure 2. The Platform BAREM for mathematics in France. 

The BAREM platform has clearly been designed to support the implementation of the 

new curriculum; we interpret this as an intention (of the ministry of Education) of 

fostering instrumentation processes of the users. The content corresponds to the new 

curriculum; moreover, several kinds of resources or tools correspond to policy 

priorities. The resources called “ICT exercises” support the use of GeoGebra and of the 

spreadsheet. The resources called “differentiated exercises” propose three versions of 

the same problem text, more or less guided. One of the search tools concerns the 

official competencies. At the same time the platform offers many possibilities for 

teacher design, including the possibility to modify some of the resources proposed, to 

upload his/her own resources, to share resources with colleagues. We interpret this as 

fostering instrumentalisation processes.  

The concept of macro-level connectivity can enlighten these affordances of the 

platform. BAREM offers possibilities of connections: with the user’s resource system, 

by downloading the platform’s resources, but also by uploading his/her own resources 

on the platform; between different teachers by sharing resources; between the teacher 

and his/her students. Nevertheless, there is no possibility to contact the authors in order 

to suggest modifications. Moreover BAREM is only linked with the other platforms 

from the same publisher (concerning sciences, and German for cycle 4), but there are 

no external links.  
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Concerning the theme of “First degree equations”, 36 resources are available on 

BAREM. 28 of these resources are technical exercises: transforming and solving an 

equation. 2 exercises are in a geometric context, using a dynamic geometry software; 2 

exercises a related to real-life situations; the remaining resources are 2 interactive 

exercises and 2 mind maps (concerning different kinds of equations). Thus at the 

micro-level for the theme, I observe connections between concepts (with the mind 

maps); connections with real-life situations and with geometry (but a reduced amount 

of those); connections with dynamic exercises.  

DISCUSSION: COMPARING THE TWO PLATFORMS 

The two platforms analysed here are both official platforms, and I claim that both of 

them embed institutional intentions that can be interpreted in terms of instrumentation 

processes. BAREM offers a content corresponding to the new official curriculum. 

CARTOUN is a platform for sharing lessons; nevertheless, these lessons follow a 

model proposed by the institution. Moreover some “official” groups (involving 

inspectors) share their work on CARTOUN. Both platforms are designed with an aim 

of evolutions of teachers’ practices: to foster the use of ICT; to support the 

implementation of the new curriculum, presented in terms of competencies. They are 

also designed with an intention of fostering teacher agency in different ways, and this 

appears in the analysis of their macro-level connectivity.  

The macro-level connectivity of CARTOUN is especially developed in terms of 

possibilities of connections between teachers – which can be interpreted here also as 

connections between teachers and authors. BAREM offers the possibility of 

connections between teachers, if a teacher wants to share his/her lessons with 

colleagues. But there are no possible connections between teachers and authors. On the 

opposite, BAREM offers the possibility of connections between teachers and students, 

which does not exist on CARTOUN. Concerning connections with teachers’ resources 

systems, they are more developed on BAREM: a teacher can design a lesson, mixing in 

it BAREM resources and his/her own resources. On CARTOUN the teachers can 

download a lesson; but uploading is framed by different fields to be filled. About 

connections with external websites, they are more developed on CARTOUN since the 

authors are free to propose external links in their lesson plans.  

In terms of micro-level connectivity, concerning equations, both platforms connect 

different representations, and connect equations and geometry. BAREM offers better 

connections between concepts with the mind map on equations; while CARTOUN 

offers better possibilities for addressing different students’ needs, with a lesson where 

students can solve equations at their own pace (and no “differentiated exercise” on this 

topic in BAREM). CARTOUN has also better connections with software, through 

external links inserted in the lessons. 
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CONCLUSION   

The use of textbooks to support instructional reforms has been extensively studied (e.g. 

Ball & Cohen 1996). Digital platforms offer new means for this aim, and can lead to 

new phenomena. We claim that the documentational approach, and the concept of 

connectivity in particular, can enlighten these phenomena. In this study we illustrated 

it by the analysis and comparison of two platforms in France.  

A study of the actual use of the platforms is necessary to complement this first analysis, 

from potential connectivity to actual connectivity in classroom uses. Since their use is 

not compulsory, and probably also because of the popularity of a previous platform: 

LaboMEP, developed by the Sésamath association (Gueudet et al., 2018), finding 

mathematics teachers actually using these platforms is a complex task. 

Another direction for a better understanding of the transformations of teachers’ work 

produced by digital platforms is provided by the international comparison. This work 

was initiated in (Gueudet et al. to appear); this symposium is a new step in this 

comparative work.  
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PLATFORMS AS INFRASTRUCTURES FOR TEACHERS’ WORK 

WITH RESOURCES 

Andreas Lindenskov Tamborg & Morten Misfeldt  

Aalborg University, Denmark 

 

In this paper, we describe how digital learning platforms can be analysed as 

“resources” using the documentational approach to didactics (DAD). We explore the 

case of Denmark where national platforms that are compulsory for mathematics 

teachers to use. These platforms are received both as useful by some teachers and as 

very problematic by others. We suggest that the compulsory nature of the 

implementation as well as the larger context of conflict between teachers and the 

government are critical factors explaining how the same technology are received so 

differently and we discuss how such phenomena concerning compulsory deep 

infrastructures can be seen with DAD. 

INTRODUCTION 

In many countries, teachers have access to digital platforms on which they can access 

content, share resources with other teachers and/or design their lessons. The design, 

affordances and constraints of these platforms may therefore be a significant factor for 

teachers’ work. One of the variables that determine the design of platforms is their 

relation to policy, educational reforms and other systemic aspects at the systemic level 

of educational system. This is indeed the case of the digital platforms, which recently 

have been implemented in Danish compulsory schools. Unlike other types of digital 

platform, the Danish learning platforms do not provide teachers or students content 

(teaching materials or other similar pedagogical resources), but only the infrastructure 

for teachers to develop content, which they then can upload and share via the platform. 

The platforms are required to have a “forløbsbygger” (teaching sequence editor), 

which are designed to work as a template that can scaffold teachers in their planning of 

lessons and courses within the learning platform.    

In correspondence with this symposium, this paper seeks to investigate how 

documentational approach to didactics (DAD) can contribute in investigating the 

constraints and affordances of the Danish digital usage in the context of their usage by 

mathematics teachers. To investigate this matter, we will present two examples that 

display affordances and constraints of the platforms when used by mathematics 

teachers. The first is a previously published example of three teachers’ joint planning 

of a lesson in geometry in middle school (students aged 10–11), which show the 

platforms may support teachers in making decisions regarding the design of their 

lessons. The second example demonstrates how other teachers experience the very 

same structure that support the teachers in example 1 as highly constraining and rigid. 

Based on these examples, we argue that the outcomes and effects of using the 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 105–110). Paderborn: Universitätsbibliothek Paderborn.
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platforms vary depending on the resource system and goals of the teacher using it. Both 

of the examples contributes in pursuing a purpose of investigating how and to what 

extent the documentational approach to didactics (DAD) can describe the occurring 

phenomena.  

THE DANISH PLATFORMS  

In 2014, the Danish government decided on a digitalization strategy for the Danish 

public sector, which included that all municipalities in Denmark should purchase and 

implement a digital learning platform before the end of 2017 (Misfeldt et al., 2018). 

Instead of centrally developing a national learning platform, the Ministry of Education 

and Local Government Denmark decided to develop 64 functional requirements for the 

platforms and leave it up to private manufacturers to produce them (Misfeldt et al., 

2018). The responsibility of choosing, purchasing and implementing a platform was 

then left to the individual municipalities. Currently, there is 5 platforms available for 

municipalities to choose from. In this paper, we focus on one of the most widely used 

platforms called “Meebook”. Among other things, the 64 requirements specified that 

the platforms should have a teacher interface that would provide teachers a digital 

infrastructure to design teaching sequences (add content, learning objectives, PDF 

document, links, photos, digital textbook material and other resources), to access 

digital textbooks from publishers, to evaluate students performances and allow 

teachers to distribute teaching content to their students. The platforms were therefore 

also required to include a student interface, in which students could access lesson plans 

and the resources included therein. Another key aspect of the requirements was that the 

platforms should integrate and support the implementation of a new curriculum 

launched in 2016. Contrary to the previous curriculum standards, this new curriculum 

focused on learning objectives organized in competence areas, skills and knowledge. 

In addition, the new curriculum and its learning objectives introduced a workflow 

where teachers were expected to planning lessons by selecting a learning objective 

from the national curriculum standards, then interpret it and ‘break it down’ into a 

more concrete objective for at specific lesson. These learning objectives should then 

function as the outset for the teachers’ design of the lesson. The Danish learning 

platforms was to support this workflow by enabling teachers to access learning 

objectives from the platforms, allowing teachers to interpret them and to define content 

and resources in accordance with the learning objectives for the given lessons.    

Figure 1 below shows Meebook’s teaching sequence editor.  
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Figure 1. Meebook’s interface for teachers to plan a course/lesson (the teacher can add 

a chapter, text, a picture, video material, a PDF document, a hyperlink, a task or 

activity, e-textbook material or a student reflection) 

In the lesson sequence editor, teachers are required to write the activities of the lesson 

and to add any content needed. In this tab, teachers can also link to digital textbooks 

insofar that the school have purchased a subscription. After having defined activities 

and content for a lesson, teachers can move on to the interface represented in figure 2 

below. 

  

Figure 2. Meebook’s interface in the tab called “Add skill, knowledge and competence 

objectives” 

THEORETICAL APPROACH AND RESEARCH QUESTION 

In the terminology of the DAD, mathematics teachers is believed to look for resources 

(Adler, 2000), choose resources (textbooks, digital tools, student production etc.), 

modify them and use them in class. While appropriating and using such resources, 

teachers develop a scheme of use, which, together with the resource, constitute a 

document (Pepin, Gueudet, Yerushalmy, Trouche, & Chazan, 2016). The features of 

List of and links to accessible content that 

can be added to the course 

Here, teachers can write 

activities and resources for 

the lesson   

Tab to access and 

articulate learning 

objectives  

Learning objectives that the teachers can 

define themselves 

Link that allows teachers to add objectives 

from the national curriculum 
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the resources influence this development, in an instrumentation process; at the same 

time, teachers modify the resources they use according to their professional knowledge 

in an instrumentalisation process. The concepts introduced in DAD thereby provide a 

vocabulary to describe and analyze teachers’ usage of platforms can modify or affect 

their work. A central characteristic of the Danish digital platforms is however that they 

are mandatory for teachers to use and that they, in addition, are built to ‘encourage’ a 

particular workflow for teachers preparation of lesson. This is a feature of the Danish 

platforms that seemingly is different from the assumption in DAD that teachers, 

largely at their own initiatives, are believed to look for and choose resources and 

develop schemes of usage. In the Danish context, the platform is a mandatory resource 

for teachers to use and it seeks to specify teachers’ usage of other resources by 

introducing a template with a fixed workflow. In this paper, we therefore seeks to 

investigate the following research question: 

How and to what extent can DAD contribute in describing and analyzing mathematics 

teachers’ work with mandatory digital platforms? 

To address this research question, we present two examples of mathematics teachers’ 

usages of the platforms. The first example stems from a previously published case 

study (Tamborg, 2018) and shows how Meebook support three teachers’ collaborate 

planning of a geometry lesson. The second example stems from an interview of a 

mathematics teacher conducted during a PhD study (Tamborg, 2018) and shows how 

Meebook’s teaching sequencing editor is conceived as rigid and constraining. In each 

of these examples, we discuss how and to what extent DAD can study the occurring 

phenomena.  

RESULTS 

Affordances - collaborate planning with Meebook 

The three teachers are planning a geometry lesson and alternately discuss the lesson 

and write their decisions into Meebook in the tab illustrated in figure 1 above. They 

decide that the students should categorize the geometric figures they have been 

working with lately and they decide that the students should work in groups. The 

teachers end up discussing whether the students should categorize the figures ‘freely’ 

or whether they should follow certain instructions. As the teachers discuss this matter 

without immediately reaching an agreement, one of the teachers turns to the tab in 

Meebook where they have written the learning objectives for the course and reads the 

objectives aloud to her colleagues: “According to the objectives, the students should be 

able to distinguish between the five figures and categorize different types of figures 

according to their side lengths and angle sizes”. Another teacher then argues that if 

these objectives should be addressed, then the students should identify the figures from 

their properties and that they therefore should be given instructions to do so. The two 

other teachers concede. They then go on to discuss how they can make sure that the 

students actually talk about the properties of the figure, and not just categorize them 

from what they believe the figures look like. Hence, the teachers find is likely that this 
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method of categorizing the figures would not target the objective for the lesson. The 

teachers hinder this from happening by cutting the cardboard figures into shapes that 

are unlike the figures the students have been exposed to during the last two weeks. In 

the case above, by benchmarking their anticipation of how the students would engage 

in the a lesson design against the learning objectives written in Meebook, the teachers 

are able to make qualified decisions about both the choice and modification of 

resources and how they should be used (scheme of utilization). In this case, DAD thus 

provides important granular concepts to investigate the role of the platform in the three 

teachers’ documentation work.    

Constraints – limitations of a narrow template 

Danish teachers however have diverse perspectives on the usefulness of the platforms, 

and several teachers even describe the platforms as counterproductive and unaligned 

with their pedagogical core values. This is illustrated by the following quote, which 

stems from an interview with a Danish mathematics teacher. This teacher, who also 

uses Meebook, explains how the learning objectives in Meebook fits poorly with his 

mathematics teaching:  

”The entire pedagogical frame in the learning platform has a way too narrow focus on 

learning on learning objectives. One of the main ideas behind the platform is to focus 

on learning objectives instead of the content. For me, however, the content is by far the 

most important part of the lesson and the content that keeps the students motivated. 

Besides, I don’t believe that we are able to anticipate what students will learning and 

to define the ahead of the lessons in a platform. The way I see it, the platforms needs to 

do something entirely different than what is the case now”. 

As shown in figure 2, Meebook interface requires teachers to 1) define a learning 

objective and 2) to choose one of four of Meebook’s predefined measurements scales, 

which are to be used by teachers in the assessment of students after the lessons have 

been carried out. In the quote above, the teacher explains why this structure of the 

platforms is problematic from his point of view; it requires him to be able to anticipate 

exactly how students will interact with the content he has planned. In addition, 

mathematics teachers have argued that the binary measurement scales only applies to 

some parts of mathematics teaching. While it might make sense to assess whether or 

not students are capable of adding two fractions, such concrete learning objectives are 

not useful when it comes to training students’ spatial intelligence. Within DAD, this 

case can be analyzed a situation where the teacher experience Meebook’s teaching 

sequence editor to enforce a rigid scheme of utilization, which determines his usage of 

the resources integrated in the platform. The characteristic of the platform that causes 

this experience however stems from the wider political context surrounding the 

platforms – namely that they are developed to support the implementation of a 

curriculum reform and that they are mandatory to use. This is thus not an issue that 

adequately can be analyzed only as a result of micro cognitive processes.  
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DISCUSSION AND CONCLUSION 

By some teachers, the Danish platforms are conceived of having highly rigid 

scheme-like structures that force teachers into pre-defined and narrow workflows, 

while other believe the platforms to create a well-functioning foundation for 

collaboration on how to design lessons. It is not at all difficult to understand that 

different people’s usage leads to different outcomes in terms of how satisfied teachers 

are with the technology. In DAD, it is indeed a relatively trivial point that different 

teachers’ usage of the same resource leads to different outcomes. The cases described 

and analysed above shows that DAD to a wide degree provides appropriate and useful 

concepts to study how this is the case. DAD can allow us to understand exactly how 

platforms modify teachers’ documentation work and provides reasonable insights 

about why some teachers might dislike or even recent the platforms. The cases 

presented above moreover shows that the potentials of platforms are dependent on that 

teachers comply with the ideas and approach of the platforms, which is not always the 

case. The reasons for non-compliance cannot be found at the cognitive micro level, but 

regard affective, organizational and political issues, which we have described 

elsewhere (Misfeldt et al., 2018). As witnessed by the contributions of this symposium, 

there are substantial differences from country to country in how platforms are 

connected to the educational system; are the platforms developed centrally from 

state-driven initiatives or by private manufacturers? For what purposes have the 

platforms been developed? Are they mandatory of voluntary to use? The answers to 

these questions all have a significance for mathematics teachers’ work with them, 

which cannot necessarily be observed or fully comprehended from observations at the 

micro level. It is therefore our hope that this paper can spark a discussion of how we 

can maintain the value of DAD when studying such processes while simultaneously 

being able to account for contextual factors at the meso and macro level.  

References 

Adler, J. (1998). Resources as a verb: Recontextualising resources in and for school 

mathematics practice. In A. Olivier & K. Newstead (Eds.), Proceedings of the 22nd 

Conference of the International Group for the Psychology of Mathematics Education. 

(Vol. 1, pp. 1–18). Stellenbosch: University of Stellenbosch. 

Misfeldt, M., Tamborg, A. L., Qvortrup, A., Petersen, C. K., Svensson, L. Ø., Allsopp, B. B., 

& Dirckinck-Holmfeld, L. (2018). Implementering af læringsplatforme: Brug, værdier og 

samarbejde. Læring og Medier, 10(18). doi.org/10.7146/ lom.v10i18.97013 

Pepin, B., Gueudet, G., Yerushalmy, M., Trouche, L., & Chazan, D. I. (2016). E-Textbooks 

in/for teaching and learning mathematics. In L. D. English & D. Kirshner (Eds.), 

Handbook of international research in mathematics education, third edition (pp. 

636–661). New York: Routledge. 

Tamborg, A. L. (2017). Planning geometry lessons with learning platforms.  In T. Dooley & 

G. Gueudet (Eds.), Proceedings of the Tenth Congress of the European Society for 

Research in Mathematics Education (CERME10) (pp. 2430–2437). Institute of Education, 

Dublin City University, Ireland, and ERME.  

110 ICMT3 – 2019



 

FROM PLATFORM ACCESS TO TEACHER DESIGN WORK: 
CONSTRAINTS AND AFFORDANCES OF PLATFORMS — THE 

DUTCH CASE OF WIKIWIJS  
Birgit Pepin & Zeger-Jan Kock 

Eindhoven University of Technology, The Netherlands 
 
In this paper we analyse a Dutch digital platform regarding its affordances (and 
constraints) for teachers’ documentation work in terms of “connectivity” at macro 
(external connections) and micro (internal connections) level. Results showed that at 
macro level the platform supported the import, modification and use of open 
shareable resource, as well as teacher collaborative activities with/on educational 
resources. Moreover, it allowed to some extent for assessment and differentiation to 
be linked to the designed resources, but not for teacher-teacher, or teacher-student 
communication. At micro level the functionality allowed connections to be made 
“internally”, for example between a topic and previous or further knowledge; albeit 
this functionality was seldom used and no interactive features could be found.  

INTRODUCTION 
Worldwide, digital platforms have become available to support teachers, working 
individually or collaboratively, in their planning, preparing, and enacting various 
aspects of their work. These platforms offer new opportunities for mathematics 
teachers to use digital technology in order to prepare and foster student learning. 
However, platforms may also pose constraints on teachers’ work, for example for 
technical reasons or as a result of decisions made by national authorities who initiated 
the platforms. This paper is part of a seminar describing and comparing digital 
platforms, in Denmark, France, the USA, and the Netherland. In this paper we 
describe and analyse the case of a government funded educational platform in the 
Netherlands (“Wikiwijs”), leaning on the theoretical frame of the Documentational 
Approach to Didactics (DAD, Trouche, Gueudet, & Pepin, 2019), and the notion of 
connectivity (Gueudet, Pepin, Restrepo, Sabra, & Trouche, 2018). We address the 
following research question: In terms of connectivity, what are the affordances and 
constraints for mathematics teachers offered by the Wikiwijs platform? In the 
following sections we describe, first, the context of the platform; second, the 
theoretical frame; third, the method/s used to analyse the platform; fourth, the results 
from this analysis; and fifth, conclusions.  

CONTEXT 
In the Netherlands schools and teachers are free to create/design their own set of 
educational resources, be they digital or traditional, freely provided or commercially 
produced, as long as they teach the content according to the National Curriculum 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 111–116). Paderborn: Universitätsbibliothek Paderborn.
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framework. In 2008 the Dutch government advisory board for education 
(“Onderwijsraad”) published a report, in which it recommended to encourage the use 
of Open Educational Resources (OER), and supporting teachers to “arrange and 
develop” digital resources (Onderwijsraad, 2008). In response to these 
recommendations, a freely accessible platform “Wikiwijs” (www.wikiwijs.nl), was 
launched in 2009 by the government funded ICT service provider to the field of 
education (“Kennisnet”). On this platform teachers (at any education level) can find, 
use, adapt, design and share digital educational resources. It is expected that Wikiwijs 
will draw approximately 9 million separate visits in 2019 (Kennisnet, 2019). 
However, in an online survey among mathematics teachers (Kock & Pepin, 2019) the 
use of Wikiwijs scored relatively low, compared to other digital resources (e.g. 
digital versions of mathematics textbooks; textbook companion sites). 

THEORETICAL FRAME 
We summarize the main concepts of the theoretical frame and refer to (Gueudet et al., 
2019) for a more comprehensive description.  
Following the DAD perspective, we contend that in their daily work teachers search 
for, select, modify and arrange resources. This activity is called teacher 
documentation work (Trouche, Gueudet, & Pepin, 2018) and in this process teachers 
produce “documents”: these are the resources combined with their schemes of use 
(Vergnaud, 1998), which are defined as a coherent set of notions and rules related to 
working with the resources. The development process of a document is called 
documentational genesis. The affordances and constraints of the resource/s shape the 
schemes developed by a teacher; this is called the instrumentation process. 
Simultaneously, a teacher’s knowledge and beliefs shape the way the teacher uses, 
appropriates and transforms the resources; this is called the instrumentalization 
process. Social and institutional factors influence teachers’ documentation work.  
Teachers’ documentation work also takes place when they access and work with (the 
resources on) digital platforms. These platforms provide particular tools to support 
teacher design activities, an educational focus, and a structure to encourage particular 
ways of working, envisaged by authorities who initiated the platform. Thus, by 
design the platforms encourage specific instrumentation and instrumentalization 
processes. 
We analyse the affordances and constraints of a platform (in terms of opportunities 
for learning) using the concept of connectivity, originally devised to analyse 
e-textbooks (Pepin, Gueudet, Yerushalmy, & Chazan, 2016).  A further distinction is 
made between macro-level connectivity (referring to connections between the 
platform and other resources, or between users and their resources systems), and 
micro-level connectivity (referring to connections within the mathematical domain, 
between representations, or between mathematics and other subjects).  
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METHOD 
First, we have described the general structure of the platform by examining its home 
page and the pages pertaining to its two functions, consulting the platform’s 
documentation if necessary. Second, we have examined examples of Wikiwijs 
content related to mathematics. 
To analyse the affordances and constraints of Wikiwijs in terms of macro- and 
micro-level connectivity, we used the analysis grid developed by Gueudet et al. 
(2018). To analyse the macro-level connectivity, we noted for each connectivity item 
of the grid, if it could be realized by the Wikiwijs functionality. Moreover, we looked 
for example in the Wikiwijs content of such realisation, first within the mathematics 
content, and if this could not be found, in the content of other subjects.  
To analyse the micro-level connectivity, we applied the analysis grid to a particular 
mathematics example. In April 2019 a Wikiwijs search for mathematics 
(”wiskunde”) in combination with ”Wikiwijs arrangement” gave 838 results. After 
filtering to find the Wikiwijs arrangements created by (groups of) teachers, we 
obtained 350 results. We examined a selection of the filtered Wikiwijs arrangements, 
by different authors, and noted that several consisted of empty pages or 
non-functional links to external content. For further analysis, we selected one 
learning arrangement, adapted by secondary school mathematic teachers from a 
VO-content Wikiwijs arrangement. This was a learning arrangement on ”similarity” 
(of triangles and other shapes) for grade 7-9. In the analysis we also referred to other 
Wikiwijs arrangements we examined, but a full analysis of all the Wikiwijs 
arrangements on mathematics was not possible in the scope of this paper.  

DESCRIPTION OF THE PLATFORM STRUCTURE 
Wikiwijs is accessed through a browser. Its main page shows (1) a ”search” function, 
and (2) a ”create/design” function. (1) The search function searches for educational 
resources in a set of educational databases and repositories, including Wikiwijs itself. 
It uses metadata to enable filtering and meaningful searches, such as the educational 
level, examination syllabus learning aim, type of material (e.g. test, task, lesson or 
lesson series), subject content, source (e.g. YouTube, Wikiwijs, a publisher’s 
repository), and quality labels to enable filtering and to make searches more 
meaningful (e.g. assigned by a group of teachers, the “learning material specialists”). 
See Figure 1 for an example of search results. (2) The “create/design” function offers 
the possibility to create/design new, or modify existing structured sets of educational 
resources called Wikiwijs ‘arrangements’. Typically, Wikiwijs arrangements contain 
a menu structure and content consisting of text in combination with (links to) 
pictures, audio/video, documents and links to websites. Authors may link to (parts of) 
other Wikiwijs arrangements, or include a modified version of these arrangements in 
their own. Additional functionality enables the creation of different types of questions 
or quizzes and tests with feedback. Each Wikiwijs arrangement ends with a colophon 
indicating, among others, the author(s) and a Creative Commons copyright notice. 
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Wikiwijs supports the definition of teams and allows teamwork on learning 
arrangements.  
Teachers and students can access Wikiwijs arrangements through the search function 
or by URL, and can download them as documents (pdf, or eBook). Alternatively, 
teachers can link to, or import, Wikiwijs arrangements into the Digital Learning 
Environment (DLE) of their school. It is through integration into the DLE that the 
platform enables differentiation of content and storage of students’ test results.  

 

 Figure 1. The Platform Wikiwijs in the Netherlands (search results) 
At this moment one not-for-profit organization, VO-content (see www.vo-content.nl), 
has published its learning materials on the platform and offers additional products 
and services (e.g. textbook on paper, teacher training) at a fee to subscribing schools. 

WIKIWIJS AT MACRO-LEVEL 
We contend that the Wikiwijs platform provides the following affordances in terms 
of macro-level connectivity: (1) Provision of open educational resources, searchable 
using relevant metadata; downloads of Wikiwijs arrangements (pdf or e-book) and 
integration into DLEs. (2) Individual or collaborative rearrangement and 
modification, as well as creation of Wikiwijs arrangements; evaluation / certification 
of content by expert teachers. (3) Links to resources external as well as internal to 
Wikiwijs. (4) Links to the national curriculum can be made by means of meta-data. 
(5) Exercises and (formative) tests with feedback. Macro-level constraints are that 
Wikiwijs offers no area for teacher-teacher or teacher-student communication, and no 
data storage (e.g. test results) at a student level. 
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WIKIWIJS AT MICRO-LEVEL 
At the micro-level we observed, based on the analysis of the “Wikiwijs maken” 
functionality and the illustrative example on similarity: (1) The platform allowed 
connections between a topic and previous or further knowledge, different concepts or 
different topic areas and disciplines. However, in the Wikiwijs arrangements we 
examined only limited connections to previous knowledge; everyday 
situations/contexts were present. (2) In order to connect to different students’ needs, 
some learning arrangements used colour-coded tasks for high achieving students. In 
general, the standard menu structure of the Wikiwijs arrangements seemed to favour 
a linear path through the content. (3) Connections to different mathematical 
representations (e.g. geometric and algebraic representations) and to different 
moments of appropriation were made: content explanations used text, diagrams, 
formulas and (links to) explanatory videos. However, dynamic mathematical content 
(e.g. the manipulation of mathematical objects in graphs; repeat exercises with 
different numbers) was not supported. (4) The Wikiwijs arrangement on ‘similarity’ 
connected to exercises and assessment in the form of a link to an assessment rubric 
(external file) and paper and pencil student exercises, with “check your answer” 
buttons.  

DISCUSSION AND CONCLUSION 
In terms of connectivity, and at macro-level, we found that the platform supports the 
creation, modification and use of open shareable resources which can be linked to 
resources inside and outside of the platform. The platform also supports collaborative 
activities of teachers on educational resources. The possibility to attach educationally 
relevant meta-data to digital resources enhances the search functionality, and hence 
makes resources from various repositories and databases more accessible for 
teachers. Wikiwijs offers no area for teacher-teacher or teacher-student 
communication, or data storage (e.g. test results) at a student level, which can be 
considered macro-level constraints. The examples we studied indicate that at the 
macro-level the platform supports instrumentation processes, all in line with the aims 
of the initiators of the platform. This has the potential to transform teachers’ 
documentation work (Pepin et al., 2016).   
At micro-level, that is the level of mathematical content, the functionality allows 
connections to be made between a topic and previous or further knowledge, different 
concepts or different topic areas and disciplines. However, when analysing the use of 
the platform, this has been used only to a limited extent. The standard menu structure 
of the learning arrangements seems to favour a linear path through the content, 
although some learning arrangements used particular tasks for differentiation (e.g. 
high achieving students). The example we studied contained different representations 
of mathematical content, but dynamic content, such as manipulation of mathematical 
objects in graphs or redoing exercises with different numbers, was not supported.  

ICMT3 – 2019 115



Pepin & Kock 

 

It appears that at the micro-level, the affordances of the platform in terms of 
connectivity (e.g. to different topics, concepts, and grade levels; or to different 
contexts and subjects) have not been fully exploited. Such opportunities are possible, 
but not inherent in the structure of the platform. Their realization depends on how the 
teachers, based on their beliefs about mathematics learning, create these opportunities 
by means of the platform (the instrumentalisation process). In this regard, the lack of 
functionality to support specific mathematical learning opportunities (such as 
dynamic mathematical content) can be considered a real constraint.  
This lack of specific mathematical learning opportunities may be one of the reasons 
for the limited use mathematics teachers make of Wikiwijs (Kock & Pepin, 2019). 
However, practical (e.g. time to collaborate) or institutional reasons (e.g. support 
from the school administration) may also play a role (Gueudet et al., 2019), and 
hence the use of platforms such as Wikiwijs  is a crucial issue for further research.  
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PRETEXT AUTHORING WORKSHOP 

Robert A. Beezer 

University of Puget Sound, USA 

 

PreTeXt is an authoring and publishing system, used primarily (but not exclusively) 

to create and distribute undergraduate mathematics textbooks. This workshop will 

help participants understand how careful source mark-up by authors can dramatically 

increase the ability to easily collect data about textbook use. The workshop will be 

very hands-on, and participants will complete a short book which they will convert to 

both online and print formats. 

PRETEXT 

PreTeXt (https://pretextbook.org) is an authoring and publishing system, used 

primarily (but not exclusively) to create and distribute undergraduate mathematics 

textbooks. There are presently about sixty textbooks authored with PreTeXt, mostly 

published with open licenses. A key part of the design is that authors create source 

material in a very structured form. This allows us to replicate that structure within the 

electronic versions produced—in ways invisible to the reader, but such that it is 

possible to very accurately observe how a reader interacts with their book. (See 

(O’Halloran, Beezer, & Farmer, 2017) for more details. 

AUTHORING 

During this hands-on workshop, participants will create a short book in PreTeXt, 

which will amply demonstrate the system. We will then explain the implications for 

collecting data on readers’ use of textbooks. 

Participants will need to bring their Internet-connected laptop equipped with a recent 

Chrome or Firefox web browser. We will work online in CoCalc (https://cocalc.com), 

so you can prepare by making a free account there in advance. Note the email address 

you use when you sign up, and email it to beezer@ups.edu with the subject line 

“ICMT3 Workshop”. We can also setup CoCalc just prior to the workshop. 
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THE DEVELOPMENT OF PROJECT-BASED LEARNING 

TEXTBOOK IN MATHEMATICS: THEORY AND PRACTICE  

Qi Chunxia, Cao Chen, & He Shengqing  

Beijing Normal University, China 

 

In the last decade, project-based learning (PBL) has been increasingly applied to 

discipline education. However, it was not the same in mathematics education, 

especially in mathematics curriculum and textbook development. Therefore, our group 

has kept conducting theoretical and practical research on PBL application. In a 

five-year project, our research group expects to stimulate students' interests in 

mathematics and improve the quality of mathematics learning through the 

development of PBL mathematics textbook (PBL-MT). We will discuss following 

research questions in this workshop: 

Q1: How does PBL affect students' learning? 

Based on literature review, we find PBL has the following advantages: 

Firstly, PBL has positive effects on students’ non-intellectual factors, such as 

motivation (Verma, Dickerson, & McKinney, 2011), metacognition (Sart, 2014) and 

self-efficacy (Chen, 2015). 

Secondly, PBL has positive influences on low learning achievement students 

(Halvorsen et al., 2012) and students with learning disability (Filippatou & Kaldi, 

2010).  

Although research about student learning are common in other disciplines, there is 

relatively few empirical researches worldwide focusing on PBL’s application in 

mathematics and the influence of its application (Hudson, 2010), let alone in China. 

Q2: How to compile middle school’s mathematics textbooks based on PBL? And 

what are the effects? 

In order to answer Q2, our research group will introduce our theoretical and practical 

research related to PBL textbook development and developed PBL-MT. Theoretically, 

based on PBL and mathematics curriculum theory, our team constructed a framework 

about PBL-MT. Practically, we explored the textbook development and instruction of 

PBL-MT. Firstly, we described functions, values, outlines, as well as the principles of 

designing PBL-MT, which provided a unified standard for the design. Secondly, based 

on the current mathematics curriculum standards and textbooks, we systematically 

developed over thirty PBL-MT units for middle school.  

In PBL-MT development, the relationship between the knowledge structure, project 

activities, as well as the balance between contextualization and mathematics should be 

considered. Meanwhile, it is also necessary to deal with the contradiction between PBL 
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and standardized test, and the relationship between PBL and traditional instruction in 

mathematics. 

Our team has prompted a series of research to apply PBL-MT at experiment schools. In 

the video session, the audience could find out how we apply PBL-MT in middle school 

and its possible effects. 

In our instruction experiment, we concluded that the PBL-MT could meet middle 

school students’ cognitive style and their learning requirements. Moreover, PBL-MT 

had significant positive impacts not only on the development of students' mathematical 

abilities in problem solving, problem exploring, and innovation, but also on some 

non-intellectual perspectives, such as their learning attitudes and interests in 

mathematics. Therefore, we believe that PBL-MT could be used as an auxiliary 

learning material. It could be used to intervene in gifted or low learners’ mathematical 

learning process. 

Moreover, in the video, our group member will briefly explain PBL-MT development; 

the teacher in our experiment school will discuss how to apply PBL-MT in his/her 

mathematics courses; also, the students who use PBL-MT are invited to talk about 

his/her learning experience.   

During the workshop, the audiences could read our sample PBL-MT. 
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ON THE MARKETING AND DISTRIBUTION OF SCHOOL 

MATHEMATICS TEXTBOOKS IN A NEOLIBERAL CONTEXT 

 Melissa Andrade-Molina & Alex Montecino 

Pontificia Universidad Católica de Valparaíso, Chile; Universidad Católica Silva 
Henríquez, Chile 

 

This paper aims at troubling the distribution and market strategies of school 

mathematics textbooks in a context embedded in neoliberal policies and assumptions 

about education. And so, it explores the dynamic of the production, distribution, and 

selection of the official mathematics textbooks for Chilean schools and the market that 

unfolds simultaneously of non-official mathematics textbooks. Some of these 

non-official textbooks—meaning the Chilean Ministry of Education does not distribute 

these—are been sold at excessively high rates in bookstores. The paper grasps how 

circulating narratives, within neoliberal-based market strategies, have been governing 

the selection process of textbooks in some Chilean schools. This has led to some 

schools deciding not to use the official mathematics textbooks that are freely 

distributed by the Chilean Ministry of Education, and, rather, asking parents to buy the 

other expensive, and “assumed-as-better” mathematics textbooks for their children’s 

education. 

INTRODUCTION 

This paper aims at problematizing, from a socio-political perspective, how 
neoliberal-based assumptions have travelled to govern most aspects of contemporary 
education. The unfolding of this paper sets an exploratory approach by following a 
rhizomatic (Deleuze & Guattari, 1987) analytical strategy. The rhizome enables to 
unfold a network of multiple dimensions that allows considering materials from the 
role of the media—in the mediatisation of education—as well as research that has 
argued on the market as part of the neoliberal structuring of education. In this light, the 
data gathered for this paper, taken as the first approximation to the research problem, 
corresponds to media reports that have addressed the production, distribution, and 
selection mathematics textbooks for Chilean schools and the market that unfolds 
simultaneously with it. It is an exploratory approach since the “economic spectrum” of 
education is not a usual object of study within research in the field of mathematics 
education. As Pais (2012, p. 70) contends “we lack research that explicitly connects 
these social phenomena—shamefully associated with school mathematics—with the 
broader political and economical spectrum. How, then, shall we understand the relation 
between school and capitalism?” And, as evidenced by the released of ICME 13th 
monograph “Research on mathematics textbooks and teachers’ resources: Advances 

and issues” (Fan, Trouche, Qi, Rezat, & Visnovska, 2018), the socio-political 
perspective on mathematics education has not been widely explored.  
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The interest of looking at school mathematics textbooks, from this perspective, comes 
from the Chilean struggles to fine-tune educational policies towards providing equal 
opportunities to all students. And also, because school textbooks are either distributed 
without cost to public and subsidized schools and sell in bookstores to parents at high 
rates. Chile, acknowledged as Milton Friedman’s—an American economist at the 
University of Chicago—“neoliberal experiment,” embodies a rich scenario for 
understanding and troubling the marketing and distribution strategies behind the 
production and selection of mathematics textbooks. Neoliberal ideas in Chile, 
according to Miñana and Rodríguez (2003, p. 39), “began to spread widely since the 
mid-50s, but were relatively marginal and only went to guide government decisions in 
a systematic way thanks to the dictatorship governments in Chile, the place of the first 
national-level neoliberal experiment.” 

A BRIEF TAKE ON NEOLIBERALISM IN CHILE 

Neoliberalism, in Chile, was unfolded as a form of securing education and economic 
stability (see Friedman, 1962). Within this mindset, schools were better managed if 
these were treated as private enterprises with a “consumer” focus (Chubb & Moe, 
1990). Schools began to be embedded in a free-choice market in which every decision 
schools made aimed at securing their product: quality education, within which 
standardized tests constituted an “important resource” to shape the Chilean education 
system (Campos-Martínez, Corbalán, & Inzunza, 2015). Here, competition became a 
key component for the neoliberal school system, by delineating safe strategies—i.e. 
privatization—as an engine for establishing ways of improving schools. According to 
Cabalin, (2012, p. 233), this desire for improvement allowed to believe that “by 
introducing more privatization, schools will have to improve because they will have to 
compete for students, while also arguing that parents will have more freedom to choose 
the best school for their children due to this competition.” This led to schools 
competing with each other at the national level through the mechanism called System 

for Measuring the Quality of Education—Sistema de Medición de la Calidad de la 
Educación (SIMCE). And so, schools are part of an assessment process in which every 
aspect of schools is submerged into public scrutiny.  

SIMCE was a system designed for locating schools in need of management to improve 
the quality of education, however, over the years, it was taken as a mean “to inform 
parent-customers about the quality of service provision and to assist them in the 
selection of an educational establishment for their children” (Benveniste, 2002, p. 
103). In this regard, the consumers of education are been informed about the status of 
their investments through SIMCE. Under a neoliberal mentality, “it is assumed that the 
public sector is dominated by inertia, that they have no motivation to better serve what 
is ultimately a captive clientele that cannot change providers, no matter how bad the 
service is” (Escalante, 2015, p. 206). Therefore, parents, as customers, read SIMCE 
reports and understand that the safest option is to pay for a school with the highest 
ranking they can afford, under a neoliberal mindset of ‘if you pay more, you will have 
a better product.” These constitute the first steps into a marketable school mathematics 
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education (see Andrade-Molina, 2017), and, therefore, into a lucrative market of 
mathematics school textbooks as a mean of securing higher SIMCE scores. 

ON THE FREE SCHOOL MATHEMATICS TEXTBOOKS 

School textbooks in Chile are distributed, since 2000 (Olivera, 2017), by MINEDUC 
to all public and subsidized schools, through the Assessment and Curriculum 

Unity—Unidad de Currículum y Evaluación—: “in order to provide free coverage of 
school texts and, thereby, to promote an equitable and quality educational system that 
contributes to comprehensive education ensuring equal opportunities in education” 
(Gobierno de Chile, 2018, p. 271). The process of selection regarding which editorial 
will be the “official one” goes under a rigorous process that guarantees the closeness of 
each book under MINEDUC standards for each subject (see Gobierno de Chile, 2018). 
Each text is free of cost for every student in such schools, however, MINEDUC pays to 
the editorials the cost of manufacturing and distributing, subjected to a contract by both 
parts—MINEDUC and the editorial. (see Gobierno de Chile, 2018). As reported by 
DiarioUchile (Rojas, 2015), the national coordinator of curriculum and assessment 
asserts that MINEDUC spends approximately 36000USD each year in books for 
public and free distribution. Which means that the selection, production and 
distribution of textbooks become an investment that the Chilean government covers 
every year to secure the promised quality. MINEDUC also performs studies to 
evaluate the use and value of textbooks within the universe of schools that use these 
materials (see Olivera, 2017). 

School textbooks distributed by MINEDUC are considered to be “a key tool in the 
teaching and learning process and a relevant curricular mean to progressively access 
[students] own skills, knowledge and attitudes of the subjects” (MINEDUC, n.d., par. 
2). However, some schools argue on the restrictive matter of these free materials, 
namely that these do not provide tools for students with special needs as part of 
educational programs for inclusion (see Almazabar, 2018). Under this light, the public 
legitimization of school textbooks is aligned with each school project, something that, 
apparently, MINEDUC does not cover. Although, the problem of the market behind 
school textbooks is not recent and is prior to the law of inclusion—which dates from 
2017 (MINEDUC, 2017)—, and, therefore, this is not the only argument for not using 
the textbooks. Moreover, these materials are taken as guidelines for schools; these are 
no restrictions on how to teach and learn school mathematics. The rejection of the use 
of MINEDUC’s school textbooks has been reported in the media for several years. For 
González and Parra (2016, p. 85) “it is worth highlighting the case of school texts 
where an oligopoly has been constituted during these last 15 years. By 2015, three 
companies control the state funds allocated to this item.” 

ARE EDITORIALS FORCING SCHOOLS TO BUY THEIR PRDUCTS? 

Besides good intentions of schools to search for the most fitted textbooks according to 
their own school projects, it has been reported by the media that the marketing 
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strategies of non-official editorials have been somewhat non-academic. As Pais (2012, 
p. 70) asserts, “educational industries, from publishing houses producing textbooks to 
computer firms developing technology, see schools as a profitable market.” However, 
research in the field of mathematics education has not yet addressed this issue. It is 
possible to see how socioeconomic gaps—in PISA or SIMCE—between students’ 
achievement in mathematics have increased over the years, without approaching this 
phenomenon as a political and economical matter. As an example of the viewing of 
schools as a profitable market by editorials, Rojas (2015) reported in DiarioUchile the 
experience of a school principal with some school textbooks sellers: 

“As a school principal I received the text sellers, they were very interested in making an 
agreement, for which, in fact, they offered us even trips abroad to the management board 
and a lot of additional royalties, such as workshops for teachers, audiovisual teaching 
materials, book donations, […] We reviewed and compared Mineduc texts and they were 
practically the same. Finally, the school’s advocate decided that we should ascribe to the 
purchased texts, rejecting the free ones by Mineduc, in spite of our report, arguing that, in 
this way, it is better filtered the type of student that they wished to capture, that is to say, 
camouflaged segregation was developed.” 

From this experience, it is visible a form of segregation that some schools might 
promote and is highly violent: students that cannot afford schools textbooks should not 
attend this school. Apparently, the “attracting schools to ask parents to buy expensive 
textbooks” is not only a lucrative business for editorials but also a refined apparatus for 
the segregation of students in schools.  

Schools could eventually decide not to use MINEDUC’s textbooks. But, according to 
the ordinance N°53 (MINEDUC, 2016), schools have to inform parents and 
MINEDUC in advance regarding their decision, given that the cost of paid textbooks is 
approximately 225 USD—almost half of Chile’s minimum wage. Also, when 
comparing the prices of paid textbooks, there is a slight difference, in price, between 
paid mathematics textbooks and other school subjects—also visible in the number of 
additional materials, such as “exercise booklets,” that are sold separately. A paid 
mathematics school textbook for the second level of high school costs approximately 
63USD, whereas a textbook from the same level, from the same editorial but on 
language and literature is approximately 52USD.  

All of the issues regarding the marketing of, amongst many other, school textbooks 
have been informed to the Superintendence of Education (see Carrasco-Aguilar, 
Ascorra, López, & Álvarez, 2018). Nevertheless, as Miñana and Rodríguez (2003, p. 
18) assert “the capital and the market do not care if it sells bread, information, 
ecological tourism, automobiles, illusions or instruction; what is really important is the 
profitability of the investment, of what is sold and exchanged.” They continue arguing 
that popularity ratings, such as the “best school”, the “best teacher”, and so on, —that 
have been defined by the outcomes of standardized tests and other indicators for 
assessing teachers and schools—have dislocated the “good intentions of policies” into 
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mechanisms of competition and control. Here, the quality of textbooks become key in 
setting a mentality of quality equals the value of a product.   

Following this train of thought, mathematics has been recognized as a particular school 
subject that leads to a competition of students, teachers, and schools. Andrade-Molina 
(2017) explores how, since the dictatorship in Chile, school mathematics became 
inserted within the national belief of shaping suitable citizens for the development of 
the nation. It is not of surprise, by the status given to mathematics,, that school 
mathematics textbooks, as well as other key subjects, become profitable products for 
editorial.    

FURTHER DISCUSSION 

It is clear that this is only a superficial glimpse on how neoliberal narratives have 
circulated in almost all aspect of the educational system in Chile. This paper aims at 
delineating the beginning of an exploration that needs to be done in the field of 
mathematics education. It is preoccupying to see how some aspects of mathematics 
education, such as the use of textbooks in the classroom, have become a place were 
marketing strategies have normed and governed schools’ decision-making. And, 
despite MINEDUC’s protocols for selecting which textbooks are going to be 
distributed, there exists the narrative that free textbooks are of lesser quality. 
Naturalizing such neoliberal ideas is dangerous, as aforementioned, for the segregation 
of socioeconomic disadvantaged students. As a further exploration, we will continue 
this inquiry with a case study of a school in Santiago, Chile, that has had a similar 
experience of accepting textbooks sellers’ offers. The aim is to explore the perspective 
of mathematics teachers that have to deal with these decisions and to, at the same time, 
evaluate if these decisions contribute to increasing the socioeconomic gap in Chile. 
Unfortunately, we have no solution for this rather than to express our concerns on the 
fact that, probably, education in Chile has entered into a “black-hole” of neoliberal 
educational policies.  
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EQUIVALENCE OF FRACTIONS IN 6TH GRADE BRAZILIAN 
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The concept of equivalence is elementary in the construction of the rational numbers. 

Hence, it should not be absent in the textbooks, and the students should be able to 

answer the question ‘How can one decide if two given fractions a/b and c/d are 

equivalent?’ and explain their answer. In this paper we report an analysis carried on 

in Brazilian textbooks focusing mainly on the questions: Is a complete characterization 

for equivalent fractions clearly presented to the students? Is equivalence used in 

comparison, addition and subtraction of fractions? Only partial characterizations 

were found, hence an important opportunity of developing students’ mathematical 

thinking is lost. We also present a ‘proof that explains’ for the characterization for two 

given fractions to be equivalent which we consider is adequate for 6th grade students. 

INTRODUCTION 

The integer numbers structure and the idea of equivalence are elementary in the 
mathematical construction of the ordered field of the rational numbers. Hence, the 
concept of equivalence should not be absent in the Elementary School’s classrooms 
and textbooks, and it should be well constructed with the students, in the sense that 
they are able to answer the question “How can one decide if two given fractions a/b 
and c/d are equivalent?” and explain their answer. 

Considering that in Brazil the content fractions is resumed and carried on in the 6th 
grade, we decided to analyse 13 Brazilian textbooks from 4th to 7th grade focusing on 
the questions: i) how are fractions introduced and resumed? ii) How is equivalence 
treated? iii) Is any equivalence criterion present? iv) Is equivalence applied in 
comparison, addition and subtraction of fractions? We report in the present paper that 
analysis. The conclusion, with respect to equivalence, was that no (complete) 
characterization of equivalent fractions is present in the moment the content fractions 
is carried on in the 6th grade Brazilian textbooks, like  

Two given fractions a/b and c/d are equivalent if and only if ad=bc.    (*) 

In most cases only a partial equivalence criterion is presented, like  

Two fractions are equivalent if one can transform one into the other by multiplying (or 

dividing) the numerator and the denominator by the same natural number.   (**) 

and it is based only on visualization, i.e., in a “see what happens” behaviour.  

Believing that proofs should be present in the classrooms, as emphasised in the Topic 
Study Group 18 “Reasoning and Proof in Mathematics Education” of the International 
Congress on Mathematical Education (ICME 13), in 2016, we present some ‘proofs 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 131–136). Paderborn: Universitätsbibliothek Paderborn.
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that explains’ (Hanna, 1990) which we consider are adequate for 6th grade students 
explaining the link among the different meanings of fractions (part-whole and quotient 
meanings) and also proving the complete equivalence criterion (*), since we could not 
find anything similar in any Brazilian textbook under analysis nor in any of the few 
textbooks from other countries that we had at hand. 

THE RESULTS OF THE ANALYSIS 

Table 1 shows the distribution of the 13 Brazilian textbooks under analysis. 

Country 4th grade  5th grade  6th grade  7th grade  

Brazil 2 2 7 2 

Table 1. The distribution of the analysed Brazilian textbooks.  

In all of them the concept of fraction is introduced/resumed by means of the so-called 
part-whole relation. Not much emphasis is given to equipartition, despite being very 
important for this subject. It would be advisable, in our opinion, to explore it, as in the 
we could find in an Italian textbook for the 3rd grade (see Figure 1). 

 
Figure 1. An exercise in Riccarddi (2008, p. 90) calling the attention for the idea of 

equipartition in order to be able to talk about fractions, translated by the authors. 

No other meaning besides the part-whole relation was present in the analysed Brazilian 
textbooks. Nevertheless, it is clear that the link between the part-whole and the 
quotient meanings is a pre requisite for the decimal representation of a rational number 
represented by a fraction. It is interesting to mention at this point a French textbook for 
the 6th grade which makes it very clear that the quotient meaning of a fraction is an 
objective for this school year, but after resuming fractions and exploring the meaning 
of ¾ of the area of a surface, it only informs to the students “The quotient 35 : 11 is 
denoted by  and is called a fraction.” (Brault et al., 2005, pp. 94, 96). That is why we 
illustrate in Figure 2 an argument which explains this connection when we think of the 
division 2 : 3 as an equipartition, and which we find adequate for 6th graders.  

 
Figure 2. Explaining the link between part-whole and quotient meanings in case we 

think of the division as an equipartition. 
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In fact, it is shown there that, if we divide two units in three equal parts, then we get as 
a result two little parts which correspond, each of them, to one third of the given unit. 
Hence, the result of two units divided in three equal parts is two times one third of the 
unit, that is, two thirds (of the unit). 

And in Figure 3 we illustrate an argument which explains the connection between the 
fraction 2/3 and the division 2 : 3 when we think of the division with the measure 
meaning. In this case, the divisor 3 should be considered the unit measure (in orange in 
Figure 3) with which one should measure the length of the yellow stripe. It is clear that 
the yellow stripe is 2/3 of the measure unit, hence the result of two units divided by 
three units is two, two thirds. of the measure unit 

 
Figure 3. Explaining the link between part-whole and quotient meanings in case we 

think of the division as a measure. 

The concept of equivalence appears already in the 5th grade Brazilian textbooks, 
however it is supported only by pictorial representations followed by a “see what 
happens” behaviour instead of being based on the definition of fraction. The same 
happens with four of the seven 6th grade Brazilian textbooks under analysis. No 
motivating exercise was found like the one found in the Italian textbook (Riccarddi, 
2008) which exhibits different figures equipartitioned in 4, 6 and 8 parts and asks the 
3rd grader to paint half of each one (Figure 4). 

 
Figure 4. Part of an exercise in Riccarddi (2008, p. 91) asking the student to paint half 

of each picture. 

It is our point of view that equivalence should be treated concomitantly with 
comparison, motivated by the following question, once two fractions are given:  Does 

the first fraction represent a quantity that is greater, smaller or equal to the quantity 

represented by the second one? In fact, equivalence is only one of the possible cases in 
the so-called trichotomy law. Nevertheless, in six of the seven 6th grade Brazilian 
analised textbooks equivalence is discussed before comparing two non-equivalent 
fractions. In this case, it would be expected that equivalence would then be used to 
compare those fractions, but in four of these textbooks this strategy is not used and the 
arguments are supported only by pictorial representations suggesting the “see what 
happens” behaviour (Figure 5). It is interesting to mention that, till the present 
moment, we could only find one textbook, a Japanese one translated into Spanish 
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(Isoda & Cedillo, 2012, p. 24), where equivalence is motivated by the necessity of 
comparison of two fractions. 

 
Figure 5. Definition of equivalent fractions without proving the assertion related to the 

same amount in Cavalcante, Sosso, Vieira, Poli (2006, p. 168, translated by the 
authors) 

Another aspect related to equivalence is the following. Once fractions are introduced 
by means of the part-whole relation, the idea of quantity (of the unit) associated to the 
fraction is clear. Hence, since two fractions are called equivalent if they represent the 
same amount, it would be expected that the question “How can one decide if two given 
fractions a/b and c/d are equivalent?” would be considered when fractions are resumed 
in the 6th grade, with the purpose of consolidating the students’ knowledge about 
fractions. Nevertheless, this question was not completely discussed in any of the 6th 
grade textbooks under analysis. But three of them called our attention. The first one, 
after giving a good example proving that 2/10 and 3/15 are equivalent, loses the 
opportunity of stating and proving the complete criterion “Two fractions are 

equivalent if and only if one can transform one into the other by multiplying and/or 

dividing the numerator and the denominator by the same natural number”. In two 
other textbooks the complete criterion (*) is mentioned in exercises, but in the form of 
“prescribed rule” (Figure 6). 

 
Figure 6. The equivalence criterion (*) in an exercise in Souza, Pataro (2012, p.136, 

translated by the authors) 
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All 6th grade analysed Brazilian textbooks solve addition and subtraction of fractions of 
different denominators using equivalent fractions. Nevertheless unnecessary emphasis 
is given to the minimum common multiple (see Figure 7) since any common multiple 
of the denominators of the given fractions can be used in order to compute the result of 
the given operation. 

 
Figure 7. Excessive emphasis given to the least common multiple in addition (Bigode, 

2015, p. 232, translated by the authors). 

THE PROOF OF AN EQUIVALENCE CRITERION 

In this section we present a “proof that explains” (Hanna, 1990) for the equivalence 
criterion (*) which we consider adequate for the 6th grade students. It is based on the 
fact that ther is no difficulty in comparing fractions with equal denominators. Hence, 
starting with the question Do 2/3 and 3/4 represent the same quantity or not? or How 

could we compare the fractions 2/3 and ¾? we can look for equivalent fractions with 
equal denominators arguing by means of a rectangular array (see Figure 8). 

 

                                                                                                    

 

                                                                                                    
Figure 8. Looking for equivalent fractions with equal denominator. 
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Then the students can compare the original fractions after concluding that 

 
and 

 

The next step is the generalization of this argument (in words, at least): we expect that, 
with the idea of a rectangular array in mind, the students are able to generalize the 
constructions in Figure 8 for any pair of fractions a/b and c/d and argue that they are 
equivalent if and only if ad/bd and bc/bd are equivalent, since  

 
and 

 
But by the definition of fraction, ad/bd and bc/bd are equivalent if and only if their 
numerators coincide, since they have equal denominators. Hence a/b and c/d are 

equivalent if and only if ad=bc. 

We call the readers attention to the fact that, not only the arguments in this proof helps 
to develop students’ understanding about equivalence of fractions but also provide a 
technique which, initially supported by a visualization, can be used to compare, add 
and subtract any pair of fractions, developing as well the understanding of these topics.  

FINAL COMMENTS  

With the analysis of Brazilian textbooks carried on and reported in this work, it became 
clear that in countries like Brazil where emphasis is given on the study of fractions, it is 
essential to motivate and discuss a (complete) equivalence criterion. Among all the 
analysed textbooks, such a criterion was only explicitly mentioned in two Brazilian 
textbooks, however among the exercises and without any proof being required from 
the student. By stating and proving it in this text, we express our conviction that 
equivalence can be treated thoroughly as the theme fractions is resumed and deepened 
(6th grade in Brazil) and is a good opportunity to develop students mathematical 
thinking. 
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This paper presents an examination about mathematical textbooks for high school 

students from China, Japan and the United States at a macro level, with respect to 

general features, the trigonometric content included and the content sequence. Also, 

we try to build a macro level and micro level framework for textbook analysis on the 

basis of existing literature. Some findings are as follows: three countries value the 

trigonometry highly, but the Chinese textbook includes less trigonometric content than 

the other two countries. American and Chinese textbooks present trigonometric 

application after trigonometric function, while Japanese textbook presents these topics 

much earlier. Several suggestions are proposed at the end. 

INTRODUCTION 

D. F. Robitaille, the International Coordinator for TIMSS, once pointed out the 

importance of analysing textbooks, “In every country, mathematics textbooks exert a 

considerable influence on the teaching and learning of mathematics.” (Howson, 1995, 

pp. 5–6). Called as "potentially implemented curriculum", textbooks help to build a 

bridge to connect the expected curriculum and implementation curriculum. ICME-10 

(DG14) have focused on the development of textbooks in different countries, the role 

of textbooks in teaching and learning, and the research status of mathematical 

textbooks (Li, Zhang, & Ma, 2009). Nearly, Remillard et al. (2014) offered a 

conceptualization of the enacted curriculum and situates it within a curriculum policy, 

design, and enactment system, which emphasized the influence of instructional 

materials, including textbooks, on the curriculum reform. Therefore, there is no doubt 

about the importance of mathematical textbooks to students' learning and teachers' 

teaching. Li et al. (2009) pointed out that relevant efforts to examine mathematics 

textbooks have led to different research interests, including content topic inclusion, 

students’ performance expectations, and content presentation and organization 

features. Although there are numerous studies on mathematics textbooks in different 

countries, most of them focus on the algebra content in elementary and secondary 

school textbooks (e.g., Fan et al., 2007; Li et al., 2009; Charalambous et al., 2010). 

While, there are several studies showing that students, pre-service mathematics 

teachers and even in-service mathematics teachers have some difficulties in 

understanding some knowledge points in trigonometry (e.g., Fi, 2006; Topcu et al., 

2006). By focusing on the content topic of trigonometry, this study was designed to 

examine the general features, content topic inclusion and content sequence in selected 

textbooks from China, Japan, and the United States. In particular, we aimed to answer 

the following questions: 
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1. What general features do selected textbooks have in trigonometry across the three 

education systems? 

2. What content do selected textbooks include in the content topic of trigonometry for 

teaching and learning across the three education systems? 

3. What presentation sequence do selected textbooks have across the three education 

systems? 

THEORETICAL FRAMEWORK  

Li et al. (2009) selected the fractional division to study the mathematics textbooks of 

China, Japan and the United States from the macro and micro levels. Similarly, 

Charalambous et al. (2010) established a two-dimensional framework including 

horizontal and vertical dimensions. Also, Óscar Chávez et al. (2011) described a 

process of development of assessment instruments that focused on evaluating 

American high school students’ mathematics learning from two distinct approaches to 

content organization sequence, which showed the influence of content sequence on 

students’ achievements. So, we compared the content of trigonometry in the three 

countries from the macro and micro levels. Macroscopically includes general features, 

the trigonometric content included and the content sequence. Microscopically, the 

framework of Yuan (2012) was referred to and simplified to analyse the role of unit 

circle when learning the trigonometry content.  

METHODS 

This textbook study is an outgrowth of a larger research project that aimed to 

investigate the identification, selection and arrangement of high school mathematics 

core content. Trigonometry textbooks from three countries were used in this study, 

including the regular high school curriculum standard experimental textbook series A 

(Referred as CTB) published by the people's education press of China, the new 

mathematics series (Referred as JTB) published by Japan and the algebra series 

(Referred as UTB) published by Prentice Hall of the United States. And then we will 

select the content of trigonometry in the textbooks and put them into three parts. We 

combine quantitative research with qualitative research. It presents the mathematical 

textbooks analysis framework of trigonometry, we carried out the textbook analysis at 

both the macro and micro levels (see Table 1). 

 

Level Aspect Explanation 

Macro 

level 

General features  The appearance of teaching material, page number, 

colour, typesetting and other characteristics. 

Content topic 

inclusion 

The chapter, unit and main content of trigonometry. 

Content sequence The main content sequence of trigonometry 
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Micro 

level 

Structure of 

trigonometric 

content 

Use concept maps to analyse the breadth, depth, 

complexity, and interconnectedness of knowledge 

points 

Presentation 

features 

Divided into 3 kinds of characteristic, including 

example and explanation, chart, exercise. Calculate the 

proportion that each characteristic occupies area. 

Expectations for 

students  

Including problem background type, type of problem 

set and the cognitive level of the problems. 

Table 1. Textbook analysis framework on Trigonometry content  

RESULTS 

Results show textbook variations in general features, content topic inclusion and 

content sequence across the selected three education systems.  

General features  

First of all, Chinese and American textbooks are in large format, while Japanese 

textbooks are designed in small format (13cm ×20cm).In terms of binding, Hardcover 

edition is adopted in American textbooks, while paperback edition is adopted in 

Chinese and Japanese textbooks. Secondly, the thickness of American textbooks far 

exceeds that of Chinese and Japanese textbooks. For example, the total number of 

pages of Chinese textbooks related to trigonometric content is 105.The American 

textbook contains 1049 pages, including 126 pages of trigonometry for 2 chapters. 

Finally, although Chinese and Japanese textbooks are partially colour, but just for the 

decoration title, column border, title page, photographs and so on. The background 

colours of Chinese textbooks cover and text notes are mostly light purple and light 

green. Japanese textbooks set colour photographs at the beginning of the title page and 

chapter. American textbooks are full of colourful pictures and pictures. 

Content topic inclusion  

Based on the classification of the content of "trigonometric functions" in the new 

curriculum standards in China, the content topic of trigonometry is divided into three 

modules: trigonometric functions and equations, trigonometric identities, and the 

application of trigonometry. At the same time, we determine 19 main contents to cover 

all trigonometry knowledge (Table 2 and Table 3). Trigonometry textbooks of the 

three countries basically covers the content of any angle, radian system, trigonometric 

functions, the law of sines and cosines, etc., which shows that comparative analysis is 

feasible. As seen from Table 2, in terms of content quantity, the numbers of content 

involved in Japanese and American textbooks are the same (both are 15 items), while 

the number of main contents in Chinese textbooks is the least (11 items). 
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Table 2. The trigonometric content included across three education systems  

According to Table 3, Chinese textbooks mainly lack acute triangle ratio, inverse 

trigonometric function, "secant, cosecant, cotangent", "triangular equation" and other 

contents. The main reasons are as follows: (1) the Chinese students who use the 

textbook of "A version" have learned the "acute triangle function" in junior high 

school, which is equivalent to the "triangle ratio" in Japanese textbooks. And (2) after 

the curriculum reform, the new curriculum standard tries to simplify the content and 

reduce students' academic burden, so the "cotangent", "find the angle when known 

trigonometric function values" are deleted. Although Japanese and American 

textbooks have the same the number of content, the specific content is slightly 

different. The United States has "inverse trigonometric function", "secant, cosecant, 

cotangent function", and Japanese textbooks do not cover the above content. JTB 

attaches great importance to the connotation of "triangle ratio" and promotes it, and has 

its own section of "triangle inequality". In the United States, the "acute triangle ratio" is 

just regarded as the definition of sines and cosines in a right triangle and a tool to solve 

the triangle, rather than as a "function". 

 

Module Main content knowledge CT

B 

JTB UT

B 

Trigonome

tric 

functions 

and 

equations 

Trigonometric Ratios for Acute Angle    

Expansion of Trigonometric Ratios     

Any angle and Radian measure    

Conception of trigonometric functions    

Relationship between trigonometric functions of 

the same angle    

Induction formulas of trigonometric functions    

Graphs and properties of trigonometric functions     

Transformation for the Graphs of trigonometric 

functions    

Module Numbers  CTB JTB UTB 

Trigonometric functions and equations 13 6 10 11 

Trigonometric identities 3 2 3 2 

The application of trigonometry 3 3 2 2 

Total 19 11 15 15 
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Graphs and properties of inverse trigonometric 

functions    

Graphs and properties of secant, cosecant and 

cotangent functions    

Periodic function    

Trigonometric equations    

Trigonometric inequalities    

Table 3. Main content of trigonometric functions and equations  

Content sequence 

Next, we will take the concept of trigonometric functions as an example to further 

analyse the content arrangement sequence of mathematics textbooks across the three 

countries, focus on the introduction process of the concept of trigonometric functions, 

and observe the role of unit circle in learning and teaching trigonometric functions. For 

example, trigonometric knowledge in Chinese and Japanese textbooks is arranged 

according to the ideas from acute trigonometric ratios to trigonometric functions for 

any angle, the sequence follows the cognitive order from special to general. American 

textbooks, on the other hand, arrange them according to the properties of periodic 

functions, trigonometric functions and acute trigonometric functions in a cognitive 

order from general to special. In Chinese and Japanese textbooks, the item "periodic 

function" is just mentioned as a superordinate concept of trigonometric functions, 

while American textbooks discuss them in detail. Starting from the common periodic 

phenomena such as electrocardiogram, alternating current and sound wave, after 

students have an overall perception of periodic movement, the trigonometric function 

is derived, and then acute triangle ratio is learned in right triangle, which belongs to 

inferior learning.  

In addition, American and Chinese textbooks present trigonometric application after 

trigonometric function, while Japanese textbook presents these topics much earlier. 

That is to say, Since the Angle range of the sine and cosine laws is between 0  and 

180 , and trigonometric functions has no influence on them, the sine and cosine laws 

may be learnt earlier than the trigonometric functions. Therefore, different 

arrangement ideas may lead to differences in content selection. 

DISCUSSION 

On the whole, selected textbooks from three countries are examined at a macro level. 

Some results are as follows: these three countries value the trigonometry highly, but 

the Chinese textbook includes less trigonometric content than the other two countries 

because of education policy. American and Chinese textbooks present trigonometric 

application after trigonometric function, while Japanese textbook presents these topics 

much earlier. In addition, we believe that the unit circle should be used as a powerful 
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tool in trig function learning. For example, students can use the symmetry of the unit 

circle to explore the induction formula of trigonometric functions. There are still many 

issues to be discussed in the future, such as similarities and differences at the micro 

level. The cross-system differences shown in textbooks suggest the nature of 

mathematics content ,which may be treated differently in textbooks cross-nationally 

(Li et al., 2009). The similarities and differences in different countries on textbooks 

reflect the diversity in social culture and functional positioning of textbooks. A 

reasonable and effective interpretation of these differences can help us better develop 

textbooks that are conducive to mathematical learning. 
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AN ANALYSIS OF TEACHING METHODS OF DIVISION OF 

FRACTIONS IN SOUTH KOREA ELEMENTARY MATHEMATICS 

TEXTBOOKS 

Hyoungmi Cho & Jiansheng Bao 

East China Normal University, China 

The content of Korean elementary school math textbooks before and after the 2015 

revision were analysed and compared to present the trend of teaching method of 

‘division of fractions’ in South Korea. Fraction division is typically solved by using 

'invert and multiplying' algorithm. It is easy for students to calculate mechanically 

without understanding. But, in fact, it is challenging for students to understand why 

they should use ‘the invert’ in fraction division. Fraction division require 

understanding of computational processes using complex fraction concepts, so 

students' understanding will vary depending on what order they present them and what 

kind of models they use. South Korea is one of the countries that maintain the higher 

achievement in international assessments such as PISA and TIMSS, using a single 

state-authored textbook that applies to the national curriculum. Also, Korea recently 

revised its curriculum in 2015. In this study, we compared two series of Korean math 

textbooks that were written with the 2009 and 2015 curriculum. To provide a 

framework of the contents of fraction division, we focus on the ‘fraction division 

conceptualization,’ ‘visual model’ and ‘algorithm’ used in textbooks that were 

analysed with the changes in Korea elementary school math textbooks. 

INTRODUCTION 

The fraction division (FD) is one of the difficult concepts to understand for both students 

and teachers. Several studies focus on teachers’ pedagogical content knowledge and 

students' misconception about fraction division (Ma, 1999; Tirosh, 2000; Adu-Gyampi et 

al., 2019). Prospective teachers and students often misunderstand the algorithm of fraction 

division or present inappropriate representations. Considering that textbooks are the major 

resources for teachers and students in the classroom (Reyes, Reys, & Chavez, 2004), it is 

important to study how the textbooks present the division of fractions with real-world 

problems that reflect the real context and conceptual models. 

South Korea is one of the countries that maintain the high achievement on mathematics 

in international assessments such as Trends in International Mathematics and Science 

Study (TIMSS) and Programme for International Student Assessment (PISA) (Mullis, 

Martin, & Hooper, 2016; OECD, 2016). South Korea revised mathematics curriculum 

in 2015 and emphasizes the development of six mathematical competencies. There was 

an emphasis of three mathematical process in the 2009 revised curriculum: problem 

solving, reasoning, and communication. The 2015 revised curriculum added ‘creativity 

and convergence, information processing, and attitudes and practice’ to help students 

become interested and confident in math (KOFAC, 2019b). Korea use a state-authored 

elementary mathematics textbook series that is based on the national curriculum. In 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 143–148). Paderborn: Universitätsbibliothek Paderborn.
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this study, we analysed the contents and presentation of the ‘divisions of fractions’ unit 

in two series of elementary school math textbooks: one with the 2009 curriculum and 

the other based on the 2015 curriculum to compare changes in contents of textbooks.  

THEORETICAL FRAMEWORK  

Conceptualization of fraction division  

Adu-Gyamfi et al. (2019) mentioned that the division of fractions is an essential 

mathematical domain, and emphasized the need for teachers to interpret the concept of 

FD in various ways and to use them in contexts. Table 1 presents the five 

conceptualizations of FD adopted from Sinicrope et al. (2002), the context, linguistic 

representation, and algorithms in which were used (Adu-Gyamfi et al., 2019, p. 4). 

Table 1. Fraction division conceptualizations (adapted from Adu-Gyamfi et al., 2019, 

p. 4) 

Visual models for fraction    

Appropriate visual models for fractions are essential in the learning and understanding of 

fractions and operations. Three types of fraction models are widely used: area (region), 

length, and set models (Van de Walle et al., 2008, p. 288). These fraction models are used 

in various concepts of fractions, such as equal fractions, as well as in the size comparison 

and the operations of fractions (Van de Walle et al., 2008, pp. 293–325). 

The area model is used when describing the part-whole concept of fractions using circles, 

rectangles, grid patterns, pattern blocks, etc. Because it uses concrete materials or a picture 

with an area, it is often used to reveal the meaning of equal division or sharing task. The 

length model is a more frequently used one in measurement situations using Cuisenaire 

rod, number lines, and paper straps, etc. The set model represents the whole and part with 

Conceptualization Contextual example  
Verbal representation 

Algorithm Algebraic 
representation 

Measurement division 
 (Part-whole or measure) 

(c/d) of an ounce of gold is needed to create an 
earring. How many earrings can be created 
with (a/b) ounces of gold? 

𝑎

𝑏
÷

𝑐

𝑑
=

𝑎𝑑

𝑏𝑑
÷

𝑏𝑒

𝑏𝑑
 = 𝑎𝑑 ÷ 𝑏𝑐 

Partition division  
(Part-whole or measure) 

(a/b) pounds of candy is shared equally 
among (c) friends. How much candy does each 
friend receive? (c divides a) 

𝑎

𝑏
÷ 𝑐 =

𝑎 ÷ 𝑐

𝑏
 

 (c) friends bought (a/b) kilogram of chocolate 
and shared it equally. How much chocolate 
did each person get? (c does not divide a) 

𝑎

𝑏
÷ 𝑐 =

𝑎

𝑏 × 𝑐
 

Determination of a unit 
rate (ratio) 

Rose used (a/b) of a can of frosting to frost 
(c/d) a cake. How much of the cake could she 
frost with the whole can of frosting? 

𝑎
𝑏
𝑐
𝑑

=

𝑎
𝑏

×
𝑑
𝑐

𝑐
𝑑

×
𝑑
𝑐

=

𝑎𝑑
𝑏𝑐
1

=
𝑎𝑑

𝑏𝑐
 

Division as the inverse of 
an operator multiplication 
(operator) 

In a seventh-grade survey of lunch 
preferences, (a) students said they prefer 
pizza. This is (c/d) times the number of 
students who prefer the salad bar! How many 
prefer the salad bar? 

𝑎 ÷
𝑐

𝑑
=

𝑑

𝑐
× 𝑎 

Division as the inverse of a 
Cartesian product (ratio) 

The probability of rolling a five with a fair, 
hexahedral die is (c/d) and the probability of 
rolling a five and spinning an even number is 
(a/b). What is the probability of spinning an 
even number? 

𝑎

𝑏
÷

𝑐

𝑑
=

𝑎

𝑏
(

𝑐𝑑

𝑐𝑑
) ÷

𝑐

𝑑
 

=
𝑎𝑐𝑑 ÷ 𝑐

𝑏𝑐𝑑 ÷ 𝑑
=

𝑎𝑑

𝑏𝑐
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several discrete quantities as a set (Van de Walle et al., 2008, pp. 288–291). However, the 

meaning of the operation should be taken into consideration when addressing the 

arithmetic operation of the fractions. When using these models, it is important to 

understand the context of the problem and make appropriate representations. 

The research questions are as follows: 

1. How do the fraction division contents (learning topics and algorithms) of Korean 2009 

textbooks and 2015 textbook change? 

2. How do the word problems and the visual model used in the Korean 2009 and 2015 

textbooks interpretation the fraction division and how do they change?  

METHOD 

Selection of textbooks and activities  

In Korean textbooks, the topic of FD was divided into two parts: ‘Dividing fractions by 

whole number’ and ‘Dividing fractions by fraction’. The 2015 textbook includes the first 

part in the first semester of the 6th grade textbook, the second part will appear in the second 

semester textbook although it has not been published at the time of the study (KOFAC, 

2019a). To fairly compare how students learn the same concepts of FD between the two 

series of the textbooks, we exclude the second part of FD unit from the 2009 textbook.  

2009 
 Intro- 

duction 
 Main 

Lessons 
 Unit 

Evaluation 
 Problem 

Solving 
 Creative 

Thinking     
   

 

        

2015  
Intro- 

duction 
 Main 

Lessons 
 Challenge 

Mathematics 
 Unit 

Evaluation 
 Exploring  

Mathematics     

  
         

  
1day  5~6day  1day  1day  1day 

Figure 1. A comparison of unit components of 2009 and 2015 textbooks 

To select sections to be analysed, we searched for the composition of the unit in Korean 

elementary school textbooks. The teacher guidebook specifies how teachers should 

plan to teach each unit, consisting of five main parts (Figure 1). The introduction 

section presents illustrations or illustrations related to the content, which is linked to 

the content of the main lessons. Main lessons usually include lesson topics for 5-6 days 

and other sections in the unit are intended for one day each. Each of main lessons of 

both textbooks offers the learning topic, one opening activity, 3-4 activities, and one 

finish activity in 2009 textbooks. The slight modification on the 2015 textbooks is to 

present the activities only with numbers without naming opening and finish activities. 

(KOFAC, 2015b, p. 35; KOFAC, 2019b, p. 45). 

We are interested in understanding how fraction division concepts are introduced, this 

study is focused on the activities in the main lessons, not evaluation and problem solving. 

For this reason, we only analysed the activities in the main lessons. We also exclude the 
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last activity of each of main lessons as it is intended for students to practice or apply the 

concepts, not learning for the first time. There are total of 22 activities in the second 

semester of the fifth grade of the 2009 textbook, and 15 activities from the 2015 textbook.  

Analytic framework 

In this paper, we compared contents of FD in textbooks with the conceptualization of FD 

in Table 1 used by Adu-Gyampi et al. (2019) as the analytical framework. To answer the 

first question, we compared the learning content through the algorithms covered by the 

study topic (see columns under topic in Figure 2) and activities presented in each main 

lesson. For the second question, we analysed word problems and the visual models of 

each activity to investigate how the textbooks interpretation the FD. The word problems 

were analysed using the FD conceptualization framework (see Table 1), and the visual 

models were categorized into areas, lengths, and set models to find out how they are used 

for interpretation FD concepts (Adu-Gyamfi et al., 2019, p. 4; Van de Walle et al., 2008, 

p. 288).  

RESULTS 

The content of textbook - topics and algorithms  

Figure 2. Contents structure of Unit of Fraction Division in 2009 and 2015 textbook   

Figure 2 is a comparison of the main lesson content each unit of FD between the 2009 and 

the 2015 textbooks. It is organized by how FD topics are introduced, and types of 

algorithms suggested to use in each main lesson. Figure 2 presents that both textbooks 

represent two types of FD topics: ‘(whole number)÷(whole number)’ type and ‘(fraction)

÷(whole number)’type, and three types of algorithm: (a) representing quotient as fraction, 

(b) invert and multiplying, and (c) the numerator of the dividend is multiple of the divisor.  

The results confirm that 2009 textbooks emphasize the procedures of algorithms, and 

2015 textbooks focus on the various expressions. It is supported by the type of 

algorithm in each of the two FD types. Firstly, as the ‘(whole number)÷(whole 

number)’ types of FD, 2009 textbook presented the invert and multiplying algorithm 

Types of 

FD 
 2009 textbook  2015 textbook 

       

(Whole 
number) 

÷ 
(Whole 

number) 

 topic 
Algorithm Algebraic 

representation 
 topic 

Algorithm Algebraic 

representation 

 

Representing 

‘(Whole number)÷(Whole number)’  

as a multiplication 
𝑎 ÷ 𝑏 = 𝑎 ×

1

𝑏
 

 Representing quotient of 

‘(Whole number)÷(Whole number)’ 

as a fraction (1) 
𝑎 ÷ 𝑏 =

𝑎

𝑏
 

 
Representing  

quotient as fraction 𝑎 ÷ 𝑏 =
𝑎

𝑏
  

Representing quotient of  

‘(Whole number)÷(Whole number)’ 

as a fraction (2) 
𝑎 ÷ 𝑏 =

𝑎

𝑏
  (a>b) 

       

(Fraction) 
÷ 

(Whole 

number) 

 
Calculating 

‘(proper fraction)÷(Whole number)’ 
𝑎

𝑏
÷ 𝑐 =

𝑎

𝑏
×

1

𝑐
  (a<b)  Let’s find out 

‘(fraction)÷(Whole number)’   
𝑎

𝑏
÷ 𝑐 =

𝑎÷𝑐

𝑏
  (a=ck) 

 
Calculating 

‘(improper fraction)÷(Whole number)’ 
𝑎

𝑏
÷ 𝑐 =

𝑎

𝑏
×

1

𝑐
  (a>b)  

Representing  

‘(fraction)÷(Whole number)’  

as a multiplication 

𝑎

𝑏
÷ 𝑐 =

𝑎

𝑏
×

1

𝑐
 

 
Calculating 

‘(mixed number)÷(Whole number)’ 𝑎
𝑐

𝑏
÷ 𝑑 =

(𝑎𝑏 + 𝑐)

𝑏
×

1

𝑑
 

 Let’s find out 

‘(mixed number)÷(Whole number)’ 

①𝑎
𝑐

𝑏
÷ 𝑑 =

(𝑎𝑏+𝑐)÷𝑑

𝑏
 

②𝑎
𝑐

𝑏
÷ 𝑑 =

(𝑎𝑏+𝑐)

𝑏
×

1

𝑑
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first, with emphasis on procedural processes. On the other hand, the 2015 textbook 

only suggested representing quotient as fraction algorithm. This shows that main 

concern has shifted from focusing on FD algorithm procedures to expressing the results 

of the quotient of natural numbers into different fractions (proper fractions, improper 

fractions and mixed number). Secondly, as the ‘(fraction)÷(whole number)’ types of 

FD, 2009 textbook only presented invert and multiply algorithm, while 2015 textbook 

suggested two types of algorithm: the invert and multiplying, and the numerator of the 

dividend is multiple of the divisor. This suggests that the FD can be thought in different 

ways depending on the situation.  

The word problems and the visual models  

There is another evidence that 2009 textbook emphasis on procedural processes of 

algorithm while 2015 textbook focus on the various representations and intuitive 

understanding of the students.  

For the word problem, in the 2009 textbook, only two activities are presented in ‘partition 

division’ concept, which only suggested in the ‘(whole number)÷(whole number)’ type 

of FD. For the visual models, the 2009 textbook presents 14 activities suggested to use 

visual models: 1 activity with a set model, 8 activities with an area model, and 3 activities 

with a length model. First, in ‘(whole number) ÷ (whole number)’, 3 activities with the 

length models and 1 activity with the set model are used. The length models present the 

invert-and-multiply algorithm, and the set model is presented to relate one to the fraction 

expression, ‘1 is 1/4 of 4’. Second, most of the activities considering ‘(fraction) ÷ (whole 

number)’, consist of rectangular area models and a formula, which leads to the invert-and-

multiply algorithm. On the other hand, 2015 textbook provides different mathematics 

concepts. There were six word problems, 4 activities used ‘partition division’, 1 activity 

used ‘division as the inverse of an operator multiplication,’ and 1 activity with the 

‘division as the inverse of a Cartesian product.’ The latter two word problems were 

presented in the last main lesson titled, ‘Let’s find out ‘(mixed number) ÷  (Whole 

number)’. In addition, unlike 2009 textbook, 2015 textbook presents area models for 

‘(whole number) ÷  (whole number)’ first, length models for ‘(fraction) ÷  (whole 

number)’ which includes ‘double number line’, and the rectangular area model and 

number line to help students understand each algorithm intuitively. 

CONCLUSION AND DISCUSSION 

This study described changes in FD concepts of Korean 2009 and 2015 math textbooks. 

The results are presented affective characteristics emphasized in the key competency 

of the 2015 revised curriculum is also emphasized in the FD contents of 2015 textbook.    

Both 2009 and 2015 textbooks presented the FD into ‘partition division’ with different 

types of algorithms, word problems and visual models. The 2009 textbook intended to 

present the ‘invert and multiply’ algorithm logically and procedurally. On the other 

hand, the 2015 textbook was intended to arouse students’ interest with various 

representation, such as algorithms, and intuitive visual models. 
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Since we only examined the first part of the FD units of textbooks (recall that the 

second part of 2015 textbooks have not been published yet), the results of this study 

show that all activities presented in FD main lessons only require students to use whole 

numbers for divisors. The study indicates a number of further areas for research. First, 

the need of the ‘invert and multiplying’ process presented in ‘(whole number) ÷ 

(whole number)’ of the 2009 textbook, which was deleted from the 2015 textbook. 

Second, the relevance to the linguistic representation ‘1 is 1/4 of 4’ presented in the set 

model and similar representation of ‘division as the inverse of an operator 

multiplication’ (a is how many times of b). Third, contents of ‘(fraction) ÷ (fraction)’ 

represented in the second semester of 2015 textbooks that have not yet been published. 

And the logical linking to this study, ‘(fraction) ÷ (whole number)’ FD contents. 
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In this paper we direct our attention to students’ inscriptions when using a differential 

and integral calculus textbook to learn the double integral concept. It will be shown 

that certain kind of inscriptions are diagrams, in Peirce’s semiotic sense, which are 

valuable means to learn the double integral concept. We analyzed the students’ 

diagrams produced during an integral and differential calculus lecture of an 

engineering course at a Brazilian university. The students began the study of the 

double integral using the textbook Calculus vol 2 by James Stewart. Our findings 

denote that the way the textbook introduces the double integral concept favors the 

students’ diagrammatic reasoning. The students’ invented and transformed diagrams 

designed while using the textbook had influenced their learning process.  

INTRODUCTION 

Textbooks offer opportunities to learn for both- students and teachers- and from this 

point of view, the textbook is a support for calculus lectures, both for a preliminary 

students’ reading to indicate how a particular study will be developed, and as the main 

resource for professor to teach (Almeida & Silva, 2018). 

It is not surprising that textbooks play a crucial role for the construction of 

mathematical knowledge through ordering, presenting and explaining of mathematical 

concepts and problems (O’Halloran, 2018). The mathematical signs used in the 

textbook are mainly seen as instruments for coding and describing the mathematical 

objects (i.e. concepts) for operating with these objects, communicating mathematical 

knowledge to professors and students. In fact, Mathematics is a science which 

concerned in inventing and using signs and the mathematical knowledge is constructed 

using language, images and symbols. In this way Peirce’s semiotic can be introduced 

as an instrument for describing aspects of learning mathematics by using a calculus 

textbook. 

In this paper we focus on the students’ inscriptions when they use a differential and 

integral calculus textbook to learn the concept of double integral. It will be shown that 

certain kinds of inscriptions are diagrams, in Peirce’s semiotic sense. We analyzed 

students’ diagrams of an integral and differential calculus lecture in an engineering 

course at a Brazilian university. In order to introduce the double integral concept a 

preliminary study was done by students using the textbook Calculus vol 2 by James 

Stewart. Following this study, the teacher asked them to solve a problem which 

resolution proffers a possibility to introduce the double integral concept.  

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 149–154). Paderborn: Universitätsbibliothek Paderborn.
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A SEMIOTIC PERSPECTIVE FOR THE STUDENTS’ LEARNING: THE 

DIAGRAMMATIC REASONING 

The different semiotics theories agree that signs are basically means of signifying an 

object or means of representing something for somebody. With regard to the 

epistemologically based semiotics by Charles S. Peirce, a central point is the emphasis 

on other fundamental functions of signs: signs as means of thought, of understanding, 

of reasoning and of learning (Hoffman, 2005). Peirce introduced a far-reaching project 

to demonstrate the importance of signs by emphasizing this point.  

In this paper we shall refer only on some details of this semiotic approach. Particularly, 

we will refer to Peirce’s concept of diagrammatic reasoning. Hoffmann (2005) argues 

that with this concept one can explain the development of knowledge basing on a 

three-step activity: constructing signs, experimenting with them, and observing the 

results.  

In order to understand what Peirce means by diagrammatic reasoning, we need to 

know something about what he called diagram. Peirce defines a diagram as a 

“representamen which is predominantly an icon of relations and is aided to be so by 

conventions” (Hoffmann, 2005 p. 46). Although Peirce also refers to diagrams as 

indices or symbols it is the iconic character of diagrams which is the most important. 

Therefore, we can say that diagrams are icons which are constructed following certain 

rules and may thereby show relations and must be carried out upon a consistent system 

of representation. The use of diagrams as a special kind of icon makes it possible to 

perform experiments when learning mathematics. By representing a problem using a 

diagram, people can experiment their cognitive meanings, make experiments and 

construct new knowledge which is called diagrammatic reasoning. 

Kadunz (2016) identified that when students learning mathematics by means of this 

reasoning, firstly they have to construct a diagram (for example: an equation of 

algebra, a geometrical drawing by pencil or software, a graph to solve a problem). 

When this construction is finished, they can start experimenting. For example, a graph 

may be associated with an algebraic equation, or they can construct a graph on a 

three-dimension space using what they already know about graphic representations on 

the two-dimensional plane. Finally, on a third step, the results of the experiment may 

be explored and new relations can be noticed or visualized (Kadunz, 2016; Hoffmann, 

2005). It is just in this way that Kadunz (2016) refers to Peirce's assertion that a 

diagram constructed by a mathematician “puts before him an icon by the observation 

of which he detects relations between the parts of a diagram other than those which 

were used in its construction” (Kadunz, 2016 p. 119). Taking into account this remarks 

about diagrams and diagrammatic reasoning we turn our attention to students' learning 

regarding the double integral concept when they use a calculus textbook. 
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THE STUDENTS ACTIVITY USING THE TEXTBOOK 

The research we refer to in this paper was carried out in 2018 to a class of 35 students 

in a differential and integral calculus lecture of an engineering course at a Brazilian 

university. We refer to an activity which presents the introduction of double integral 

concept using the textbook Calculus vol 2, 7th edition written by James Stewart 

(Portuguese translated version). Firstly, the teacher asked students to study the 

introduction of double integral concept at the textbook (Figure 1) and after that the 

activities were guided by the teacher in the class. 

The introduction of the double integral concept in the textbook begins with a revision 

of the integral geometric concept of a one variable function. This approach is 

broadened with the purpose of presenting how we can study the volume of a solid 

delimited by a two variables function defined in a closed region R.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.  The double integral concept introduction (Stewart, p. 874–875) 

After the preliminary study using the textbook students were asked by the teacher to 

solve a problem proposed in this book (Figure 2). However, it was not allowed students 

to use the textbook while they were solving the problem. 

For about 60 minutes students dedicated themselves to construct a representation of the 

R region at the two-dimensional plane. Then they evaluated the volume of each of the  
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approximating rectangular boxes as it is suggested in Figure 1. In this paper we refer to 

the inscriptions and dialogues of three students and we will call them A, B and C. We 

selected these three students because they participated in all activities, including the 

interview after the activities development. 

 

  

 

Figure 2. The problem to be solved by students (Stewart, 2013, p. 887) 

In order to solve the problem, initially the students made efforts to represent the 

statement: "Divide R into four equal squares and choose the sampling point as the 

upper right corner of each square Rij" (Figure 3). The inscriptions they constructed and 

that we present in Figure 3 enabled the students to obtain the volume of the solid by 

using these four approximating boxes as requested on the problem statement.  

 

Figure 3. Student’s inscriptions  

 

Figure 4. Student’s graphical 

representation 

When this first solution had finished, one of the students asked the teacher to sketch a 

graphical representation on the blackboard in order to represent the solid by using the 

approximating rectangular boxes (Figure 4). During sketching and labelling the 

three-dimensional object became a diagram on the drawing plane by means of 

experimenting with two-dimensional graphs. The video data show that all students 

observed this representation carefully. When the students had finished their solution 

one of them made a very important question: 

Student A But, … what is the relationship between solving this problem and the 
double integral concept? In the integral of a one variable function we had 
the area, and now we will be able to obtain the volume of the solid, is that 
it? 

This question was the opportunity for the teacher to ask students to look back at the 

textbook and look for the definition of double integral (Figure 5). Using this definition, 

students returned the solution of Example 1 and evaluated the volume of the solid as it 

is shown on the students’ procedures in Figure 6. 
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Figure 5. Double integral definition 

(Stewart, 2013, p. 876) 

 

 

 

 

Figure 6. Obtaining volume using double 

integral definition 

STUDENT ACTIVITY FROM A SEMIOTIC PERSPECTIVE 

Peirce’s characterization of diagrammatic reasoning may provide a theoretical frame 

for describing and interpreting the students learning activity and their use of diagrams 

in order to learn de double integral concept.  

The preliminary study of students using the textbook had already given them 

opportunities for constructing and experimenting with diagrams. This construction and 

experimentation intensified when they solved the problem (Figure 2) without the use 

of the textbook. 

The problem motivated the students to represent in the plane a diagram following 

certain rules. The first resolution (Figure 3) provided students the opportunity to 

experiment with diagrams. In fact, one of the students immediately made a graphical 

representation to explain his resolution to the other students (Figure 4). Others, 

however, discussed possibilities in an attempt to understand what they should do to 

solve the problem: 

Student B:  Let's have boxes under the paraboloid. The bases of the boxes are the 
squares that we have represented here [pointing to Figure 3] 

Student C:  Here on the plane we do the squares one by one. We have to draw four 
squares. Now from the upper left corner we consider the height of each box. 

This dialogue encouraged student B to make a graphical representation - a diagram - to 

assist him in explaining his algebraic resolution. However, he was not yet able to made 

a representation in which the graph of the function and the approximating boxes were 

merged, but he put the two representations in different images (Figure 7). Another 

student (student C) was intended to explain the meaning of the volume he obtained by 

using the definition of double integral (Figure 6). With this purpose he made a 

graphical representation in which he tried to show the geometric meaning of the value 

he has got (Figure 8). 
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Figure 7. Diagrams constructed  

by a student          

Figure 8. Student’s diagram  

 

The question the student addressed to the teacher (And what is the relationship 

between solving this problem and the double integral concept?) denotes that the 

preliminary study using the textbook (Figure 1) and the problem solving (Figure 2) 

enabled students to construct and make experiments with diagrams and that new 

relations between the different diagrams could be noticed by the students. The 

students’ representation as presented on Figure 4 seems to be a clue of the possibility 

that the construction of diagrams allows perceiving relationships between the parts of a 

diagram other than those which are used in its construction. 

The study of the double integral concept using the textbook led the students to make 

transformations in diagrams they had constructed and then they were able to evaluate 

the volume of the solid below the surface. The results that we can highlight in this 

activity lead us to state that the way the textbook introduces the double integral concept 

favors the students learning process. The students' procedures seem to have been 

supported by the diagrammatic reasoning triggered by images, problems, and language 

as included in the textbook. 
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REPRESENTATION OF VECTORS IN GERMAN MATHEMATICS 
AND PHYSICS TEXTBOOKS 

Frederik Dilling 
University of Siegen, Germany 

 
The concept of vector is a central part of mathematics and physics at school. Three 
approaches to the concept of vector can be distinguished: arrow classes, n-tuples and 
vector space axioms. In order to develop adequate conceptions of vectors, different 
facets of the concept should be presented to the students and the representation in the 
subjects mathematics and physics should be coordinated. The method of textbook anal-
ysis was chosen to investigate this relationship with the help of a deductively developed 
system of categories. These categories are based on the theoretical framework using 
qualitative content analysis according to Mayring (2000). The following question was 
focused: Do German mathematics and physics textbooks include multiple representa-
tions of vectors in the introductory chapters? 
INTRODUCTION 
The concept of vector and vector calculus are central issues of modern mathematics as 
well as the subject of school mathematics in upper secondary schools. Filler & Todo-
rova (2012) also mention this: 

"The vector concept belongs to the central structural concepts of mathematics and has man-
ifold applications.” (S.47, translated) 

Indeed, according to Wittmann (1996), the decisive importance of the vector concept 
is achieved by its application in physics: 

"However, the vector concept gains its essential legitimation above all from its interdisci-
plinary relation to physics teaching. [...] This connection to the subject of physics [must] 
be sought and emphasized." (S.97) 

Filler (2011) emphasizes the historical development of the vector concept from both 
geometrical and physical requirements: 

"The vector calculation was developed in a long historical process, mainly due to the need 
for a geometric calculation and the requirements of physics". (S.85) 

Therefore, the handling of vectors is important in mathematics as well as in physics 
class. Dilling (2019) shows the possibility and benefit of an exchange of the research 
on vectors in mathematics and physics education for researchers as well as for teachers. 
In order to ensure an adequate development of the concept of vectors in school, stu-
dents should get to know many different facets of the use of vectors. Furthermore, the 
presentations in the subjects of mathematics and physics should also be coordinated 
with each other. This article aims to clarify this relationship by examining the follow-
ing research question: 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 155–160). Paderborn: Universitätsbibliothek Paderborn.
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Do German mathematics and physics textbooks include multiple representations of 
vectors in the introductory chapters? 
THEORETICAL FRAMEWORK 
Different approaches to the concept of vectors are discussed in mathematics education 
research. Filler & Todorova (2012) distinguish the approaches via classes of arrows, 
n-tuples and vector space axioms.  
When using arrow classes, vectors are defined as arrows of the same length and direc-
tion. The geometrical approach is of great importance for the students' understanding 
of the term. However, the identification of vectors with single arrows or concrete ob-
jects can entail difficulties. This problem is further intensified by the use of so-called 
location vectors. They are introduced to avoid the implementation of an addition of 
points and vectors and represent concrete vectors starting from the origin (Henn & 
Filler, 2015). 
Malle (2005) strongly criticises the approach via arrow classes. Arrow classes are "use-
less" for analytical geometry, since students normally think in points and arrows, but 
not in arrow classes, as well as "useless" for physics, since almost all vectors occurring 
in physics are not arrow classes. 
The access via n-tuples starts with vectors as n-tuples of real numbers. These are sub-
sequently used for geometrical applications. This arithmetical approach often leads to 
a displacement of arithmetical perceptions by geometrical perceptions in the long-term 
development. Bender (1994) criticizes this approach for the role of linear algebra as a 
"trivializer". Geometric aspects are particularly important for the development of sus-
tainable basic concepts. Therefore, the transition between an arithmetic and a geomet-
ric vector model should be practiced in class. Malle (2005) recommends introducing 
vectors as n-tuples and then interpreting them geometrically as points and arrows, but 
not as arrow classes. 
A third possible access to the concept of vectors is the approach via vector space axi-
oms. It was especially used in schools in the 1970s and is nowadays primarily part of 
linear algebra courses at university. Filler & Todorova (2012) describe this approach 
as technically elegant but nevertheless unsuitable for school education due to its com-
plexity. 
METHODOLOGY 
In the following, the introductory chapters to vector calculation or kinematics of four 
mathematics and physics textbooks frequently used in North Rhine-Westphalia were 
selected to answer the research question: Do German mathematics and physics text-
books include multiple representations of vectors in the introductory chapters? 
These are the following books: 

- Brandt, D. et al. (2014). Lambacher Schweizer Mathematik. Einführungsphase. 
Nordrhein-Westfalen. Stuttgart: Klett (pp. 116–118). 
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- Grehn, J. et al. (2007). Metzler Physik. Braunschweig: Bildungshaus Schulbuch-
verlage (pp. 12–13). 

- Krysmalsky, M. et al. (2014). Fokus Mathematik. Einführungsphase. Nord-
rhein-Westfalen. Berlin: Cornelsen (pp. 176–178). 

- Meyer, L. et al. (2003). Duden Physik. Gymnasiale Oberstufe. Berlin: Duden 
Paetec (pp. 58–60). 

The analysis of the textbook chapters is based on the rules of qualitative content anal-
ysis (Mayring, 2000). According to the deductive category formation method, a system 
of categories was established on the basis of theoretical foundations and precedes the 
analysis of the data material. A so-called coding agenda contains the definition of a 
category, an example derived from the data material and coding rules which, in the 
event of uncertainties, cause a clear classification of the categories. Based on the the-
oretical considerations, the following coding agenda was set (Table 1). The definition 
was sufficient for the assignment of the examples, so coding rules were not necessary 
to define. The whole material was coded by the author. 
Category Definitions Examples 
C1: Geometrical 
Approach 

Vectors are intro-
duced as arrow 
classes 

Descriptive Text in Lambacher Schweizer 
Mathematik (p. 116): “In geometry, a vector 
can be described by a set of parallel arrows 
of the same length and orientation.” (Trans-
lation from German language) 
 

C2: Arithmetical 
Approach 

Vectors are intro-
duced as n-tuples 

Definition 7.1 in Fokus Mathematik (p. 
177): “A triple of numbers �⃗� = $

𝑥&
𝑥'
𝑥(
) is called 

a vector.” (Translation from German 
language) 
 

C3: Axiomatical 
Approach 

Vectors are intro-
duced with vector 
space axioms 

no example in the data material 

Table 1. Coding agenda for the analysis of the four textbooks 
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RESULTS 
The introduction of vectors differs significantly in the analysed textbooks.  
In Lambacher Schweizer Mathematik vectors are in-
troduced in the context of translations. In a coordinate 
system five arrows are shown, which all represent the 
same translation. This translation is described by a 
vector which indicates the translation in direction of 
𝑥& and 𝑥'. A vector is then defined as follows: 

“In geometry, a vector can be described by a set of par-
allel arrows of the same length and orientation. Such a 
set of arrows is already defined if one knows one of its 
arrows, a representative.” (p. 116, translated) 

This introduction of the concept of vector can be as-
signed to the geometrical approach using arrow clas-
ses. The arithmetical and the axiomatical approach are 
not used in this textbook. 
The book Fokus Mathematik uses the path between 
two points as the context for the introduction of the 
concept of vector. In a three-dimensional coordinate 
system, a fourth point C’ is to be found to three points 
A, B and D, so that a parallelogram is created. To do 
this, the arrow between the two points A and D is de-
termined. The fourth point C’ is then determined by 
adding the same arrow to the point B. The concept of 
vector is then described as follows:  

“The two arrows are in different places, but they are both 

described by $
−4
1
4
) . This common of both arrows is 

called a vector and each of the arrows 𝐴𝐷/////⃗  and 𝐵𝐶/////⃗  is an example or representative of this 
vector.” (p. 176, translated) 

After the description, the concept is defined separately on the next page: 

“A triple of numbers �⃗� = $
𝑥&
𝑥'
𝑥(
) is called vector. All arrows representing this vector �⃗� have 

the same length, are parallel to each other and have the same direction.” (p. 177, translated) 

The introduction of vectors is initially motivated geometrically on the basis of arrow 
classes. In addition to that, the definition is arithmetical and refers to triples of numbers, 
which are then interpreted as arrow classes. 

Figure 1. Excerpt from Lam-
bacher Schweizer Mathematik 

Figure 2. Excerpt from Fokus 
Mathematik 
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The physics textbooks Metzler Physik and Duden Physik introduce vectors in the con-
text of motion. The first vectorial quantity that is introduced is the path 𝑠. In Metzler 
Physik the term is distinguished from scalar quantities as follows: 

“Since not only the magnitude of the path but also its direc-
tion is important for a change of location, the physical quan-
tity of the path is a vector 𝑠.” (p. 13, translated) 

In Duden Physik it says:  
“The path is a vectorial quantity, thus it is marked by mag-
nitude and direction.” (p. 58, translated) 

The use of vectors to describe paths is related to the ge-
ometric approach to the concept of vectors. However, 
the equivalence of vectors with arrow classes is not 
mentioned. Such properties of the concept of vectors can only be recognized implicitly 
from the nature of movements. An arithmetical representation of vectors as tuples of 
numbers cannot be found in both works.  
CONCLUSION AND OUTLOOK 
In summary, it can be said 
that the geometrical ap-
proach predominates in 
both mathematics and 
physics textbooks. An 
arithmetical approach to 
the topic can only be 
found in one mathematics 
textbook; an axiomatical 
approach in none of the 
analysed books. In all 
textbooks there are many 
illustrations with vectors 
in the form of arrows; rep-
resentations with n-tupels 
of real numbers can only 
be found in the mathemat-
ics textbooks. 
The use of vectors in mathematics and physics classes should be coordinated so that 
students do not develop isolated concepts of vectors in the single subjects. For example, 
arithmetical representations of vectors should be used in physics lessons and physical 
applications should be discussed in mathematics lessons. To ensure the quality of such 
interdisciplinary approaches, teachers should not only learn the basics of the other sub-
ject but also the didactic basics of their studies. For such an exchange on didactical 
theoretical concepts, many different intersections between mathematics and physics 

Figure 3. Excerpt from 
Duden Physik 

Figure 4. Comparison of the frequencies of the different 
approaches 
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education research exist. Such an interdisciplinary perspective on the research and the 
teaching level is being developed in various projects at the University of Siegen (cf. 
Holten & Krause, 2018; Krause et al., 2019). 
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MATHEMATICAL AND LINGUISTIC FEATURES OF WORD 

PROBLEMS IN GRADE 4 AND 5 GERMAN TEXTBOOKS —                             

A COMPARATIVE CORPUS LINGUISTIC APPROACH  

Jennifer Dröse 

Technical University Dortmund, Germany 

 

Mathematical and linguistic features of word problems have been investigated with 

respect to their potential difficulties in various studies. In the current study, the tran-

sition from Grade 4 (primary school) to Grade 5 (German secondary school) is studied 

for identifying changing demands in these features. For this, the study focuses word 

problems using the basic rules of arithmetic in different German Grade 4 and Grade 5 

textbooks. By a corpus linguistic approach, similarities among the features can be 

revealed as well as differences depending on the grade and the type of rule of arith-

metic. The results of the study concerning these features and changing demands are 

relevant for designing teaching-learning arrangements, which prepare students to 

cope with typical features of word problems in Grade 5 textbooks.     

BACKGROUND: MATHEMATICAL AND LINGUISTIC FEATURES OF 

WORD PROBLEMS AND THEIR POTENTIAL DIFFICULTIES 

When dealing with mathematical word problems in textbooks, activities of the reader 

and features of the word problem text contribute to the reader’s success. A specifica-

tion of typical mathematical and linguistic features of word problems and their poten-

tial difficulties is hence required to decide which challenges student need to take when 

solving word problems. For other age groups, some of these features have been clas-

sified and investigated in former studies (cf. Prediger et al., 2018; Haag et al., 2013, 

Bergqvist et al., 2012). Those studies reveal potential difficulties in (German) word 

problems concerning the following features (cf. Dröse, in prep. for 2019): 

 Mathematical features: The property of the included numbers and the type and 

number of operations are features that can be used to determine the complexity of 

a word problem (cf. Daroczy et al., 2015 for a review of the work of De Corte, 

Verschaffel and colleagues). 

 Factual features & factual-mathematical features: The type and function of the 

question and context of a word problem (cf. e.g. van den Heuvel-Panhuizen, 

2005) can influence the reader’s understanding. 

 Semantic features & semantic-mathematical features: The semantic structure 

(either static or dynamic) and the place of the unknown value can evoke diffi-

culties (Riley & Greeno, 1988). Furthermore, the existence of irrelevant addi-

tional information can be demanding in the solution process (Muth, 1992). 

 Linguistic features can be demanding e.g. on word, sentence, and text level  

(Prediger et al., 2018; Haag et al., 2014; Bergqvist et al., 2012): 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 161–166). Paderborn: Universitätsbibliothek Paderborn.
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(1) The lexical complexity on the word level has been proven to be demanding 

especially when word problems contain flexion of words and complex word 

compositions (e.g. in the language of schooling).  

(2) On the sentence level, the syntactic complexity being connected to the func-

tion of the phrases of the text can be demanding.  

(3) On the text level, lexical-semantic features those feature that have an impact 

on the cohesion between sentences can evoke potential difficulties. 

For further characterising the potential difficulty of linguistic features, their function 

for encoding and decoding the basic rules of arithmetic is decisive. The process of 

forming cohesion is influenced by the author encoding the basic rules of arithmetic and 

the reader decoding the basic rules of arithmetic. Therefore when describing potential 

difficulties, the linguistic-mathematic features of both processes on the three levels 

named above have to be taken into account. When considering those processes levels 

of encoding and decoding can be distinguished into the categories of technical term, 

verbal cue, interpretation on sentence level and interpretation on text level in ascending 

order of complexity. A systematic overview over those categories and their opera-

tionalization is presented in the following section (cf. Dröse, in prep. for 2019 for 

further explanation). 

The features of word problems presented above and their potential difficulties have 

been investigated mostly in higher grades of secondary school or in lower grades of 

primary school. So far, there are no comparative studies focussing on possibly 

changing demands between primary school and secondary school. 

RESEARCH QUESTIONS 

In order to fill this research gap, the presented study focusses on word problems using 

the basic rules of arithmetic in German Grade 4 (primary school) and Grade 5 (sec-

ondary school) textbooks to inventory the presented features with potential difficulties 

and to investigate possibly changing demands. Therefore, a comparative corpus lin-

guistic approach was used focussing on two research questions: 

(Q1) Which mathematical, factual, semantic and linguistic features do word problems 

in German Grade 4 and Grade 5 textbooks contain? 

(Q2) How do these features differ between grades and operations? 

METHODOLOGY: COMPARATIVE CORPUS LINGUISTIC APPROACH 

Composition of corpora 

For the comparative corpus linguistic approach, the most often used Grade 4 and Grade 

5 German textbooks of North Rhine Westphalia have been selected. For Grade 4, these 

textbooks are ‚Denken und Rechnen 4‘ (Version: 2012), ‚NussKnacker 4‘ (Version: 

2010), ‚Welt der Zahl‘ (Version: 2011) and ‚Das Zahlenbuch‘ (Version: 2013). For 

Grade 5, these textbooks are ‚Schnittpunkt 5‘ (Version: 2006), ‚Mathewerkstatt 5‘ 

(Version: 2011/2012), ‚Mathe Live 5‘ (Version: 2006), ‚Zahlen und Größen 5‘ (Ver-
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sion: 2013), ‚Fokus Mathematik 5‘ (Version: 2013), ‚Lambacher Schweizer 5‘ (Ver-

sion: 2005) and ‚Elemente der Mathematik‘ (Version: 2012).  

25–30 word problems focussing on the basic rules of arithmetic were taken from each 

textbook. The corpus of Grade 4 textbooks (abbreviated G4) contains n=147 and the 

corpus of Grade 5 textbooks (abbreviated G5) contains n=289 word problems. 

Procedure of the comparative corpus linguistic approach 

Figure 1 shows the steps and categories of the inventory and analysis of the corpus 

linguistic approach, as well as their operationalization and a typical example.  

Figure 1. Overview of categories for the corpus linguistic analysis 

In all steps the inventory and analysis of phrases and features has been differentiated 

according to grade, textbook and type of basic rules of arithmetic. 
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SELECTED RESULTS 

In order to answer research questions 1 and 2 selected results of the comparative lin-

guistic approach are presented comparing grades and type of operation. 

Mathematical, semantic, factual and linguistic features 

The ‘seriality of information’, the existence of ‘additional information’ and the 

‘number of operations’ in comparison of G4 and G5 are shown in Table 1.  

Features 

 

Seriality of                   

information 

given / not given 

Additional                 

information 

given / not given 

Number of operations 

one two three more varying* 

Corpus G4 77% / 22% 49% / 51%  43% 27%  13%  12% 5% 

Corpus G5 76% / 23%  28% / 72% 34%  25% 16%  22%  4%  

Table 1. Distribution of features in Corpus G4 / G5 (percentages of word problems) 

*number of operation depends on the students’ choice of steps as parts of the task require systematic variation 

For Table 1, more than 3/4 of the word problems in G4 and G5 have a serial order of 

information, with no differences between textbooks in different grades. Concerning the 

existence of additional information, the grades differ significantly: Much more word 

problems in G4 have additional information than in G5. For the number of operations, 

the most striking difference is the reduction of word problems with one and the in-

crease of more than three operations in comparison of G4 to G5. 

Categories of encoding and decoding basic rules of arithmetic 

For Table 2, all structurally relevant phrases carrying the information on the arith-

metical structure were categorized with respect to the way the structure is encoded.  

Operation/ 

Category 

Addition Subtraction Multiplication Division 

G4 G5 G4 G5 G4 G5 G4 G5 

1.Technical term 0% 0% 0% 0% 0% 0% 0% 0% 

2.Verbal cue (action) 0% 2% 5,0% 0% 3% 7% 6% 2% 

3.Verbal cue (state) 36% 37% 30% 25% 16% 21% 6% 2% 

4.Sentence level 19% 20% 10% 25% 26% 34% 52% 37% 

5.Text level 44% 41% 55% 50% 55% 38% 36% 59% 

Table 2. Distribution of categories of encoding and decoding the basic rules of arith-

metic in Corpus G4 and G5 (percentages of word problems) 

Table 2 reveals that most of the basic rules of arithmetic are encoded and decoded via 

the text level in G4 as well as G5. Differences occur between the rules of addition / 

subtraction, where the encoding and decoding via verbal cues (state) is the second most 

frequent category, and the rules of multiplication / division, where the encoding and 
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decoding via the sentence level is the second most frequent category. Furthermore, 

changes in encoding and decoding the rules of arithmetic between G4 and G5 can be 

revealed: (1) concerning the rules of subtraction: There is an increase of encoding and 

decoding these rules via the sentence level. (2) Concerning the rules of multiplication 

and division: There is a decrease of encoding and decoding the multiplication via the 

text level, meanwhile (3) there is an increase of encoding and decoding division via the 

text level and a decrease of encoding and decoding it via sentence level. 

Linguistic complexity features  

Figure 2 shows the linguistic complexity features of the meaning related phrases that 

have been assigned to the first three categories of encoding and decoding.  

Figure 2. Linguistic features in structurally relevant phrases in Corpus of G4 and G5 

It can be seen that there is a shift in the use of linguistic features between G4 and G5. In 

G4 adjectives / adverbs are the most frequent features, whereas in G5 verbs are the 

most frequent feature. A more detailed analysis reveals that comparatives only appear 

associated with addition / subtraction, while the derivation of adjectives only appear 

associated with multiplication / division. 

Example for comparatives: “(…) Tom jumps 24 cm more than Jens (ger. weiter). Jens 

manages 3,40 m. How fare does each of them jump?” (Nussknacker, p. 37 no. 1a) 

Example for derivation of adjectives: “Angela makes a cross-country run of 2600 m twice 

a week (German original zweimal wöchentlich). Which distance does she do in one year, 

when she trains 38 weeks a year?” (Mathe live 5, p. 59 no. 18) 

CONCLUSION AND OUTLOOK 

Some interesting findings on transitions in word problem features from G4 to G5 can 

be summarized: The mathematical features of ‘seriality of information’ occur rarely in 

G4 and G5, whereas ‘additional information’ is more often given in G4. In addition, 

word problems in G5 are more complex concerning the number of operations than in 
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G4. Therefore, teaching-learning arrangements should increase the number of opera-

tions in a controlled and not sudden way. Furthermore, for designing teaching-learning 

arrangements, the identified features of task should be taken into account, bearing in 

mind the described transition between G4 and G5, otherwise students might not be able 

to cope with unexpected word problem features (one approach is presented in Dröse, in 

prep. for 2019). Apart from the transitions between G4 and G5, the study indicates 

similarities and differences among the basic rules of arithmetic. For the encoding and 

decoding of all these rules, the text level is the most frequent category. That means a 

direct translation between word problem text and mathematical structure based on e.g. 

verbal cues on the word level might not be successful. This underlines the importance 

of understanding the deep structure of the text. Nevertheless further research on word 

problem features is needed especially for the transition of primary to secondary school. 
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TRANSITIONING FROM PRINT TO DIGITAL CURRICULUM 
MATERIALS: PROMOTING MATHEMATICAL ENGAGEMENT 

AND LEARNING 
Alden J. Edson, Elizabeth D. Phillips, & Kristen Bieda 

Michigan State University, USA 
The purpose of this paper is to report on research efforts to transition from a print 
problem-based curriculum to a digital environment. The goal of the project is to 
promote productive disciplinary engagement (Engle & Conant, 2002) in middle grades 
mathematics. In this paper, we highlight a collaboration feature of the digital 
environment that supports student engagement in mathematics. In doing so, we connect 
student collaboration in the digital platform with students’ enacted experiences.  

INTRODUCTION 
Currently, too few students, including those in underrepresented groups, are engaged 
in making sense of mathematics (e.g., Organisation for Economic Co-operation and 
Development, 2013). As result, students are not empowered to use mathematics as a 
thinking tool to formulate, represent, and solve problems that they encounter in the 
world. And, in many classrooms, while it often appears to educators and scholars that 
students are engaged in problems in the classroom (e.g., the on-task behaviors and 
interactions such as actively speaking, listening, responding, and working), students 
may not be involved in the mathematical underpinnings of that engagement. While 
student engagement may be high, disciplinary engagement – student involvement in 
the concepts, practices, and issues of the discipline – is far too low in far too many 
places. In this paper, we report on design research efforts to promote productive 
disciplinary engagement (Engle & Conant, 2002) in a collaborative digital 
environment. 

THEORY OF PRODUCTIVE DISCIPLINARY ENGAGEMENT 
Students are productive in engaging in disciplinary practices when they make 
intellectual progress or demonstrate change in their conceptions over time related to 
the disciplinary learning goal (Hatano & Inagaki, 2003; Hiebert et al., 1996). This is 
known as productive disciplinary engagement (Engle & Conant, 2002). Examining 
student behaviors, participations, and interactions in classroom environments are 
essential for understanding the extent to which students are engaged in disciplinary 
practices with their peers (Williams-Candek & Smith, 2015). This is important because 
mathematics learning entails both communication and social relations (Sfard, 2008). 
The guiding assumption is that engagement in the activities of a discipline results in 
the learning of that discipline (Meyer, 2014).  
If learning environments are to be effective, four design principles of productive 
disciplinary engagement need to be embodied: problematizing, authority, 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 167–172). Paderborn: Universitätsbibliothek Paderborn.
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accountability, and resources (see Table 1). If all four principles are not embodied, then 
productive disciplinary engagement is not achieved (Engle & Conant, 2002). 

Principle Definition 
Problematizing Students address problematic situations that encourage 

uncertainties in mathematics (Hiebert et al., 1996; Engle & 
Adiredja, 2008; Zaslavsky, 2005). 

Authority Students share their thinking about a problem to become 
recognized as authors of the mathematics and contributors to the 
ideas of others (Lampert, 1990; Lehrer, Carpenter, Schauble, & 
Putz, 2000; Williams-Candek & Smith, 2015). 

Accountability Students take ownership of the mathematical ideas by making 
ongoing revisions to their work, communicating their ideas, and 
considering the reasonableness of the mathematics (Engle, 2011). 

Resources Students access a variety of resources such as time, location, 
technology, classroom artifacts to promote problematizing, 
authority, and accountability (Schoenfeld, 2012). 

Table 1. Design principles of productive disciplinary engagement. 

RESEARCH GOALS AND METHODS 
The research reported in this paper is part of a larger design research study. One of the 
goals of the larger study is to promote productive disciplinary engagement (Engle & 
Contant, 2002). In this paper, we draw on conjecture mapping (Sandoval, 2014) to 
distinguish between the design of the digital materials, its development and the 
learners’ enacted experiences within the classrooms. Specifically, we will report on 
how the design and development of the digital collaboration features of the 
environment can be connected with the four design principles of productive 
disciplinary engagement. 
In our work, we are transitioning the problem-based middle-grades mathematics 
curriculum, Connected Mathematics (Lappan, Phillips, Fey, & Friel, 2014). In this 
curriculum, problems refer to contextual task situations that support some or all of the 
following: (a) has important, useful mathematics embedded in it, (b) promotes 
conceptual and procedural knowledge, (c) builds on and connects to other important 
mathematical ideas, (d) requires higher-level thinking, reasoning, and problem solving 
(e.g., mathematical practices), (e) provides multiple access points for students, (f) 
engages students and promotes classroom discourse, and (g) creates an opportunity for 
teachers to access student learning (e.g., formative assessment) (Lappan & Phillips, 
2009).  
Figure 1 shows a screenshot of the digital platform developed as part of the design 
research study. The features include support for real-time, synchronous collaboration 
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among students with individual laptop computers. For example, in groups of 2–4, 
students can draw, make tables, generate graphs, upload photos, and write text on a 
workspace that are connected to others’ workspaces. Students can publish their work 
and access other work that has been published. Students have access to a learning log 
record where they can document their understandings of big mathematical ideas that 
span beyond individual problems. For teachers, the digital platform includes features, 
such as (a) ability to access student group workspaces, (b) generate “just-in-time" 
prompts for individual students, groups, or entire classes, and (c) generate and publish 
work during whole-class discussions. 

 

Figure 1. A screenshot of the student digital platform. 
In the digital platform, mathematics problems were (re)designed in a new format, 
consistent with the focus on inquiry and investigation of mathematical ideas through 
rich problem situations, classroom discourse, and collaborations. In particular, the 
format of each mathematics problem foregrounds (a) the Initial Challenge, where 
students are exposed to the contextualization of the problem situation, (b) “What If...?” 
component, where students unpack the embedded mathematics, and (c) “Now What 
Do You Know?” where students connect learning to prior knowledge and consider 
future payoffs of the mathematics. Students can drag any workspace element 
embedded within the problem into the individual workspace and it becomes active. 
The design of this digital platform both integrates and introduces features that are 
innovative in the ever-changing landscape of digital curriculum. For example, in Figure 
1, students can move the figure on top of another, copy a part of the figure and compare 
it to a corresponding part of another figure. The utility of integrating problems with 
tools for mathematizing, such as a draw and graphing tool, in one integrated platform 
supports students’ work efficiently and seamlessly. Further, the learning log feature 
which serves as a repository for artifacts generated throughout the problem-solving 
process provides an innovative way to support students’ metacognition and self-
reflection while also enhancing teachers’ efforts to use formative assessment practices. 

A MODEL FOR COLLABORATION IN THE DIGITAL ENVIRONMENT 
One of the ways to promote productive disciplinary engagement in a group setting has 
been to focus on student collaboration. While students explore and solve the problem 
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in their groups, they have collaboration supports so that digital work can be generated, 
shared, and accessed synchronously and in real-time by their group members. In the 
digital platform, students activate two mechanisms that support them in their 
collaboration. One mechanism is that students can allow other people to see their 
individual work in real-time. By giving permission, other students in their group can 
see every interaction performed in the workspace. This results in a video feed-like 
experience where every interaction is continually updated in real-time. To manage how 
students can see multiple members of their group’s work in real-time, the second 
mechanism controls how students can see the work. When students activate this 
feature, their individual workspace transforms into a four-grid region where each 
region shows the individual workspace of the group. The upper left-hand region is their 
individual workspace, where the student can continually make changes to their work. 
In addition, students can also drag and drop copies of the digital work from their group 
members into their individual workspace and make further changes in real-time 
without re-creating the sequence of steps involved in constructing the object. 

 

Figure 2. Collaboration among four students in the digital platform. 
Figure 2 shows how a student can see how other students in the group interact with 
their work in real-time when they give permission. This model of collaboration affords 
students with ways into how others are thinking “in-the-moment” about the 
mathematics of the problem. This differs from paper-pencil environments where 
students cannot see others’ written work in their group without interrupting their 
physical space, their thinking to ask questions, or their writing to see the work. 

CONNECTING COLLABORATION TO STUDENT EXPERIENCES 
The digital environment helps make visible student thinking in real-time during 
collaborative settings, which supports students’ engagement in disciplinary practices. 
In terms of problematizing, the collaboration features support students to access the 
work and potential uncertainties that students document, including what students do, 
what they can conclude, how they justify, and what competing claims are generated. 
In terms of authority, the collaboration features support students to author their 
responses to the mathematics problem on their workspace, but also to share access of 
their response to others so that the group can recognize the contribution made by the 
students. The substance of the work reflects the various ways students are involved in 

170 ICMT3 – 2019



Edson, Phillips, & Bieda 

 

the content, issues, and practices of mathematics in terms of formulating, representing, 
and solving problems. In classrooms using paper and pencil materials, the locus of 
control for access to others’ thinking is often the teacher, including the teacher’s work 
to establish norms for students working in groups. This digital environment implicitly 
supports authority by increasing students’ control for sharing their work and accessing 
others’ work. In terms of accountability, the collaboration features provide resources 
for students to be responsible for how their ideas make sense amongst the ideas of 
others. This could be from the perspective of how one’s thinking compares to other 
problem-solving approaches, or it could be from the perspective of making sense of 
others’ approaches and seeing how it relates to their own work. In a collaborative 
setting, students make ongoing revisions to their work, communicate their ideas, and 
consider how the ideas do or do not make sense so that they are better positioned to 
improve them when more thoroughly challenged. In terms of resources, the features 
underscore the flexibility and novelty of real-time, synchronous collaboration where 
students can easily share and access each other’s work. And when building on a vast 
number of workspace resources, the features support a more dynamic way in which 
resources can be collaboratively used to explore and solve mathematics problems. 

DISCUSSION 
Providing students with opportunities to use collaboration features is important in 
inquiry-oriented, problem-based mathematics classrooms for several reasons. First, a 
student’s capacity to make sense and represent his or her knowledge necessitates the 
ability to generate, critique, and refine their work. This is because student collaboration 
necessitates students to share their work and access other’s work in real-time. In 
addition, since student work is publicly accessible and directly available to others 
through the collaboration features, the student work plays a vital role as students 
coordinate and navigate their mathematical understandings. The collaboration features 
enhance the ability for social interactions in classrooms to promote student 
problematizing, authority, and accountability in mathematics. 
Acknowledgements 
This work was supported by the National Science Foundation grants, DRL-1660926, 
DRL-1620934, and DRL-1620874. Any opinions, findings, and conclusions or 
recommendations expressed in this material are those of the authors and do not 
necessarily reflect the views of the National Science Foundation. 
References 
Engle, R. A. (2011). The productive disciplinary engagement framework: Origins, key 

concepts, and developments. In D.Y. Dai (Ed.), Design research on learning and thinking 
in educational settings: Enhancing intellectual growth and functioning (pp. 161–200). 
London: Taylor & Francis. 

Engle, R. A., & Adiredja, A. A. (2008). Increasing the cognitive demand of mathematical 
tasks. Paper presented at the Research Pre-Session of the National Council of Teachers of 
Mathematics conference, Salt Lake City, UT. 

ICMT3 – 2019 171



Edson, Phillips, & Bieda 

 

Engle, R. A., & Conant, F. R. (2002). Guiding principles for fostering productive disciplinary 
engagement: Explaining an emergent argument in a community of learners classroom. 
Cognition and Instruction, 20(4), 399–483. 

Hatano, G., & Inagaki, K. (2003). When is conceptual change intended? A cognitive-
sociocultural view. In G. M. Sinatra & P. R. Pintrick (Eds.), Intentional conceptual change 
(pp. 407–427). Mahwah, NJ: Erlbaum. 

Hiebert, J., Carpenter, T. P., Fennema, E., Fuson, K., Human, P., Murray, H., Olivier, A., & 
Wearne, D. (1996). Problem solving as a basis for reform in curriculum and instruction: 
The case of mathematics. Educational Researcher, 25(4), 12–21. 

Lampert, M. (1990). When the problem is not the question and the solution is not the answer: 
Mathematical knowing and teaching. American Educational Research Journal, 27, 29–63. 

Lappan, G., & Phillips, E. D. (2009). Challenges in US mathematics education through a 
curriculum development lens. Journal of the International Society for Design and 
Development in Education, 1(3), 1–19. 

Lappan, G., Phillips, E. D., Fey, J. T., & Friel, S. N. (2014). Connected Mathematics 3. 
Boston, MA: Pearson Student Edition and Teacher Edition. 

Lehrer, R., Carpenter, S., Schauble, L., & Putz, A. (2000). Designing classrooms that support 
inquiry. In J. Minstrell & E. Van Zee (Eds.), Inquiring into inquiry learning and teaching 
in science (pp. 80–99). Reston, VA: American Association for the Advancement of 
Science. 

Meyer, X. (2014). Productive disciplinary engagement as a recursive process: Initial 
engagement in a scientific investigation as a resource for deeper engagement in the 
scientific discipline. International Journal of Educational Research, 64, 184–198. 

Organisation for Economic Co-operation and Development (2013). PISA 2012 results in 
focus: What 15-year-olds know and what they can do with what they know. Paris: OECD. 

Sandoval, W. (2014) Conjecture mapping: An approach to systematic educational design 
research. Journal of the Learning Sciences, 23, 18–36. 

Schoenfeld, A. H. (2012). Problematizing the didactic triangle. ZDM Mathematics Education, 
44(5), 587–599. 

Sfard, A. (2008). Thinking as communicating: Human development, the growth of discourses, 
and mathematizing. New York, NY: Cambridge University Press.  

Williams-Candek, M., & Smith, M. S. (2015). Principles of productive disciplinary 
engagement: Framework for design. Paper presented at the Research Pre-Session of the 
National Council of Teachers of Mathematics conference, Boston, MA. 

Zaslavsky, O. (2005). Seizing the opportunity to create uncertainty in learning mathematics. 
Educational Studies in Mathematics, 60(3), 297–321. 

172 ICMT3 – 2019



 

SAME TEXTBOOK, DIFFERENT POINTS OF VIEW: 

 STUDENTS AND TEACHERS AS TEXTBOOK USERS 

Dubravka Glasnović Gracin & Ljerka Jukić Matić 

Faculty of Teacher Education, University of Zagreb, Croatia;  

Department of Mathematics, University of Osijek, Croatia 

 

The utilization of textbooks by mathematics teachers has been the subject of many 

recent studies; students’ opinions, however, have not received such attention. The 

study presented in this paper aims to investigate both students’ and their teacher’s 

ways of and reasons for using the textbook, with an emphasis on the vertices of the 

Socio-Didactical Tetrahedron. The findings indicate that the beliefs about being a 

teacher and about being a student strongly influence textbook utilization. Also, the 

students’ use of the textbook is influenced by the teacher’s intentions. Here the 

extension of the didactical tetrahedron to a socio-didactical tetrahedron proved to be 

very valuable due to the social factors involved in textbook use. 

INTRODUCTION 

From the perspective of teaching and learning, the mathematics textbook is a very 

valuable resource designed for use by both students and teachers (Pepin, Gueudet, & 

Trouche, 2013). Many studies investigated teachers’ use of textbooks (e.g., Pepin & 

Haggarty, 2001; Jukić Matić & Glasnović Gracin, 2016) and showed that textbook 

content and structure affect teachers’ choices in different ways during the processes of 

both planning and enacting a lesson. One of those choices is the decision on the extent 

of textbook use in the classroom, which is reached by reflection on the textbook 

content and the aims of the teachers and those of the curriculum. The utilization of 

textbooks from the students’ point of view has not received the same attention as the 

teachers’ textbook utilization (Rezat, 2012). As a result of their teachers’ intentions 

and choices, students mainly use textbooks as a source of exercises and for homework 

(Fan, Zhu, Qiu, & Hu, 2004). Still, studies that examine teachers and their students 

together in terms of textbook use are scarce. Such research has been conducted by 

Rezat (2012) and Viholainen, Partanen, Piiroinen, Asikainen, and Hirvonen (2015). 

These studies highlighted the need for further research in which teachers and students 

as textbook users are taken into account jointly, and not as separate research 

participants. 

The study presented in this paper aims to investigate both the students’ and their 

teacher’s ways of and reasons for using the textbook, with an emphasis on the social 

aspects of their interaction with textbooks. 

Social aspects of textbook use 

Various social and institutional aspects, such as family, colleagues, peers, personal 

beliefs, rules and institutions influence the process of teaching and learning (Rezat & 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 173–178). Paderborn: Universitätsbibliothek Paderborn.

173



Glasnović Gracin & Jukić Matić 

 

Sträßer, 2012), and thus may also affect how and why textbooks are used by teachers 

and students. 

The aim of the study presented in this paper is to investigate and contrast the textbook 

utilization seen by a teacher and simultaneously seen by his/her students. For this 

purpose, we formulated the following research question: Which social and institutional 

parameters influence the teacher’s textbook use and which parameters influence 

his/her students’ use of the textbook? 

THEORETICAL FRAMEWORK 

The theoretical framework used to examine the utilization of mathematics textbooks 

from both the teacher’s and students’ point of view is Rezat and Sträßer’s (2012) 

socio-didactical tetrahedron (SDT). This model derives from the original didactical 

tetrahedron with vertices: teacher, student, (mathematical) content and the artefact 

(textbook), which is extended by social and cultural influences positioned as the 

bottom vertices. These vertices and connected points are: public image of 

mathematics, norms about being a student/teacher, noosphere, institution, and peers 

and family. The model of the socio-didactical tetrahedron as proposed by the authors is 

presented in Figure 1. 

 

Figure 1. Socio-didactical tetrahedron (Rezat & Sträßer, 2012, p. 648) 

The social and institutional parameters are often considered to be less visible because 

the persons involved often are not conscious of them. In this paper, we used the SDT 

model to find which connections among the vertices of the SDT become the most 

prominent and the most powerful for students and for their teacher during the process 

of using a textbook. 
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METHODOLOGY 

The study presented in this paper is a case study which involved one female 

mathematics teacher from lower secondary education in Croatia (grades five to eight) 

and six of her students, divided into two targeted groups. The aim was the in-depth 

examination of participants’ views and experiences on textbook utilization according 

to the research question. The criteria for teacher selection were: teaching experience 

(15 years), participation in previous studies and the utilization of textbooks in 

classroom practice. All the student participants were eighth-graders (age 14) and the 

teacher had been teaching them mathematics for the past four years (from grade 5 to 

grade 8). Students were chosen to focus groups according to their interest in the study 

and various school achievement. 

The study encompassed the qualitative methods in the form of classroom observations 

(4 lessons), a semi-structured interview with the teacher, and interviews with each 

targeted group of students. Combining the observations and interviews provided a 

more in-depth understanding of the issues researched. Selected data presented in 

results reflect the compatibilities and divergences of teacher’s and students’ answers 

related to the research question. 

RESULTS 

The classroom observations showed that the textbook was used to a large extent for 

acquiring new content, for practising and for assigning homework. The interview 

showed that the teacher’s beliefs and intentions affected the classroom enactment and 

the textbook use. In this paper the focus is on the two faces of the SDT model which 

contain the point Student. These are the tetrahedron faces Textbook – Student – 

Teacher and Textbook – Student – Mathematics (Figure 1). 

The SDT face: Textbook – Student – Teacher 

The participant students are asked to describe how they use the mathematics textbook. 

They said that they use it a lot, which is confirmed in the observed lessons. 

Furthermore, the students said that they use the textbook at home for homework, but 

also to prepare for the following lesson the next day: 

Student1:  I use it [the textbook] when I get back home. If we have mathematics the 

following day, I read through some definitions in the textbook, go through 

several tasks and do the homework. Usually we have enough homework to 

go over and understand the content... and before a test I go through the 

definitions and I practice from the revision section in the textbook... 

Student3:  I use it for homework, I use worked examples if I don't understand 

something and for revising before a test. 

These responses refer to the SDT vertex norms about being a student which is 

connected to textbook use. For these participants, norms about being a student means: 

to use the textbook for homework, but also to prepare for the next lesson at home using 

the textbook and to revise for tests. In the interview, the teacher said that the textbook 
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they use completely covers the content in the tests and that “if students use the textbook 

consistently they will achieve good results”.  

Teacher:  All the exam questions correspond to the tasks that we did in school or the 

students had them for homework. 

The teacher believes that her job is to provide the content and tasks; her students should 

use the textbook both in the classroom and at home. In this way, the norms about being 

a teacher is connected to the students' utilization of the textbook and to the norms about 

being a student. 

Regarding the relation Textbook-Student-Teacher, many details observed in the 

classroom correspond to the teacher’s and students’ beliefs from the interview. 

Decisions about whether or not to use the textbook, and what will be used, are made by 

the teacher in the preparation phase when she consults the textbook and other 

resources: 

Teacher: My students copy the definitions from the textbook, we also do the worked 

examples. But the motivational parts and acquiring new knowledge... 

sometimes we use the textbook for that, sometimes not. It depends on 

whether it is well presented in the textbook. 

These teacher’s decisions about the students’ textbook use, are in line with the 

teacher’s beliefs as a mediator between the textbook and students. This is also 

evidenced in classroom observations. 

The participating students stated that from their perspective: 

Student2:  She [the teacher] explains in her own words to make it clearer for us. The 

same content can be found in the textbook, but it’s a little bit more difficult 

to understand. 

Student1:  And then, she adds some interesting facts or something that would make it 

easier to learn... things that are not necessarily in the textbook. 

The students were aware of the role of the teacher as a mediator between the textbook 

and the students, which is also a part of the norms about being a teacher from the SDT. 

The teacher claimed that she uses the textbook to introduce new content, but since she 

considers that the tasks in the textbook they use are not challenging enough, she also 

uses other professional resources. Here we notice the role of noosphere from the SDT 

model. 

Although the teacher in the interview indicated that the textbook is used at home 

mostly by the stronger students, the results show that a weaker student uses the 

textbook as well, but for his own reasons: 

Student2:  I do not use my notebook for studying, I always only use the textbook. In 

every subject. (...) Because I have very untidy handwriting. I use the 

notebook as a tool in school because it is obligatory; if I don’t write things 

down in it I’ll get a minus or an ‘F’. 
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This response relates to another important point on the tetrahedron – institution, which 

is placed on the edge containing norms about being a student and norms about being a 

teacher. In Croatian schools the use of notebooks is a very important element of 

learning mathematics. This student, however, learns exclusively from the textbook at 

home because of his handwriting. He acknowledges that for institutional reasons he 

must have a notebook in school, but he uses the textbook for studying because it 

provides clear, structured and legible content. 

SDT face: Textbook – Student – Mathematics  

The teacher mentioned another reason why she relies on the textbook structure and 

content so much during her lessons: 

Teacher:  I mostly think... that if someone did not understand something during the 

lesson, he or she can open the textbook at home and easily read through it. 

The students think in a similar way: 

Student2:  I really like that the textbook has worked examples; if something wasn’t 

clear to me in school, I just look at the examples... I find the explanation in 

the book and after that I can solve the task by myself. 

Student3:  If I wasn’t present [at school], I just take a look in the textbook. 

As well as being a help to students at home, the textbook may help parents and tutors. 

Here we come to the side point peers and family from the bottom (social) part of the 

SDT: 

Student2:  I... I often get stuck because I have problems with mathematics, and when 

something is not clear to me, my father mainly helps me. (...) He uses the 

Internet and the textbook... 

DISCUSSION AND CONCLUSIONS 

The case study reported in this paper portrayed teaching and textbook use as social 

processes from two mutually dependent perspectives: the students’ and the teacher’s. 

The results show that the students’ use of the textbook is dependent on the 

teacher-mediation process between student and textbook (e.g., Pepin & Haggarty, 

2001; Love & Pimm, 1996). Further, many of the teacher’s decisions concerning use of 

the textbook are influenced by the social component norms about being a teacher. This 

SDT vertex encompasses the teacher’s pedagogical content knowledge as a strong 

component (An, Kulm, & Wu, 2004). 

The teacher’s and the students’ answers in the interviews mainly correspond with the 

observed lessons (Jukić Matić & Glasnović Gracin, 2016). Also, the study showed the 

strong relation between the norms about being a teacher and the norms about being a 

student. Still, some hidden details and social and institutional reasons for textbook 

utilization were found in the students’ interviews which were not evident during the 

observations and which the teacher was not aware of. One of these was the fact that a 

student uses the textbook a lot at home because his bad handwriting makes his 

notebook unusable. 
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Institutional reasons were also very important for understanding why the textbook was 

used so much in the school and at home. Namely, school as an institution has its rules, 

and textbooks in Croatia are obligatory and regulated by the Ministry of Education. 

Many teachers and the public often believe that the use of textbooks depends mostly on 

the content (Jukić Matić & Glasnović Gracin, 2016), but this qualitative triangulation 

has shown another perspective. In addition to the content, teachers and students use / 

do not use a textbook for reasons related to institutions, conventions and norms of 

being a teacher and student, and for other social and institutional reasons. Therefore, it 

is useful to use the SDT in order to better understand the teaching and learning of 

mathematics.  
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MEANING MAKING SCHOOLBOOK MATERIALS FOR 

PROMOTING SUBTRACTION WITH REGROUPING SKILLS 

Daniela Götze 

Technical University Dortmund, Germany  

 

In Germany, primary school children should learn to not only execute the subtraction 

algorithm, but also understand why the algorithm works. Thus, the German textbook 

“Das Zahlenbuch” (“The Number Book”, Nührenbörger et al., 2018) has designed 

language sensitive support material based on meaning-related vocabulary for 

understanding the subtraction algorithm. This paper gives an insight in the individual 

learning processes of a fourth grader who was fostered with this support material.  

LEARNING THE SUBTRACTION ALGORITHM 

In their third year of school, primary school children should learn how to solve 

subtraction tasks by using a subtraction algorithm. Which algorithm the children learn 

is in many states of Germany an individual decision of the mathematics teacher and in 

consequence a challenge for schoolbook authors. Thus, many schoolbooks offer 

materials and tasks for different (mostly two) subtraction algorithms, so that the 

teachers can decide which subtraction algorithm they want to teach. The most 

commonly used subtraction algorithms (Selter et al., 2012) are the following: 

Equal addition: This algorithm is based upon the idea that adding the same amount to 

two numbers will not affect the difference between these two numbers. So, ten units 

are added to the minuend and to equal this addition one unit of the next higher place 

value is added to the subtrahend. This algorithm can be conducted by using the taking 

away or determining the difference strategy. 

Austrian subtraction: This method takes advantage of the fact that subtraction is the 

inverse operation of addition. The core idea is to find out which number must column-

wise be added to the subtrahend to obtain the corresponding number in the minuend.  

Regrouping: This subtraction algorithm is also known as decomposition. By 

manipulating the minuend one group of a column must be regrouped in ten smaller 

units of the next smaller column. The decomposition method is used in many countries. 

Pupils’ errors in written subtraction are systematically evaluated in the last decades 

(e.g., Cox, 1974; Gerster, 1982). But less is known about how children can learn to 

understand the algorithm. Especially for the regrouping algorithm Brownell and Moser 

(1949) found out that this algorithm leads to many systematic errors if this method is 

primarily introduced in a formal way. Jensen and Gasteiger (2019) discovered that only 

five of 113 children in total could explain how the algorithm with regrouping works, 

whereas 108 of these fourth graders proceed entirely mechanically, at most using and 

describing basic facts without any understanding.  

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 179–184). Paderborn: Universitätsbibliothek Paderborn.
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Mosel-Göbel (1988) compared the understanding of different methods (regrouping, 

equal addition and two variations of the Austrian subtraction) in four third classes (each 

class had a different method). She found no relevant differences with respect to success 

rates. But especially in one class the children were able to explain the algorithm. Since 

the analyses are based on videotaped data it could be worked out that these children 

were used to describing the subtraction algorithm with regrouping by means of 

meaning-related vocabulary: “A ten must be changed into ten units. Now the tens must 

be decremented.” This indicates that perhaps a special way of classroom discourse 

could help children to understand the algorithm: a discourse that focusses on 

understanding connections and relationships by using a meaning-related language in 

the first place.  

Meaning-related in this context means that the words and phrases children used express 

the relevant connections and the core idea of a mathematical content (Prediger & 

Wessel, 2013). While fostering mathematical concepts like fractions (Prediger & 

Wessel, 2013), percentages (Pöhler & Prediger, 2015) or multiplicative concepts 

(Götze, 2019) under low-achieving learners it has already become apparent that this 

meaning-related vocabulary promotes conceptual understanding.  

Thus, a learning arrangement must not only provide opportunities to activate students’ 

individual resources, it must also provide words and phrases that grasp the relations 

and meanings (Pöhler & Prediger, 2015) and visualizations that illustrate these 

relations and meaning. Both core ideas (visualization and meaning-related vocabulary) 

are basic approaches for conceptualizing language-sensitive schoolbook material in 

“Das Zahlenbuch” (“The Number Book”, Nührenbörger et al., 2018) for promoting the 

understanding of for example the subtraction algorithm with regrouping. Therefore, 

the research project described below focuses on the following research question: 

How does language sensitive schoolbook material help children to understand the 

subtraction algorithm with regrouping? 

LANGUAGE SENSITIVE SCHOOLBOOK MATERIAL 

In the revised edition of the German primary schoolbook “Das Zahlenbuch” (“The 

Number Book”, Nührenbörger et al., 2018) we do not focus on fostering routines and 

technical terms in the first place. Instead, we focus on meaning making illustrations 

that can help children understand the mathematical content. Therefore, the illustrations 

are designed with regard to the design principles: 

1) scaffolding meaning making language and  

2) illustrating the mathematical content by means of graphical representations like 

the number line or by using manipulatives like the base-ten blocks or iconic 

representations of them.  
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For the subtraction algorithm with regrouping an illustration was developed (see 

Figure 1, translated by the author) that represents the core idea of the algorithm. By 

implementing such illustrations in the schoolbook two aims are being pursued:  

• On the one hand teachers get an idea of how to introduce and visualize the 

subtraction algorithm and how they can talk with the children about this 

mathematical content.  

• On the other hand, the technical terms and especially phrases combined with 

the iconic representations of the base-ten blocks can function as a model for 

further (individual) subtraction with regrouping tasks. The children have a 

shared language to talk about how the algorithm works.  

However, this language does not primarily address the technical function but the 

mathematical concept of the algorithm. Whether and to what extent this support 

material can help children to understand the subtraction algorithm with regrouping will 

be shown by means of the in-depth analysis of Osman.  

THE INDIVIDUAL LEARNING TRAJECTORY OF OSMAN 

Osman is a fourth grader with migration background. His parents are from the Arabic 

states. They have emigrated to Germany a couple of years ago. As Osman’s first 

language is not German but Arabic his German language competences are not well-

developed. Besides, his mathematical competences are rather below average. He often 

needs further support in mathematics class.  

At the beginning of the support Osman should calculate some subtraction tasks on his 

own. In particular, he made many (typical) mistakes if a zero occurred in the minuend 

or if the subtrahend had fewer digits than the minuend. Furthermore, he had difficulties 

 

Figure 1. Introduction of the subtraction algorithm in “Das Zahlenbuch” (“The 

Number Book”, Nührenbörger et al., 2018, translated by the author)  
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to explain the algorithm as it is shown in the following scene in which Osman explains 

how he has calculated 713-281. 

Osman: I had just calculated from the top to the bottom. And now, you can subtract 

1 from 3. And then, I have taken 1 from the 10. And then I have … no I 

mean, I have taken 1 from the hundreds. And then, I have deleted this one 

(points to the hundreds in the minuend) and have written a 6. And here 

(points to the tens in the minuend) I have written 11. And now you can take 

away 8 from 11, is 3. And here a 4 (points to the hundreds in the result). 

In fact, Osman gave a description of what he has done. He knew that he has to cross 

out and reduce a number and to write a ten above. But in fact, he did not express 

understanding. He described what he has to do, but has not eplained why he could 

calculate in this way.  

To support an understanding of the algorithm the teacher presented the schoolbook 

illustration (Figure 1). Osman had to find out the mathematical meaning of Annas 

explanation and calculations steps for the task 362-8.  

Osman:  Stop, ehm, these tens, this ten here they have made ones of this ten. And 

that is why they have 12 ones, now (counts silently). Correct, 12 ones. 

Teacher:  Exactly, And in the last step. What does Anna calculate? 

Osman:  12 minus 8, results in 4. (Read it out loud) 4 ones remain and also 5 tens 

and 3 hundreds. 

Teacher:  Okay, to understand better what Anna means we can use the base-ten 

blocks. (Teacher gives Osman the base-ten blocks. Osman models 362.) 

Osman:  We want to calculate the task like Anna (looks at the schoolbook 

illustration). And now, we want to reduce this (takes a ten rod) and then 

build ones. And then we have just removed a ten rod. And now we remove 

7 ones. 7 or 8? Oh no, 8. And now we have finished.   

In this scene Osman primarily imitated Annas calculation steps and words. He always 

matched what he did and what Anna did in the schoolbook illustration. But while doing 

this, he is forced to link and combine the regrouping steps with his concrete actions 

and the formal written subtraction algorithm by using Annas words.  

These concatenating words seem to be very important for interlinking illustrative 

examples expressing the mathematical content and the formal algorithm. This can be 

seen in the further development of Osman: 

Osman:  (calculates 212-8 with the base-ten blocks) So, 2 hundreds, 1 ten, 2 ones 

(models the number with material). Minus 8. Now I must reduce these tens 

(takes a ten rod), and I have to take 8 ones, oh no, 10 ones, I mean (takes 

10 ones). Now, minus 8 (puts 8 ones aside). And the result is ...  200, 204. 

Teacher:  And what happens, if you write it as written subtraction? 

182 ICMT3 – 2019



Götze 

Osman:  2 minus 8, does not work (writes a 10 in the unit-place and deletes the 1 in 

the tens-place of the minuend and writes a 1, then he calculates correctly). 

Ready. 

Osman calculated correctly with the base-ten blocks as well as with the subtraction 

algorithm. Though, it would be too hypothetical to speculate that the support has led 

to initial success. Therefore, Osman’s explanations do not indicate that he understood 

how the illustration with the base-ten blocks and the written algorithm are connected. 

He used the words of Anna only for working with the manipulatives but not for the 

written algorithm. At this point he has not realized that he could explain and think 

about the formal written algorithm in the same way as if he was calculating with the 

base-ten blocks. After the teacher has interlinked the way of thinking, the meaning-

related vocabulary, and the written subtraction, Osman could explain the algorithm. 

Osman:  (calculates 652-256 with the subtraction algorithm without using base-ten 

blocks) 2 minus 6, that does not work. Therefore, I have to take a ten and 

unbundle it. Then I have 10 ones. 10 minus 6, oh no, 12 minus 6 are 6. (...) 

4 minus 5, that does not work. Then I take 1 from the hundreds and make 

10 tens. Then, there (points to the tens-place) I have a 4, and now I have a 

5, no a 14. 14 minus 5 is 9 and 5 minus 2 is 3.  

Osman could explain the core idea of the subtraction algorithm correctly. Therefore, 

he described the unbundling process in the tens and hundreds digits with the words and 

phrases of the base-ten blocks (“…take a ten and unbundle it. Then I have 10 ones.”, 

“Then I take 1 from the hundreds and make 10 tens.”). As he did not have the base-ten 

blocks nearby, it seems like Osman now realized that he could think about the formal 

algorithm in the same way as he had calculated previously with the base-ten blocks. 

Osman had successfully transferred this language.   

DISCUSSION AND FINAL REMARKS 

This short insight of the learning trajectory of Osman shows that the learning progress 

for understanding the subtraction algorithm with regrouping seems to depend on how 

deep the handling with the material is interconnected with the formal algorithm. It 

becomes obvious that meaning-related words and phrases could help to understand and 

concatenate concrete and symbolic representations. Therefore, the core idea of 

regrouping should be worked out with manipulatives linked with a meaning-related 

vocabulary that describes this concrete process (e.g. “I change/unbundle a ten to ten 

ones.”). But after this – in a second step – this way of thinking and explaining must be 

transferred to the formal subtraction algorithm. Hence, the meaning-related vocabulary 

seems to have an intermediary function. Consequently, the language of thinking must 

be fostered more offensively as a language of the learners and not only as language of 

the teachers. Since in the concrete material processes the children could tip or link to 

something if they miss words—and most teachers are content with such deictic 

gestures—it is a big challenge and sometimes nearly impossible for the children to 

explain the formal algorithm.  
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For designing schoolbook material this study has shown that this meaning-related 

vocabulary should be implemented comprehensively in the schoolbook for 

interconnecting concrete or iconic representations with formal calculations and thus, 

for supporting understanding. 

Nevertheless, implementing meaning-related vocabulary in schoolbooks cannot be 

taken as guarantee for learning progress. On the one hand, it highly depends on how 

the children internalize the concrete material handling and the meaning-related 

vocabulary as mental pictures and as thinking language. On the other hand, it depends 

on how the children are supported in realising that these mental pictures and this 

thinking language can help to explain formal calculations and algorithms. For this, 

meta communicative processes in classroom discourses become important. However, 

such meta-processes cannot be part of a schoolbook. But a schoolbook could lay the 

foundation for doing this.   
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In this paper, we aim to identify inclusive practises in maths lessons of inclusive 
primary schools. Based on the textbook “Das Zahlenbuch” and the accompanying 
artefacts, the lessons should offer occasions for all children to participate in and 
benefit from the learning situation. In our study, we analyse videographed lessons, 
considering the ideas of sensitivity of differences, language and materials and 
connections of content-related and social learning. In this paper, the results of the 
qualitative analysis of an introductory phase with all children in the field of simple 
subtraction tasks are discussed.  

INTRODUCTION 
Inclusive education addresses all children in their diversity and their different needs 
and abilities. “Inclusive schools aim to involve all learners in quality learning 
experiences which empower them to become active participants in a more equitable 
system” (Scherer et al., 2016, p. 640). Inclusive education focuses on the dismantling 
of barriers and on creating universal approaches of learning. With respect to 
mathematical lessons, inclusive education has to enable all children to develop basic 
mathematical competence in interaction with others (Häsel-Weide & Nührenbörger, 
2017). Artefacts – like textbooks, workbooks, worksheets or visual aids – are an 
important part that constitute the inclusive maths lesson. Artefacts mediate students’ 
classroom activity with mathematics, students interact with the artefact, the teacher 
and peers (Rezat & Sträßer, 2012). We ask how artefacts can be designed for 
inclusive education, and which inclusive practice can be reconstructed in lessons, 
when teachers use of the designed artefacts. 

DESIGN PRINCIPLES FOR INCLUSIVE MATHEMATICS EDUCATION 
Inclusive mathematics education is asked to bring all children in contact with central 
mathematic contents. For mathematical learning, productive and interactive learning 
in substantial teaching units are seen as the main principles (Wittmann, 2001), 
especially. The instruction has to contain challenges for all children to widen their 
knowledge, to discover mathematic structures and to speak about mathematics. Some 
children need assistance to participate in the lessons, some need help to reach 
mathematic insight or to formulate their thoughts, but “all learners should be 
confronted with complex learning environments characterised by investigative 
learning and productive practicing.” (Scherer et al., 2016, p. 641).   

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 185–190). Paderborn: Universitätsbibliothek Paderborn.
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The textbook “Das Zahlenbuch“ (Nührenbörger et al., 2017) is designed on the basis 
of active-discovering and socially-interactive processes in holistic mathematic 
structures, the central didactic principles of mathematical learning (Wittmann, 2001). 
In order to achieve this, the textbook works with learning environments and 
representations, which are substantially and spirally linked. This creates the 
possibility that each child is able to solve mathematical tasks on their own level. In 
this sense, inclusive teaching does not require a special form of teaching 
mathematics, but focuses on the individual strengths of each child and uses the 
heterogeneity of a learning group to learn in exchange with each other.  
The handbook for promoting children with mathematical learning difficulties by 
working with the textbook “Das Zahlenbuch” (Häsel-Weide & Nührenbörger, 2017) 
highlights the idea of differential sensitivity i. e. differential, reflective perception of 
the heterogeneous competencies of a group in a concrete learning situation and an 
appropriate reaction. The handbooks helps teacher to use the artefacts of the 
“Zahlenbuch-Programm” and to modify the mathematical tasks adaptive to different 
competences and individual needs (Häsel-Weide & Nührenbörger, 2017). The 
influence of academic and content language for the understanding of mathematical 
concepts is highlighted as well as the use of appropriate material. Different learning 
situations are analysed with respect to their requirement of social behaviour, 
cooperative learning and potential of mathematical understanding.  
Example:  
 
 
 
 
 
 

Figure 1. The illustration of the “10 - …” tasks in the textbook “Das Zahlenbuch 1” 
(Nührenbörger et al., 2017, p. 83) 

The idea of subtraction can be interpreted as “taking away from” and “completing to” 
(Figure 1). To understand the concept of “taking away”, it is important that numbers 
are imagined as (structured) quantities. Children have to become aware of the 
differentiation of easy and difficult tasks. The simple tasks (e.g., “10 - …”, "halves", 
"minus 1" or "minus 5") should be used to derive the results of the difficult ones.  
Children with mathematical learning difficulties have great issues in seeing the 
structure, understanding the operation and deriving results (Häsel-Weide & 
Nührenbörger, 2017). According to the idea of sensitivity of different competences, 
this must be considered in inclusive classes. To understand the concept of “taking 
away”, it is important to know as basic subject that numbers are imagined as 
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(structured) quantities. Verbalising the subtractive action helps to imagine the 
shifting of the dots but a lot of phrases are needed to express the representation. The 
position of the dots in the twenty ten frame (Figure 1) allows to see the minuend, the 
subtrahend and the difference as well as the operation (moving the dots). The 
handbook describes presumable problems with the task and makes suggestions how 
they can be considered in different learning situations.  

METHODS 
The project is embedded in the research paradigm of didactic development research 
in the sense of Design Science (Nührenbörger et al., 2016). We are interested in 
designing artefacts and learning environments for inclusive education, and are 
analysing in detail which inclusive practices can be reconstructed. The analyse 
follows an interactionist perspective, focussing on the classroom microculture and 
mathematical practices. Mathematical practices are established as a “theoretical 
construct that allows us to talk explicitly about collective mathematical development” 
(Cobb, 1998, p. 34). They arise in an interactive process of classroom discourse.  
In detail, we tackle three research questions in the study, but in the following, we 
focus on the first question. 

• RQ1: How are plenaries in inclusive classes characterised regarding the idea 
of differential sensitivity? 

• RQ2: How are peer-interactions characterised, in which students with 
different competencies are working in a common learning situation? 

• RQ3:  How do children with difficulties in math learning act when they 
work on adaptive tasks? 

This study is part of two years of intensive joint work between the designers of the 
materials (both of the authors) and three teachers of two elementary schools. The 
cooperation is inspired by the idea of professional learning communities and collegial 
reflections. In the first year of the project, the children were in first grade, in the 
second year in the second grade. The lessons are videographed and used to a) answer 
the research questions as well as b) to reflect jointly the quality of the learning.  
The data is analysed in different ways, according to the different questions. To 
answer the first research-question, we use the qualitative content analysis (Mayring, 
2015). First, the different aspects of sensitivity are used as categories to code the 
introductory phase and the reflection period in a deductive way. The coding is taken 
on the digital videorecording and the found situations are described in a nutshell. 
Additionally, situations (which seem to be typical for inclusive math education but do 
not fall in a category) are marked and new categories are found in an inductive way. 
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ANALYSIS OF AN EPISODE: INCLUSIVE PRACTICES 
In the following the introductory phase about “simple subtraction task” is exemplary 
analysed. Table 1 is showing the distribution of different inclusive practices during 
the introductory phase. All children participate in the plenum and are introduced to 
figure out subtraction task with minuend 10 on a twenty ten frame with dots 
(Figure 1). The task 10 – 2= 8 is solved exemplarily and the result is noticed on the 
work sheet.  
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Subcategories Concrete phrase Description 

Basic subject “How much is it?” (teacher points at the ten 
frame) 
“Tell me, how can you see that there are 
ten dots without counting?“ 
Finn: “If two boats are filled completely, 
because each boat contains five dots and 
then you are able to see immediately that 
it is ten“.  
“Amalia, how much is five and five” (teacher 
shows two hands)?  

Estimation of 
quantities based 
on structures 

Regular subject “I tell you, what to do: I take away two dots 
from the ten. Who of you would like to move 
the dots? 
“Who can tell me the subtraction task?” 
“Find the task on the work sheet and fill in 
the result.” 

Solution of an 
exemplary, 
simple 
subtraction task  

Further subject   

m
at

er
ia

l  “Today we will pay attention to our 
language. Not only solving the tasks but pay 
attention how to speak in the right way”. 

Stressing the 
importance of 
language 
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f l
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ag
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d Connection of 
materials, 
figures and 
language 

“Yes, five and five” (shows two hands).  Combining 
different forms 
of visualisation  

“I tell you, what to do: I take away two dots 
from the ten. Who of you would like to 
move the dots?” 

Establishing 
helpful phrases 

Asking for 
explanations 

“Tell me, how can you see that there are 
ten dots without counting?“ 

 

Grammar 
correction 
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Sensitivity of behavior, 
attention and 
cooperation 

“In the last lesson, we solved subtraction tasks. We gave 
special attention to our language. You do remember Murat. 
You do remember Lutz.” 

Directly 
addressing 
children in a 
positive way 

Table 1. classroom situation starter plenary 
Even though the textbook addresses two different interpretations (taking away from 
10 and completing to 10), the teacher focuses on the idea of taking away from 10. 
This reduction goes hand in hand with a material- and language-sensitive 
specification of how the tasks are to be dealt with allowing all children to get access 
to the content (putting, describing and noting easy tasks like “10 - …”). In this sense, 
the children practise themselves in using the material and describing the operation. At 
the same time, the teacher opens the requirements for the children with need for 
assistance by using the 20-field holistically and not—as recommended in the 
handbook for promoting children with mathematical learning difficulties—reducing 
to the 10-field.  
Due to the sensitivity of differences in competencies the result of the coding is that 
the teacher combines the solving of the subtraction task with the estimation of 
quantities. Doing so, the situation offers a learning opportunity for children on a more 
basic level to discover the structure of the twenty ten frames, according to the power 
of five or by remembering the structure. In addition, the plenum shows elements of 
sensitivity of language and materials. The actions (steps of solving) are consequently 
demonstrated and verbalised. As linguistic model the teacher implements a phrase 
which the children are asked to use in further learning situation. The teacher asks the 
children for explanations for the results and stresses the importance of arguing in 
mathematics education. The explanations enable children to understand the result and 
to challenge their reasons. Children which seem to have difficulties to concentrate in 
the lesson are addressed positively and personally.  

DISCUSSION 
The analysed inclusive practices do not distinguish themselves by great differences in 
organising the lesson or changing the materials, but in a sensible use of tasks and 
learning occasions in common situations. This - and the focus on simple subtraction 
tasks in the interpretation of taking away – seems to offer learning opportunities for 
each child in the class. The combination of complexity reduction while preserving the 
holistic structure, provides the basis for the children's collaboration in the following 
common learning situation. Following the processing of the tasks specified in the 
textbook, the approach during the partner work is designed as an open task, which 
eventually leads to autonomous inventions of own tasks and their documentation by 
the children. 
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THEORY OF GEOMETRICAL THINKING IN ELEMENTARY 

TEXTBOOK: CASE STUDY OF JAPAN  

Toru Hayata & Sakura Amori 

Naruto University of Education, Japan 

 

Students begin to learn geometry based on their own experiences and concrete shapes. 

However, they eventually must depart from this foundation and develop geometric 

thinking. Textbooks should be helping students along this process. To this end, we 

examine whether Japanese elementary school (Grades 1–6) textbooks provide an 

appropriate foundation for developing students’ geometric thinking. Through an 

original quantitative analysis based on the theory of praxeology, we determine that 

while first- through fifth-grade textbooks do provide a solid background for developing 

geometric thinking, fifth- through sixth-grade textbooks do not.  

INTRODUCTION 

When learning geometry, students start from their own experience and with concrete 

shapes and figures. However, their understanding must eventually go beyond such 

concrete ideas and reach the so-called “logical” level(s) of geometric understanding 

(cf. van Hiele, 1958). Over the long term, geometric curricula should assist this 

process. In this study, we examine whether such progression is found in Japanese 

elementary school curricula using mathematics textbooks. In Japan, textbooks can be 

seen as intended and/or implemented curriculum because they are authorized by the 

Ministry of Education and teachers usually use all pages of a textbook.  

To this end, we attempt to determine whether Japanese elementary school (Grades 

1–6) textbooks are appropriate for developing students’ geometrical thinking as their 

understanding moves beyond their own experiences and concrete shapes; here, the 

term “geometrical thinking” refers to one’s understanding of geometric objects and 

their learning method on van Hiele’s scale (e.g., at level-0, objects are concrete things, 

but at level-1 they operate on them then class shapes; Fuys, Geddes, & Tischler, 1988). 

The novelty of our study is not just in the determination of this feature, but also will 

help to develop a quantitative method (as we mentioned) for describing these 

textbooks’ characteristics. 

THEORETICAL FRAMEWORK 

Our theoretical framework is “praxeology,” proposed by Chevallard (Bosch & Gascón, 

2014), that, as a sub-theory of ATD (anthropological theory of didactics), can describe 

knowledge in any institution. In short, according to praxeology, an institution’s 

knowledge has two parts: the practical (praxis) and theoretical (logos). Praxis can be 

broken down further into two variables: type of tasks, T, and technique, τ. T represents 

the tasks human beings face in their daily lives (Rasmussen, 2016), while τ describes 

the way of doing T. The logos aspect of knowledge, meanwhile, consists of both 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 191–196). Paderborn: Universitätsbibliothek Paderborn.
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technology, θ, and theory, Θ. θ explains, justifies, and/or produces τ, while Θ 

elaborates on the meaning of discourse, encompassing the whole network of 

understandings and justifications used to account for technology itself and its relation 

to other technologies (Rasmussen, 2016). Thus, a single praxeology (p) can be 

represented by p = [T / τ / θ / Θ]. For our purposes, it provides us with an understanding 

of the ecology of geometrical knowledge in the institutions using the textbooks. 

METHODOLOGY 

To determine how Japanese textbooks approach the development of geometric 

thinking, we quantitatively analyzed geometrical problems in Japanese elementary 

mathematics textbooks published by Keirinkan (Wakuwaku-Sansu first through sixth 

grade) using the praxeological framework described above. These books are some of 

the most widely used textbooks in Japanese elementary schools (34.3% in 2011; cf. 

Zizitsushin, 2010),i making them a good basis for our study. Table 1 shows the units 

included in our analysis.  

Grades Units studied and page numbers 

1 Various Shapes (pp. 30–37), Making Shapes (pp. 96–101) 

2 
Triangles and Quadrilaterals (pp. 40–46; 2B), Shapes of Boxes (pp. 92–97; 

2B) 

3 Circles and Spheres (pp. 34–43; 3A), Triangles (pp. 2–13; 3B) 

4 
Perpendicular Lines, Parallel Lines, and Quadrilaterals (pp. 62–81; 4A), 

Area (pp. 2–17l; 4B), Cubes and Cuboids (pp. 88–101; 4B) 

5 

Volume (pp. 16–27), Congruent Shapes (pp. 70–85), Area (pp. 118–133), 

Circles and Regular Polygons (pp. 188–199), Prisms and Cylinders (pp. 

200–207) 

6 

Symmetric Figures (pp. 8–25), Area of a Circle (pp. 66–77), Enlarging and 

Reducing Geometrical Figures (pp. 100–113), Volume of Solids (pp. 

154–159), Approximate Shapes and their Sizes (pp. 160–163) 

Table 1. Units included in our study (Shimizu et al., 2015) 

Using praxeology allows us to interpret each question as praxeology in terms of its 

problem(s), solution(s), and related activities (as shown in Figure 2, they are 

sometimes implied). For example, Figure 1ii introduces the formula for finding the area 

of a right triangle (students by this point have already learned how to find the area of a 

square and rectangle). If one problem asks students to undergo more than one activity, 

we assume there is more than one praxeology (e.g., there are two in Figure 1). There 

are two possible ways to find the solution (Mirai’s and Tsubasa’s); thus, there are two 

praxeologies.  

There are three types of questions in the textbooks: 1) introductory question (shown by 

the image of young leaves), 2) question for constructing new knowledge (shown by the 
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boxed problem number in Figure 1), and 3) exercises question (shown by the circle 

around the problem number). For this study, we focus on the former two, since the 

third, exercises, is only intended to help students memorize knowledge. 

 

Figure 1. Problem of teaching students how to find a right triangle’s area (Shimizu et 

al., 2012 (5B), pp. 3–4; the author integrated two pages and inserted labels) 

In our analysis, we focused on logos, especially Θ which provides the basis of the logos 

aspect, called the praxeology. For example, when comparing the praxeologies of the 

two students, Mirai and Tsubasa, in Figure 1, each of whom solves the problem 

differently, we reach the following conclusions: both T is “to find the area of a right 

triangle”, Mirai’s τ was “making a rectangle and then cutting it” and using its formula 

for area and Tsubasa’s τ is “cutting and rotating the triangle, to make a small rectangle” 

and then using its formula for area; both θs are equivalent transformation of any 

geometrical figure, etc. However, Tsubasa’s Θ is empirical; his θ is justified and he 

understood that a right triangle is half a rectangle on the basis of its observed shape (i.e., 

visual evidence). On the other hand, Mirai’s Θ is a geometrical theory (i.e., using the 

properties of rectangle) because her θ is justified and understood by the property of the 

rectangle, which is known to her. We refer to these two types of Θs as I: Empirical and 

III: Property. For the purposes of our research question, Mirai’s Θ is further along the 

progress on geometrical thinking, as it relies less on the student’s own experiences 

with concrete shapes. Sometimes, θ and Θ cannot be clearly distinguished; however, in 

such cases, we use the same label because we want to know what is their praxeology’s 

basis of logos. In Figure 2, one’s τ is measuring tools (i.e., rulers), and θ andΘ are the 

tool’s physical properties, social rules of units, etc. (in most case, we cannot 

distinguish this clearly). Thus, we named it II: Measurement. In Figure 3, Θ is found 

through arithmetical operations and/or algebraic theory; there are 12 unit squares but 

they should be calculated; thus, we named it IV: Operation. In Figure 4, there is no Θ, 

because all “facts” that are recognized by the students are appropriate; in that sense, 

this question might be used for fostering their sense (or intuitive knowledge) of the 

area of 1m2. Thus, we labeled this type as X: Activities.  

In this way, we categorized each textbook question based on which of the above five 

categories its Θ fit into. I, II, and X are considered at the “concrete” level while III and 

IV are at the “logical” level. In order to develop students’ geometrical thinking in 
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lower grades most questions should be in I, II, and X, while in higher grades, the 

proportion of questions in III and IV should increase. 

 

Figure 2. Measuring radii (Shimizu et al., 2012 (3A), p. 33) 

 

Figure 3. Finding the area of the rectangle (Shimizu et al., 2012 (4A), p. 86) 

 

Figure 4. Understanding a 1 m2 space (Shimizu et al., 2012 (4A), p. 90) 

RESULTS 

Table 2 shows the results of analysis. Because each grade’s textbook has a different 

number of problems, Figure 5 shows the proportion of each question in each group.  

Groups Grades 

1st 2nd 3rd 4th 5th 6th 

I: Empirical 4 10 8 21 27 22 

II: Measurement 0 9 6 15 12 18 

III: Property 0 4 7 14 23 11 

IV: Operation 0 0 0 7 12 4 

X: Activities 7 5 4 6 10 2 

Total 11 28 25 63 84 57 

Table 2. Results of our analysis 
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Figure 5. Proportion of questions in each group in each grade 

Figure 5 shows that in Grades 1–5, overall textbooks are appropriate for developing 

students’ geometrical thinking according, to van Hiele’s scale: over time, questions 

with a concrete-level Θ (i.e., Groups I, II, and X) decrease and those with a 

logical-level Θ (i.e., Groups III and IV) increase. Because measurement with tools is 

learned in second grade, there are no Group II questions in the first grade, and no 

questions in Group IV are found until the fourth-grade textbook. However, the fifth- 

and sixth-grade textbooks did not meet our expectations. For example, questions with a 

concrete-level Θ increased between fifth and sixth grades and, in sixth grade, was 

almost equal to the proportion of questions concrete-level Θs in third grade (and higher 

than in first grade). This was due to two units: one on “symmetric figures” and the 

other on “enlarging and reducing geometrical figures” In the former, the number of 

questions in Groups X, I, II, III, and IV, respectively is 2, 14, 6, 2, and 0, and in the 

latter is 1, 4, 8, 1, and 0. Because these units are the first didactical opportunity for 

students to learn these types of knowledge, textbooks attempt to create opportunities 

for students to investigate and measure concrete figures. However, when considering 

the development of students’ geometrical thinking and learning, this curricula must be 

reevaluated: either the teachers should adapt their methodologies to meet students’ 

needs or textbook units should be rearranged.  

CONCLUDING REMARKS 

Our findings suggest that first- through fourth-grade Japanese textbooks are 

appropriate for fostering students’ growing geometrical thinking (in the sense of our 

terminology), but fifth- and sixth-grade textbooks are inadequate. While our 

methodology is useful in revealing textbooks’ characteristics, it does have some 
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theoretical limitations. We cannot, for example, refer to the qualitative effects of these 

praxeologies. Our study is also limited in its exclusion of exercises, despite the fact that 

these occupy a certain proportion of textbooks. Future qualitative studies should 

attempt to overcome these limitations. In addition, we have no theoretical criterion for 

deciding Θ because praxeology merely provides a perspective for understanding 

knowledge in institutions, but as of yet there are no theoretical or objective criteria.  

Future research should expand this work to additional textbooks. In addition, our 

methodology focuses specifically on geometrical learning in Japan; future work should 

extend our methodology to analyze other fields and other countries. 
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COMPETENCIES AND TEXTBOOK DEVELOPMENT:  
A THREE-DIMENSIONAL CONTENT MODEL ENACTED IN THE 
DANISH TEXTBOOK SERIES MATEMATRIX FOR GRADES K–9 

Tomas Højgaard 
Danish School of Education, Aarhus University, Denmark 

 
Curricula around the world make more and more use of goals trying to capture 
different kind of processes for the students to master. For mathematics education in 
Denmark, these ambitions have been described in terms of a set of mathematical 
competencies. However, bringing such competencies into the actual teaching practices 
has proved challenging. Matematrix is a Danish mathematics textbook system for 
grades k-9 designed to support the mathematics teachers in facing this challenge. In 
this paper, I – as one of the designers and authors of the textbooks – present one of the 
key elements in this endeavour: A three-dimensional content and objectives model 
combining mathematical competencies, mathematical core concepts and grade level. 
Following that, I exemplify the use of the model at three different levels of textbook 
design: The structuring of the content for the books in general, the focal points for each 
chapter in the various books and the development of tasks for a specific chapter. 

INTRODUCTION 
In the decade 1998–2008 I was one of the leading persons in the shaping and writing 
of a new series of mathematics textbooks, Matematrix, for the compulsory Danish 
“folkeskole”, i.e. grades k–9. The first three years before the publication of the first 
book in 2001 were spent on deciding on and didactically designing the fundamental 
characteristics of the new books to come. 
That process took place parallel to my involvement in the so-called KOM Project, 
where a set of mathematical competencies was proposed as a key element in the 
development of mathematics education in Denmark. Hence, one of the main ambitions 
for the new textbook system became an attempt to systematically facilitate the 
incorporation of mathematical competencies as a key element in mathematics 
education for grades k-9 in Denmark. 
In this paper I will concentrate on describing how this ambition was fleshed out when 
developing a model for the content and objectives of the various parts of the textbooks. 
First, I will shortly introduce the KOM framework. Then I present the model itself, and 
finally I exemplify its use in the development of the actual textbooks. 

THE KOM PROJECT, COMPETENCY AND MATHEMATICAL 
COMPETENCIES 
The core of the KOM Project, running from 2000–2002, was to identify, explicitly 
formulate and exemplify a set of mathematical competencies as independent 

In Rezat, S., Fan, L., Hattermann, M., Schumacher, J., & Wuschke, H. (Eds.). (2019).
Proceedings of the Third International Conference on Mathematics Textbook Research and
Development (pp. 197–202). Paderborn: Universitätsbibliothek Paderborn.
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dimensions in the spanning of mathematical competence, cf. Figure 1. Niss & Højgaard 
(accepted) gives an updated account of the KOM framework, whereas Niss & Højgaard 
(to appear) provides a more thorough presentation and analysis of the project and an 
English translation of the original report. 

 

Figure 1. A visual representation—the “KOM flower”—of the eight mathematical 
competencies presented and exemplified in the KOM report (Niss & Højgaard, 

accepted). 
Such a set of mathematical competencies has the potential of replacing the syllabus as 
the focus of attention when working with the development of mathematics education, 
simply because it offers a vocabulary for a focused discussion of what it means to 
master mathematics (Blomhøj & Jensen, 2007; Jensen, 2007). 
The definition of the term “competence” in the KOM report (Niss & Jensen, 2002, p. 
43) was semantically identical to the one I use: Competence is someone’s insightful 
readiness to act in response to the challenges of a given situation (cf. Blomhøj & 
Jensen, 2003). In definite form, a mathematical competency is consequently defined as 
someone’s insightful readiness to act in response to a certain kind of mathematical 
challenge of a given situation. 

A MODEL OF TEXTBOOK CONTENT AND LEARNING OBJECTIVES 
Following the approach of the KOM Project, a pivotal part of the endeavour to 
systematically facilitate the incorporation of mathematical competencies as a key 
element in mathematics education is to separate mathematical competencies and 
subject matter areas as two independent dimensions of content (Højgaard, 2012; Niss 
& Højgaard, to appear). Subsequent research and development work supported the 
importance of such an approach (Højgaard & Sølberg, 2019). 
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